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New High- Y -eld-S 
nar 
By L. C. BIBBER,' J. 


This paper concerns a new kind of steel, its development, 
its metallurgical characteristics, its welding and gas- 
cutting characteristics, its low-temperature toughness, its 
applications, and its engineering potentialities. This 
steel was developed by the United States Steel Company 
to offer to industry a plate steel having a unique combi- 
nation of properties, such asa far higher strength than has 
hitherto been available, superior toughness, and good 
weldability. As will be evident from the test results which 
will be described in detail, these rather formidable goals 
have been achieved. This new USS “Carilloy” steel has 
been designated “T-1.”’ It is characterized by yield- 
strength levels of 100,000 psi and above. At these high 
strengths it retains its toughness to much lower tempera- 
tures than ordinary structural steels. In addition, welds 
which develop the full strength of the base metal can be 
made in T-1 steel without preheating or postheating. 


METALLURGICAL CONSIDERATIONS 


HE most important metallurgical characteristics of USS 

Carilloy T-1 steel are its’ microstructure and its carbon 

content. The microstructure is tempered martensite, and 
the carbon content is low, less than 0.20 percent. The superiority 
of this steel in strength, weldability, and toughness is largely 
a reflection of these two factors. 

Tempered martensitic microstructures are characteristically 
tough; that is, they are highly resistant to brittle behavior under 
adverse conditions. This toughness is furthermore most pro- 
nounced at low carbon levels. Tempered martensite also per- 
mits the attainment of higher strength levels with this low carbon 
content than would be possible with any other microstructure. 
The low carbon content is essential for good weldability, and in 
addition, permits the use of water-quenching to obtain the marten- 
sitic structure without danger of cracking. 

Thus, in the development of this composition, the first con- 
sideration was hardenability in relation to the attainment of a 
microstructure having at least 95 per cent martensite on water- 
quenching. The alloying elements employed to obtain this 
hardenability are manganese, nickel, chromium, molybdenum, 
and boron. This last element, boron, is particularly effective at 
the low carbon level of this steel, and permits using relatively 
small percentages of the other alloying elements which are less 
available and more expensive. For example, at present the 
composition contains less than | per cent of nickel, manganese, or 
chromium, and the molybdenum is between 0.4 to 0.6 per cent. 

In the laboratory research and development work on this steel 
the hardenabilities of a wide variety of compositions involving 
variations in manganese, silicon, nickel, chromium, molybdenum, 


! Research and Development, United States Steel Company. 

* Metallurgical Division, United States Steel Company. 

Presented at the Petrol ical Engineering Conference, 
Tulsa, Okla., September 24-26, 1951, of Tae American Soctety or 
MecuanicaL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 
6, 1951. Paper No. 51—PET-5. 
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and boron were measured. 
multiplying factors expressing the individual hardenability effects 


of each of these elements. These factors then could be used to Ea 


predict the hardenability of any combination of these elements — 
at the 0.20 per cent carbon level in terms of a microstructure of 
95 per cent martensite. The correlation between these calcu- 


It was found possible to arrive at a 


lated hardenability values and the actual measured hardenability _ 


values of a large number of steels of this type was found to be 
excellent. The final composition was then determined by select- 
ing that combination of elements which would give a hardenability 
sufficient to permit the attainment of a 95 per cent martensitic 
microstructure in plate thicknesses of 2 in. on water-quenching. 
Also, those alloying elements least available or most expensive 
were held to a minimum. 

Throughout the development of this steel, the emphasis has 
been on toughness. To obtain maximum toughness it has been 
the practice to temper at as high a temperature as possible with- 
out exceeding the lower critical temperature. In order to mini- 
mize the loss in strength at these high tempering temperatures, a 
small t of vanadium has been incorporated into the com- 
position. This element retards the rate of tempering at high 
temperatures, thus maintaining the high-yield-strengths charac- 
teristic of this steel. 

The high toughness of this steel is extremely important in that 
it minimizes the likelihood that brittle behavior will oceur under 


sharp angles, or abrupt changes in section; (2) rapid rates of hoes 
loading; or (3) low temperatures. Such brittle behavior in serv- tae 


ice is characterized by failure with almost no manifestation of 
ductility. One method of evaluating the resistance of steel to 
this type of behavior is the Charpy (keyhole) impact test carried 
out over a range of temperatures. This was the type of test used — 
in the development of T-1 steel. 

When Charpy keyhole impact specimens are tested at various 
temperatures, a temperature range is found at which the perform- 
ance changes from re bly tough behavior, with considera- 
ble energy absorption, to extremely brittle behavior with very 
low energy absorption. At a given temperature within this 
range, considerable scatter in energy absorption occurs, some 


specimens showing high impact values and some low values, with ae sd 


generally very few specimens breaking at intermediate levels. 
The temperature at the middle of this ‘scatter band”’ is known as 
the “ductility transition temperature” and is the criterion of 


toughness which is used in evaluating the toughness of this new oa “e 
material. This ductility transition temperature thus is the Bi : 
temperature below which fracture will occur with very little duc- ee 


tility and at low energy levels under the conditions of this test. 

The ductility transition temperature furnishes a quantitative 
evaluation of the effect of temperature under these particular _ 
conditions of notch severity and rate of loading, and a qualitative 
indication of the resistance to brittle behavior under adverse 
conditions in general. 
known to have qualitatively the same effect as increasing the 
rate of loading, increasing the severity of the notch, or intensifying 
the stress concentration. 

In studies of brittle failures of ship plates a relationship has been 
found between the behavior at low energy levels in the Charpy 


Decreasing temperature of testing is é 
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impact test and the susceptibility to brittle failure in service. 
Furthermore, these service failures have occurred with almost no 
manifestations of ductility. The authors therefore feel that the 
ductility transition temperature is a very significant evaluation of 
toughness in relation to performance in service. Other types of 
ductility transition-temperature measurements will be deseribed 
in the section on welding. 

A typical Charpy (keyhole) performance curve for a commer- 
cial plate of T-1 steel is shown in Fig. 1. The relatively high 
room-temperature values, the small decrease in these values as 


TRANSITION-TEMPERATURE 
Piate or T-1 Sree. 


CURVE FoR 4 COMMERCIAL 


Transition Temperature Versus 
Heats or Sreet 


Chaney (Kevrore) 
HARDNESS FOR COMMERCIAL 


the temperature is lowered, and the very low temperature of the 
scatter band at the ductility transition temperature are all charac- 
teristic of T-1 steel, and all serve to emphasize its remarkable 
toughness. 

In the research and development work on this composition 
such transition-temperature determinations were made on 
samples rolled from laboratory heats incorporating variations in 
manganese from 0.20 to 1.50 per cent, in nickel from 0.50 to 2.50 
per cent, and smaller variations in silicon, chromium, molybdenum, 
vanadium, and boron. It was found that in all cases in which 
the as-quenched microstructures were at least 95 per cent mar- 
tensite, the transition temperatures varied only with hardness 
and were not a function of alloy content. The transition tem- 


TABLE) 
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peratures, of course, were lower with the steels of lower hardness, et 
but all transition temperatures were below —200 F. Ae 77 

The toughness has likewise been evaluated by cali 
temperature measurements on heat-treated plates from many A 
production heats, Transition temperatures of these plates are — 
shown as a function of hardness in Fig. 2. It will be noted that 
the transition temperatures range between —150 and —250 F, 
depending upon the hardness. Such low transition tempera- 
tures should minimize the likelihood that this material will be- 
have in a brittle manner in any but the most severe of service 
applications. 

Since the high strength of T-1 steel will permit the use of | 
lighter plates in many applications, resistance to atmospheric i“ 
corrosion is important. Accordingly, about 0.30 per cent an be 
copper has been included in the composition to augment the =| 
resistance of T-1 steel to atmospheric corrosion. ne 

Asa result of the development work described in the foregoing, 
it has been established that T-1 steel can be furnished to the 
mechanical properties given in Table 1. 


MECHANICAL PROPERTIES OF T-1 STEEL 
Thickness 
Over 2 in, to 
4 in., incl. 


Over 4 in, to 
6 in., inel, 


to 
2 in., inel 
Yield strength, 0.2 per cent off- 
set (min), psi 90000 
Tensile strength (mip), psi 1905000 
Elongation in 2 in., per cent 
(min) 16 
Reduction of area, per cent 
(min) 45 
to Over '/: in. Over 1 in. to 
inel. to 1 in., inel, 2 in, inel. 
180° D= 180° D = 2 180° D = 


100000 90000 


Cold bend 


Nore: Testing in accord with ASTM recommended practices. 


WELDING AND Gas-CUTTING CHARACTERISTICS 


The use of steels with yield strengths higher than 50,000 psi has 
heretofore been restricted by the special precautions, such as 
preheat, the use of austenitic electrodes, and post-heat-treatment, 
often required for the welding of such materials. Preheating is a 
very desirable practice in connection with welding. In some 
instances preheating is religiously carried out; in others, 
particularly in the case of field welding, the nspection necessary 
to insure the proper use of preheat is difficult, if not impossible. 
When austenitic electrodes are used to weld high-vield-strength 
alloy steels, joints of only 65-75 per cent efficiency are obtained. 
Also, repairs to such welds are very costly and difficult to make. 

Recently new high-strength ferritic electrodes capable of 
making welds which can develop the yield and ultimate strengths 
of the quenched and tempered base metal have become available, 
Such electrodes, and the weld metals they deposit, will be dis- 
cussed in detail in a later section. 

Let us consider for the present the testing to determine the 
effect of manual metal-are welding on the properties and 
characteristics of T-1 steel. The tensile properties of the par- 
ticular steel tested are given in Table 2. 

Many types of joinability and performance tests were carried 
out, as follows: rr 

Underbead cracking test. 
2 Kinzel-type bead-weld notch-bend test. 

Tee-bend test. 

4 Transverse butt-weld tensile test. 

5 Longitudinal butt-weld tensile test. 
Fillet-weld tensile test. 

7 Butt-weld bend test. 

Underbead Cracking Test. Underbead cracking tests were 
made on the new steel to determine its susceptibility to cracking 
during fabrication. For this test, bead-cracking specimens, as 
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TABLE 2 
Plate 


thickness Orientation 
in Condition 

: Quenched and 
tempered* 

Quenched and 
tempered® 


Long. 


Long 


—~ALLOY STEEL 


TENSILE PROPERTIES OF STEELS TESTED; 


Yield d strength 
(0.2% offset), 
of specimen pai 
112300 


118000 


-WELDED STRUCTURES 


AVERAGE OF THREE TESTS 


Reduction 
in area, 
per cent 


Tensile Elong. 

strength, in 2 in., 

psi per cent 
119800 31.3 


blong. 
in 8 in., 
per cent 
13.1 
125000 39.7 


“48 6 


® Quenched in water from 1700 F, tempered at 1200 F. 


shown in Fig. 3, were made from l-in. plates. Using the condi- 
ditions given in Fig. 3, welds were deposited at each of three 
temperatures, 0 F, 70 F, and 212 F. These temperatures are 
those of the specimens before welding and of the bath in which 
the specimens are partially immersed during and after welding. 
The cooling media used were as follows: 


Medium 
0. Ethylene glycol and dry ice 
70 Water 
212. ; Water 


Temperature, deg I 


ae) a In this particular test two kinds of electrodes were used, the 
ordinary mild-steel E6010 electrode, and the E12015. These 
numbers are ASTM-AWS electrode classifications. The first 
two or three digits show the strength of the deposited metal] and 
the last two indicate the operating characteristics of the rod. 
The cellulose coating on the E6010 electrodes breaks down in the 
heat of the are to form considerable quantities of hydrogen. 
The mineral coating on £12015 electrodes, on the other hand, 
contains a minimum of organic substances and hence evolves 
very little hydrogen. It has been shown’ that when using the 
£6010 electrodes, some of the hydrogen evolved is absorbed by the 
base metal immediately beneath the weld, and upon cooling, 
the base metal, particularly the harder metals, will crack. The 
deposition of a small bead at high speed results in such drastic 
cooling rates that even ordinary low-carbon steel may crack. 
In evaluating the susceptibility of a steel to cracking, it is neces- 
sary to use such welding conditions, because only by causing 
*“Cold Cracking in the Heat Affected Zone,”’ by C. 
The Welding Journal, vol. 26, 1947, pp. 153-8-169-8. 
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SECTION 
TEPS FOR PREPARATION OF STANDARD BEAD CRACKING TESTS 


PR OR TO WELOING PRECOO\ OF PREWEAT Five (S) BLOCKS AT MEQUINED 
TEMPERATURE BY MEANS OF LIQUID BATH 
OF SURFACE TO BE WELDED 
47 100 25 VOLTS 
SPEEO 
PEMOVE SPECIMEN ONO STORE aT 


STRESS EVE SPECIMENS AT FOR MOUR AND FURNACE COOL 
PREPARE SECTION AS SHOWN 


FOR BOOM TEMPERATURE TESTS USE WATER aT #70" 


ELECTRODES OVEN #7 FOR HOURS BEFORE WELDING 


eracking can the degree of cracking be determined. Although — 
the welding conditions are pubege more drentic than those used 


range of conditions encountered in production welding, ‘oa 
ticularly tack-welding. 

The appearance of a typical bead-cracking specimen from 1-in. PS 
plate welded with an E6010 electrode is shown in Fig. 4. te Ao 


HALF SPECIMEN AFTER 
BEING SECTIONED 


iz 
= 
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VIEW OF SECTION AFTER 
MAGNETIC PARTICLE INSPECTION 


Fic. Typtcat Uxperseap Crackine Specimen or 
T-1 Steet. Wira 26010 
ELectrope 


projected length of crack, or the total of the projected lengths of 
many cracks, if more than one oceur, is divided by the length of 
the bead to provide a per cent of cracking for that individual 
The specimens are tested in graups of five, and the 
individual percentages are averaged to give an average per cent 
of cracking for one condition of welding. The results are shown 
graphically in Fig. 5; the solid black lines show the per cent 
cracking for individual specimens; the hatched areas show the 
averages for the groups. 

It will be seen that at least 20 per cent average cracking occurs 
under practically all the conditions investigated. In one case the 
average cracking was as high as 78 per cent. 

The effectiveness of the change in coating in minimizing under- 
bead cracking is remarkable, for no underbead cracking was ob- 
tained when the steel was welded with E12015 electrodes. Ac- 
cordingly, it is suggested that only low-hydrogen electrodes be 
used for the welding of Carilloy T-1. 

Notch-Bend Tests. Kinzel-type notch-bend tests were made on 
welded and unwelded plate to determine the effect of welding on 
the notch toughness of the steel. Details of the welded specimen 
are shown in Fig. 6. The unwelded specimens were identical to 
the welded, except for the omission of the weld. The dimensions 
of the specimens and the welding conditions employed are easen- 


specimen. 


WELO BEAL 
Race UNDERBEAD | 
= | ag 
¢ GAIT Emery 
e | 
ere 
x. 
Saw Cut EDGE OF whe 
MACHINE TO CONTER® - 
Fic. 3 Stanpanp Beav-Cracxinc Test 
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Fic. 5 or 1-In. Quencuep-anp-Temperep T-1 
Sree. To Unperseap CRackING 
(E6010 electrode with various welding conditions.) 


aT +6 


BEAD WELO 7 
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METAL HEAT AFFECTED 


ROOT OF 
BEAD WELO 


OETAIL OF NOTCH 


ENLARGED SECTION A-A 


NOTCH 


SWEAT AFFECTED 
ZONE 


ENLARGED SECTION 8-8 


WELDING CONDITIONS 


ELECTRODE DIAMETER 3716" 
CURRENT (AMPS) 180 
VOL TAGE 27 
SPEED OF TRAVEL (IN /MIN) 60 
HEAT INPUT(WATT SEC /IN ) 48600 
6 Notcn-Benp 


Kinze_-Tyee Berav-Weip 


SPECIMEN 


Derails oF 


tially the same as those used by Kinzel.‘ The plate temperature 
prior to welding was 70 F and no postheating was employed. 
After welding, the specimens were aged at 50-80 F for a minimum 
of 3 weeks. They were then bent at various temperatures with 
the weld bead in tension, as shown in the upper half of Fig. 7 

Fig. 8 shows a general view of the universal testing machine, 


*“Ductility of Steels for Welded Structures," by A. B. Kinzel, The 
Welding Journal, vol. 27, 1948, pp. 217-8-234-8. 
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KINZEL TYPE BEAD- WELD NOTCH-BENOD TEST 


oT 
TEE- BEND TEST Es 
Deraits or Testine Jia Usep ron Notcu-Benp anp 
Beno Tests 


Fie. 7 


AUTOGRAPHNC LOAD-DEFLECTION 


POTENTIOMETER i ove 


MANOREL 


TLASK CONTAINING 

NITROGEN FOR COOLING BATH 
INSULATED CONTAINING 
TESTING J'G AND SPECIMEN 
REFRIGERANT 


120,000 L®. CAP TESTING 


8 


View or Low-Temperaturs Beno Testing 


GeNERAL 


and the low-temperature bend-testing equipment. Details of 
the insulated box and deflectometer are shown in Fig. 9. A bath 
of acetone and dry ice was used to obtain temperatures from room 
temperature to —100 F. Test temperatures below —100 F were 
obtained with a bath of Freon 12 cooled with liquid nitrogen. 

The following information was determined for each specimen 
tested: 

1 Per cent lateral contraction at a point '/;; in. below the 
base of the notch (measured by micrometer caliper before and 
after testing). 


| 
| | 
AFTER WELDING F Vw 
— 
i 


Eva 


2 Total (maximum) angle of bend. Obtained from deflec- 
tion-angle curve. 

3 Total energy absorbed. Obtained by planimetering load- 
deflection curve. 

4 Fracture mode expressed as per cent shear. 
visible observation of fracture. 


Obtained by 


The specimens, in sets of about twenty, were broken at various 
temperatures. In general, three specimens were tested at each 
temperature. 

The data obtained were plotted on the basis of testing tempera- 
ture, and envelopes were drawn around the plotted points to 
indicate the amount of seatter. The curves for '/;-in. unwelded 
plate are shown in Figs. 10, 11, and 12. 

To determine ductility transition temperatures the arbitrary 
lateral contraction level of 1 per cent is chosen, regardless of speci- 
men thickness. This level has been used also by investigators at 


PECIMEN ON JIG 


BATH OF FREON 
COOLED WITH 
NITROGEN 


Fie. 9 View or Insutatep Box anp DerLecTomMeTeR FoR 
Low-Temperature Testina 
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the Union Carbide and Carbon Research Laboratory.** It may be 
noted from a comparison of Figs. 10, 11, and 12 for '/;-in-thick 
material that the transition temperature at 18 deg angle of bend 
and the transition temperature at 7500 in-lb of absorbed energy 
are approximately the same as that obtained at 1 per cent 
lateral contraction (—132 F). This is as should be expected, be- 
cause all three sets of data are measurements of different mani- 
festations of the same phenomenon, namely, the ductility transi- 
tion of the base metal. 

Lateial-contraction data for '/;in. welded plate and 1-in. un- 
welded and welded plates are presented graphically in Figs. 13 
through 15. Similar curves based upon angle of bend and total 
energy were plotted, but are not shown. For 1-in-thick material, 
the transition temperature at 11 deg angle of bend and the transi- 
tion temperature at about 13,500 in-lb of absorbed energy are 
approximately the same as that obtained at 1 per cent lateral 
contraction (—78 F). Fig. 16 shows a typical '/;-in. welded 
notch-bend specimen, before and after testing. 

The fracture mode transition temperature was also determined 
for each thickness of plate in the welded and unwelded conditions, 
This transition temperature is defined arbitrarily as the tempera- 
ture at which 50 per cent of the fracture occurs in the shear mode. 
The results for '/;-in. plate are shown graphically in Fig. 17. 
The ductility and fracture transition temperatures for 
rin. and l-in. steel, based on the notch-bend test, are 
summarized in Table 3. It may be noted that welding, in all 
cases, raised the transition temperatures. However, the signifi- 
cant fact is that even after welding, the ductility transition tem- 
perature is still low. 

The concepts of ductility and fracture transition temperatures 
may be somewhat new to many, and accordingly, the following 
brief discussion will attempt to explain their significance. 

A schematic diagram showing the ductility and fracture transi- 
tions as obtained in the notch-bend test is shown in Fig. 18. 
Over a certain temperature range, the middle of which is desig- 
nated 7’, in Fig. 18, the fracture appearance changes from fibrous 
(shear mode) to predominantly granular (cleavage mode), ex- 
hibiting the chevron-type markings that point to the origin of 
failure. A drop also oceurs in ductility, as measured by angle of 


“Factors Affecting the Weldability of Carbon and Alloy Steels— 
Development of Test Procedure and Effect of Composition, Part I,"’ 
by C. M. Offenhauer and K. H. Koopman, The Welding Journal, vol. 
27, 1948, pp. 234-S-252-S. 
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Fig. 13° Lateran Contraction Versus 
Testine Temperature Fic. 14 
(Welded Kinzel-type notech-bend test; 
quenched-and- T-1 steel. 
elec 
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£12015 


VESTED aT 


» 
FRACTURE SHOWS SMALL AREA 
COGE FAILED BY SYLAR, REMAINING AREA 


FAILED BY CLEAVAGE 
WELOED WITH 


Kinzet-Type Norcu-Benp Specimen 

QueNcHED-AND-Temperep T-1 Stree. Berore anp 
Arrer Testing 

(Welded with E6010 electrode.) 


Fic. 16 Typicar 
or 


bend, and in total energy absorption. However, despite the fact 
that the fracture appearance changes to that of predominantly 
cleavage failure, and the ductility is reduced somewhat, the duc- 
tility is still appreciable; in fact, an angle of bend of as much as 
40 deg is often found. Such a failure could hardly be considered 


TABLE3 8U MMARY AND FRACTURE 


AND 1- 
Plate - 
thickness, 
in. 


Unwelded with E12015 


below —72 


Versus 
Testinc TemMPeRaTURE 
(Unwelded Kinzel-type noteh-bend test; 
quenched-and-tempered T-1 steel.) 


N. QUENCHED AND PEMPERE! 
noteh-bend tes 
yelded 
with E6010 £12015 
Desiliy transition tem rature, deg F (1 per cent lateral contraction) 
132 +26 73 + ~180 


—78 + 
Fracture transition peuaane, deg iso per cent shear) 
2 +6 —e2 


Fie. 15 Latrerat Contraction Versus 


Testinc TEMPERATURE 
(Welded Kinzel-type notch-bend test; 1-in. 
quenched-and-tempered T-1 steel. E12015 
electr 


Fie. 17 Fracture Mops Versus Testinc Temperature 


(Unwelded and E12015 welded Kinzel-ty notch-bend tests. 
quenched-and-tempered T-1 steel.) 


brittle. Cleavage-type failures have also been observed in ten- 
sion test specimens after large elongations obtained. 

As the testing temperature is lowered still further, the duc- 
tility continues to decrease. For some specimens and for some 
steels, a temperature range is reached at which all manifestations 
of ductility drop rapidly to an extremely low value. The middle 
of the temperature range over which this second drop occurs is 
considered the ductility transition temperature and is designated 
Ty in Fig. 18. From the testing of many hundreds of specimens 
it has been found that this drop occurs most rapidly at a lateral 
contraction level of approximately 1 per cent. Accordingly, this 
value is arbitrarily selected as the ductility transition tem- 
perature, ie., the temperature at which practically the last 
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E12015 electrode.) £12015 electrode.) 


practically all service failures have occurred with almost no mani- 
festations of ductility. In the failures of many ships it was noted 
that along the fracture path a very slight contraction in the thick- 
. ness of the plates obtained. These contractions were measured 
27 +6 oo with a micrometer caliper and the value was found to be in the 
% vicinity of 1 per cent. 


< 


It should always be borne in mind that at the present time 
there is no absolute correlation between transition temperature as 
obtained experimentally with the various types of specimens, 
and service performance; the numerical) values given in this paper 
are those of test specimens only, It may be that there will never 
be as complete a correlation as could be desired, because of the 
many variables involved, such as thickness, design, strain rate, 
chemical composition, degree of cold work, heat-treatment, tem- 
perature, and degree of restraint. However, the relative values 
obtained from the same types of tests on different materials are 

very helpful. In Table 4 are shown the transition temperatures 
WELDING CONDi TIONS of T-1 steel and mild steel. These hitherto unpublished data on 
ELECTRODE DIAMETER $/32" mild steel were taken from other researches by the authors’ 
CURRENT (AMPS) 145 Yaa company. It will be seen that normalizing the killed steel lowered 
VOL TAGE ; a7 7 its transition temperatures considerably. 
po Tee-Bend Teste. This test is also a notch-bend test. Details of 
the specimen are shown in Fig. 19. In it the notch effect of the 
Fic. 19 Detatcs or Ter-Benp Spectmen intersection between the face of a fillet weld and the base metal is 
used. This notch is an actual one which occurs in many places 
vestige of ductility departs and completely brittle failure is im- throughout welded structures. Most structural failures were 
minent. The authors feel that the ductility transition tempera- associated with fillet welds. In a properly made fillet weld (and 
ture, which occurs at a low level of performance, is of far more the welds used on the test specimens were carefully made), the 
significance than the fracture transition temperature, because concentration of stress at the 45-deg angle is less than that ob- 
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TABLE 4 SUMMARY OF DUCTILITY AND FRACTURE TRANSITION TEMPER ATURES FOR VARIOUS 
STEELS; KINZEL-TYPE NOTCH-BEND TEST 

Ductility transition Fracture transition 

temperature, deg F des 
traction)— per_cent shear) ———~ 

(1 per cent con x. 
with i wi with 
Type of steel > Condition Unwelded E6010 Unwelded E6010 E12015 
Quenched and —132 +26 +4 —102 +6 —92 +10 +6 
tem 


Below —143 -78 +16 : — 76 +8 —64 +12 -—-44 +8 


USS Carilloy T-1 


Semikilled 
C—#.17 per cent As-rolled —160 +7 +10... +55 28 +75 +9 
Mn—4.45 per cent 
Fully killed 
Fine-grained As-rolled Below —94 +2442 +60 +12 


Below —94 +423 
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taining at the root of the artificially milled notch in the notch- 
bend specimens. In practice, however, if undercutting or ill- 
formed welds obtain, much more severe notches will result than 
those brought about by the theoretically perfectly formed fillet. 
The procedure followed in testing the tee-bend specimens was 
the same as that used for the notch-bend specimens, except that 
the per cent lateral contraction was determined at a point '/s: in. 
below the toe of the fillet nearest the failure. The bending condi- 
tions are shown in Fig. 7. 
Lateral contraction test data for '/:-in. and 1-in. tee-bend speci- 
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mens are presented graphically in Figs. 20 and 21. Similar curves 
based on angle of bend and total energy were plotted but are not 
shown. A typical tee-bend specimen of 1-in. plate is shown in 
Fig. 22. 

The ductility and fracture transition temperatures for '/:-in. 
and 1-in. tee-bend tests are summarized in Table 3. As antici- 
pated for a specimen having a much less severe notch, the duc- 
tility transition temperatures were decidedly lower than those ob- 
tained with the welded notch-bend specimen. 
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In view of the fact that the fillets deposited on the test speci- 
mens are better formed than those obtaining in practice, it would 
probably be better to use the results obtained from notch-bend 


specimens in estimating the minimum safe operating temperature — 


of welded structures rather than the results obtained from tee- 
bend specimens. 

Tensile Tests of Transversely Butt-Welded Specimens. The 
transversely butt-welded specimen shown in Fig. 23 serves one 
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purpose only, namely, it shows whether or not the deposited 
weld metal is stronger than the base metal. The measurement of 
elongations between gage points across the joint is meaningless, 
because the materials between the gage points are of many dif- 
ferent characteristics. The results of the tests of the transversely 
butt-welded specimens are shown in Fig. 24. It will be seen that 
the joints, with the reinforcements machined off, broke in the 
base metal, and 100 per cent joint efficiency was developed. A 
typical fracture is shown in Fig. 25. 

Tensile Tests of Longitudinally Butt-Welded Specimens. The 
longitudinally welded specimen, as shown in Fig. 26, is used to de- 
termine the ductility of the welded joint as a whole. The weld 
metal, the heat-affected zones, and the unaffected base metal are 
all stretched together. If one is deficient in ductility, that one 


will cause the others to fail. A comparison between the data in _ 


Fig. 24 and the data in Table 2 shows that the per cent elonga- 
tions in the welded specimens are, in general, somewhat lower than 
those of the comparable base-metal specimens, but the values are 
still good considering the high strength developed. A typical 
fracture is shown in Fig. 25. 

Tensile Tests of Double-Fillet-Welded Specimens. This type of 
specimen shown in Fig. 27 consists of a “through” plate, to which 
are attached on both sides transverse plates double-fillet-welded 
to the through member. The specimen simulates the situation in 
structures wherein a continuous main stress member has stiffeners 
or other parts welded to both sides. The properties of T-1 steel 


are those imparted to it by heat-treatment, and the question ‘ 


naturally arises as to whether or not the heat of welding impairs 
those properties. The effect of welding on toughness has already 
been discussed. The double-fillet-welded specimens are intended 
to show the effect of the heat of welding on ultimate tensile 
strength. To this end the fillet welds were deposited with a high 
heat input and in rapid succession. The accumulation of heat in 
the joint as welding progressed raised the peak temperature of the 
through plate at mid-thickness to a value that would be attained 
only under the most adverse fabricating conditions, 

In Fig. 24 it will be seen that the double-fillet-welded tensile 
specimens failed in the base metal. A typical fracture is shown 
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in Fig. 28. If the heat effect of welding had impaired the strength 
of the “through” plate, see Fig. 28, failure would have oceurred in 
the plate near a fillet. The effect of the heat of welding will be 
discussed further in a subsequent section on hardness. 

Bend Tests of Transversely Welded Specimens. The details of 
the transversely butt-welded bend specimens are shown in Fig. 29. 
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These specimens were tested in two ways, by static bending, with 
a continuously applied load at mid-length, and by “treading,” a 
progressive bending technique used by pressure-vessel fabricators, 
The results of the static bend tests are given in Table 5. 

The angles of bend for specimens tested at +70 are particularly 
good, considering the small radius of mandrel used in the bending. 
A typical fracture is shown in Fig. 28. Because of the fact that 
the bending is largely concentrated in the weld metal, base-metal 


failures did not occur. 


The low-temperature bend results show 
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pressions were made with a 2'/,-kg load. It will be seen in Fig. 30 
that the peak hardness obtaining in the coarsened zone was 
about 420 VPN. In the weld metal, very much lower hardnesses 
were found owing to the tempering of subsequent passes. The 
absolute value of this peak hardness is considerably greater than 
that obtaining in ordinary mild-carbon steels. The excellent 
bend-test results for butt-welded joints of this type, as shown in 
Tables 5 and 6, demonstrate the fact that high hardness resulting 
from welding on T-1 steel does not preclude good performance. 

It will be noted in Fig. 30 that the unaffected base metal has a 
hardness of approximately 300 VPN. At a point just outside the 
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that the £12015 welds are capable of considerable deformation at 

06 F. 

The results of treading bend tests of 1-in. specimens welded with 
£12015 electrodes, as given in Table 6, show that Carilloy T-1 
is capable of enduring a considerable degree of progressive bend- 
ing in fabrication. 

Hardness. Vickers hardness surveys to determine the weld 
metal, heat-affected zone, and base-metal hardnesses were made 
on sections cut from a butt-welded joint in 1-in. plate, All im- 


TABLE 5 RESULTS OF TRANSVERSE BUTT-WELD BEND TESTS OF 1/,-IN, 
Ql 


specimen, 
in. 
5/4 (approx) 
(approx) 
*/s (approx) 
(approx) 
(approx) 
1 (approx) 
2 (approx) 
2 (approx) 
3 (approx) 


@ All values are for individual tests. 


ture. 
* Premature failure attributed to 


TENCHED AND TEMPERED CARILLOY T-1 STEEL 
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temp, 
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A,-A; zone, the hardness has decreased to a value of about 255 
to 260 VPN; in other words, an actual softening has taken place. 
It is well known that the hardness and tensile strength of a steel 
are directly proportional. The minimum hardness corresponds 
to an ultimate tensile strength of about 120,000 psi; in other 
words, the weakest spot to be found in the vicinity of the weld is 
considerably stronger than the specified tensile strength of the 
base material. However, as has been shown previously, the 
various types of tension specin ens fail completely outside of the 
heat-affected zones of the base metal. This is due to the fact 
that only one or two small areas of any cross section of the joint 
have been decreased in strength slightly. It should also be borne 
in mind that this survey was made on a relatively large multiple- 
pass welded joint. 

Electrodes and Weld Metal. The problem of developing elec- 
trodes to weld such a high-strength steel is a difficult one indeed. 
The high strength and great toughness of the base metal are im- 
parted to it by quenching and tempering. Obviously, quenching 
is not possible on any but the simplest of welded structures. 
Accordingly, the weld metal must, in its as-welded condition, have 
comparable properties. Remarkable progress has been made in 
the development of such weld meta]. Electrodes to develop the 
strength of T-1 steel should be those of the ASTM-AWS Classifi- 
cations E12015 and E12016. These designations are applied to 
electrodes developing an ultimate tensile strength of 120,000 psi 
or more and having a coating which evolves very little hydrogen. 
Many joints in welded structures are called upon to develop 
merely a nominal strength, such as certain joints in longitudinal 
shear. In those cases electrodes of a lesser strength, such as the 
£10015 or £10016, or even E8015 and E8016 could be used, but 
always the electrodes should be of the low-hydrogen type. One 
£12015 electrode used in the testing described herein deposited 
weld metal (undiluted) having the composition and tensile prop- 
erties given in Table 7. 


TABLE 7 WELD-METAL COMPOSITION AND TENSILE PROP- 
ERTIES 
Weip-Merat Comrosition, Per Cent 
Analyses for two undiluted deposits) 

Cc Ma 4 8 Si Ni Cr Mo v Cu Ti 
0.06 1.12 0.014 0.018 0.40 2.11 0.11 0.95 0.21 O11 0.005 
0.06 1.11 0.011 0.018 0.46 1.96 O.11 0.90 0.27 010 0.013 

Werp-Merat Tensice Properties 

Ultimate 

Yield tensile Elongation Reduction 
: strength, strength, in 2 in., of area, 

Condition psi psi per cent per cent 

As deposited 109000 126500 20.0 59.0 
117600 131 21.0 58 

Stress-relief- 115800 127700 18.0 59.3 

annealed at 116300 129700 19.5 59.6 


1100 F 


This meta] was capable of developing the full tensile strength 
of the base metal, even in plates 4 in. thick. 

In order to determine the effect of stress-relief annealing on 
weld metal, a number of tests were conducted on all-weld-metal 
specimens which had been stress-relief-annealed at 1100 F. The 
tensile properties of the weld metal in that condition are as shown 
in Table 7. It can be seen that stress-relief annealing made but 
little change in the ductility as determined by tensile testing 

To ascertain the effect of such treatment on the toughness of 


TABLE 8 DUCTILITY TRANSITION TEMPERATU nee FOR 
£12015 WELD METAL AND CARILLOY T-1 STEEL; CHARPY 
KEYHOLE IMPACT TEST 

Ductility 
transition 
Material Condition temperature, deg F 
E12015 weld metal As deposited — 60 
£12015 weld metal Stress reliet- annealed Above +130 
at 1100 F 
Carilloy T-1 steel. ..... Quenched and tem- 
perec —240 


weld metal a series of Charpy (keyhole) impact specimens were 
tested. The ductility transition temperatures of the weld metal 
are given in Table 8. 

It will be noted that a considerable rise in the transition tem- 
perature of the weld metal was brought about by the stress-re- 
lief-annealing treatment. A typical value of the transition tem- 
perature for T-1 base metal has been added for comparison. In 
other tests it has been found that in the case of the base metal, 


THICKNESS 


SURFACE 
On SIDE 


SPECIMEN WITH ONE GAS-CUT AND 
MACHINE -CUT CORNER IN TENSION 


Gas-CcuT 
SURFACE ON 
soTTOM 
SPECIMEN WITH TWO GAS~ CUT CORNERS WW TENSION 


Fre. 31 


- 27 


Gas-Cut Tests 


stress-relief annealing at a temperature below the 1200 F temper- 
ing temperature of the plate has little or no effect on the transition 
temperature of the base metal. In general, it is definitely recom- 
mended for the present that structures of T-1 steel, welded with 
electrodes depositing weld metal of a composition similar to that 
shown, should not be stress-relief-annealed. The omission of this 
expensive and time-consuming process should be most weleome 
Further discussion of stress-relief annealing in general will be 
found under Residual Stresses. 

Automatic submerged-are welding, i.e., welding under a 
blanket of flux, has thus far been little used for the welding of 
T-1 steel. The two leading manufacturers of submerged-are 
welding equipment are working on the problem of developing 
suitable electrode material, but some time may elapse before 
submerged-are weld metal, having properties comparable to 
those of the base metal, will be available. The principal manu- 
facturer of inert-gas shielded semiautomatic metal-are welding 
is also working on the problem, and here again some time may 
elapse be fore suc hi weld meta! can be used. 


resort to pre she ating be fore gas cutting. Preheating is always a oy 
nuisance and is always difficult to enforce. To ascertain the effect 
of gas cutting on a quenched and tempered steel, two new types of oe 
bend tests were developed. The specimens for these tests are 
shown in Fig. 31. They are prepared by first making two auto- 
matic gas cuts at 70 F sufficiently far apart that the heat of the 
second cut does not affect the material adjacent to the first. 
Then a mechanical cut is made midway between the two gas-cut _ 
edges, providing a specimen with one gas-eut edge which has not — 
been affected by any subsequent thermal operation. One of the | 
specimens is bent with one gas-cut corner and one machine-cut 
corner in tension, as shown in the upper half of Fig. 31. Thistype 
of bending is applied to plates when they are shaped in fabrica- 
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tion. The other specimen is bent with the two gas-cut corners in 
tension, as shown in the lower half of Fig. 31. This latter type of 
bending, although seldom encountered in fabrication, is the more 
severe, 

The results of the gas-cut bend tests of 1-in. steel are shown in 
Table 9 


TABLE 9 RESULTS OF GAS-CUT BEND TESTS OF 
QUENCHED AND TEMPERED CARILLOY T-1 STEEL 


Angle of bend 
to failure, deg* 


1-IN. 


Orientation of 
gas cut 
Two gas-cut corners 
in tension - 97 
One gas-cut corner 
and one machine- 
eut corner in ten- 
sion 


@ Average of two tests, 


Temperature of 


testing, deg F Remarks 


Small tear 


Over 97 (jig capacity) 


Typical specimens tested at —98 F are shown in Fig. 32. From 
the results it may be seen that gas cutting does not affect the 
bend performance of the steel adversely at even very low tem- 
peratures. 


ENGINEERING CONSIDERATIONS 


In order to take full advantage of the excellent mechanical 
properties available in T-1 steel and yet not use this more ex- 
pensive material where it is not economical, there are several 
considerations which the engineer must bear in mind. 

Tension. The major use of the new plate steel will be in appli- 
cations in which tension is the main consideration. Here the full 
potentialities of the steel can be developed 

In some cases tensile deflection may prevent full utilization of a 
yield strength of 100,000 psi and more. With a fixed design, the 
factor governing deflection is modulus of elasticity. The modulus 


of elasticity of T-1 steel, as with all structural steels, is about 30,- 


000,000 psi. If this strong steel is stressed to 15,000 psi, it will 
elongate the same amount as would ordinary carbon structural 
steel. If both were stressed to 33,000 psi, they would both 
elongate to the same degree. Upon release of the load, the T-1 
steel would return to its orginal shape; the mild steel might or 

might not, depending upon whether or not its yield point had 
been exceeded, 
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One type of structure wherein tension is the paramount stress 
is the pressure vessel. In such vessels, generally speaking, de- 
flection is of little consequence. Let us assume that a factor of 
safety on the yield point of 1.83 is to be used. This would result 
in a working stress of 18,000 psi, based on a yield point of 33,000 
psi. If the same factor of safety based on yield strength were 
to be used with T-1 steel, a working stress of 54,500 psi could be 
permitted. In both cases the factor of safety would be 1.83; in 
the former the margin of safety on the yield point would be 15,000 
psi; with the T-1 steel, the margin of safety would be 45,500 psi. 
This would be a far greater margin than has heretofore obtained 
in practice, and yet the working stresses would be on the order of 
3 times those normally used. This brings up the very interesting 
question as to whether or not the designer is interested in factors 
of safety or margins of safety. If the latter be the case, it might 
be that even higher working stresses would be permissible. 


L g 
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Compression. In Fig. 33 are shown curves giving the ultimate 
permissible compressive stresses in columns, These graphs are 
calculated from the seeant formula. Data for ordinary carbon 
structural steél and T-1 steel are shown. When the L’/r ratio is 
125, often used as the maximum permissible ratio for main mem- 
bers, the allowable stress is about 20 per cent greater for T-1 steel 
than for mild-carbon steel. For a ratio of 60, a relatively small 
value, the permissible stress in T-1 steel would be about 2.4 times 
that allowable with carbon steel. The stresses shown in Fig. 33 
are calculated, but experimental verification exists for the 33,000- 
yield-point material. No experimental proof of the values for 
T-1 steel is at hand because such a steel has never before been 
available for test. However, it is felt that the curves provide a 
reasonable guide for the use of this steel in compression. Also, it 
should be noted that no factor of safety has been applied to the 
average critical stress. 

Shear. Precise torsional tests to determine the yield and ulti- 
mate shear strength of T-1 steel have not yet been made. How- 
ever, transverse shear tests of '/,-in-diam pins in double shear have 
been conducted. The results were as follows: 


—, psi 


Specimen A......... 
Specimen B. 
Specimen C. 


The ultimate shear strength as determined by this method is 
about 70 per cent of the ultimate tensile strength. This ratio is 
about the same as that for ordinary structural steel. 
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Fatigue. A series of '/;-in- and 1-in-thick plate specimens were 
tested in a Rayflex resonant-frequency fatigue testing machine, 
as shown in Fig. 34. It will be seen that the specimens are of 
appreciable size; they retain the original rolled surfaces com- 
plete with mil! and heat-treating scale. The results of these tests 
are shown in Fig. 35. The endurance limit for 2,000,000 cycles of 
alternating stress was about 35,000 psi, or only about 31 per cent 
of the ultimate tensile strength. This ratio is low compared to 
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those obtained from fatigue tests conducted on polished speci- 
mens. An endurance limit of 67,000 psi has been gotten from 
polished rotating-beam specimens. 

It is obvious that in an application subjected to severe alternat- 
ing stresses, scale should be removed. However, in structural ap- 
plications where fillet welds are involved, and reinforcements are 
left on welds, square corners are tolerated, and stressed material 
is stopped abruptly, surface discontinuities caused by scale would 
be but a minor factor. 

Bending. Since bending is a combination of tension and com- 


pression, it follows that the principal consideration in beams in 
bending is the resistance to buckling. In designing members to 
resist bending, careful study should be given to unsupported 
flange width, to local buckling between stiffeners, to side buckling, — 
and to all other aspects of compression. 

Concentrated Stresses. The previous discussion on the different _ 
stresses pertains to those which are determinate, but what about > ae 
concentrations of stresses? The intensity of concentrated stresses 
is a function of the configuration of the part and is often expressed _ 
as a multiple of the design stress. The numerical value of these 
concentrated stresses is calculated on the assumption that the 
stresses do not exceed the yield strength of the material. If, | aa 
however, the yield strength of the material is exceeded and a cer- pay 
tain amount of local plastic deformation takes place, the stresses _ 
are reduced to the yield-strength value at that location. If, on iw 
the other hand, the material is of such a nature that under the igs a 
existing conditions of stress and temperature, a minute amount of 
plastic deformation cannot take place, then brittle failure will re- 
suli, possibly catastrophically. In the case of T-1 steel the transi- 
tion temperature is so low, even after welding, forming, gas 
cutting, and all the other fabricating operations that the material 
at any atmospheric temperatures will behave in a ductile manner 
and will permit the necessary small local plastic deformation to 
redistribute stress, 

Residual Stresses. The fact that the materia! will remain duc- 

at atmospheric temperatures encountered anywhere in the 
‘id, brings up some very interesting questions as to the necessity 

{ postheating. Stress-relief annealing, as ordinarily practiced, 

serves 2 number of purposes, as follows: 


1 It reduces the hardness of the base metal and the heat- 
affected zones therein. 

2 It improves the ductility of the heat-affected base metal. 

3 It reduces residual stresses to a low value. 

4 It restores the transition temperatures of the various base- 
metal elements of the structure to the original transition tem- 
perature of the base metal, or nearly so. 


The thinking in the past has been concentrated largely on items 
(1), (2), and (3); it may be that item (4), namely, restoration of 
the original transition temperature, is the important one, and 
the others are by-products. If this be true, then the use of T-1 
steel should render stress-relief annealing unnecessary for weld- 
ments to operate at atmospheric temperatures. If at first glance 
this appears startling, let us reconsider the various points enu- 
merated in the foregoing. 

The hardnesses resulting from welding on T-1 steel, as shown 
in Fig. 30, are high relative to those obtaining in mild steel, but 
all of the various bending and tension tests show that this hard- 
ness per se has not harmfully affected the ability of the steel to 
endure distortion. 

Tests of longitudinally welded tension specimens show that the 
weld metal and the heat-affected zones in the base metal as-welded 
have nearly as great ductility as has the base metal. 

No direct correlation between residual] stress and service failure 
has ever been established. Considerable evidence exists to show 
that for all practical purposes residual stress is not a factor in 
brittle failure. Theoretically, however, residual stress can con- 
tribute to brittle failure when the state of residual stress is such 
that brittle failure is imminent and a small imposed stress is 
added. In the case of T-1 steel, the transition temperature after 
having been welded has been shown to be so low that a structure 
operating at any atmospheric temperature would remain ductile 
and be able to endure the necessary local redistribution of 
stress. 

So far as restoring the original transition temperature is con- 
cerned, if the transition temperature raised by welding, torch 
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cutting, forming, or any other fabricating operation is still lower 
than the operating temperature, then what would be the neces- 
sity of restoring the original? 

The foregoing discussion is at present the product of pure rea- 


fal soning. However, arrangements are being made to build and test 


_ several pressure vessels of T-1 steel. These as-welded vessels 


will be subjected to various kinds of destructive tests at low tem- 


peratures to demonstrate that stress-relief annealing is not 
necessary with T-1 steel, and that this steel is a suitable material 
for pressure vessels, 

Resistance to Abrasion, No data are available on the resistance 
of the new steel to abrasion. Tests are under way in the coke 
chutes of one of the large coking plants of the United States Stee! 
Company. Comparative materials are placed in these chutes and 
subjected to the scouring action of thousands of tons of coke. It 
is felt that the performance of T-1 steel under these conditions 
will be considerably better than that of softer steels, and it is 
hoped in the not too distant future to be able to verify this as- 
sumption 

Some thought has also been given to the manufacture of T-1 
steel with a higher hardness. Laboratory tests of steel heat- 
treated to 341 Bhn have demonstrated that the steel maintains an 
adequate degree of toughness even at this high level of hardness 

Resistance to Corrosion. At the present time no actual data are 
available on this aspect of service. However, based on the kno 
effect of composition, the copper content, together with the nic 
and chromium, should provide the steel with an atmospheric « 
rosion resistance of at least 2 to 3 times that of a plain cart 
steel, Specimens are in place on atmospheric testing racks 
Vandergrift, Pa., Kearny, N. J., Kure Beach, N. C., and elsewh 
to obtain data on this point. However, it will be some years 

fore results of such tests are available. 

Vachining. Machining appears to offer no problem. This st 
is harder than the usual structural grades of material; howev 
the hardness is not at a high enough level to cause unusual d 
culties, 

Hot-Forming. Hot-forming above the tempering temperatu 
of the steel (about 1200 F) will destroy the mechanical properties 
imparted by the original heat-treatment. Therefore such form- 
ing must be avoided unless facilities are available for water- 
quenching and tempering the hot-formed part. Simple members 
have been hot-formed successfully and subsequently re-treated by 
quenching and tempering. It was then necessary to make cer- 
tain corrections to bring the parts to the desired contours because 
of distortion encountered in the water-quenching operation. Hot- 
forming and water-quenching of complex parts is extremely diffi- 
cult, owing to the danger of cracking, and the distortion problems 
encountered are severe. 

Cold-Forming. The steel itself is sufficiently ductile to undergo 
bending to reasonable radii. However, in contemplating a cold 
forming operation, serious consideration should be given to the 
strength of the bending equipment. Fig. 36 shows a typical cold- 
formed component for a large power shovel. This piece was 
made of 3'/,-in-thick plate bent to a 16-in. radius. Plates of T-1 
steel as thick as 5 in. have been bent to generous radii. Possibili- 
ties of furnishing annealed rather than quenched and tempered 
plate, to be cold-formed into difficult objeets and subsequently 
heat-treated, have not yet been fully explored. 

Punching. Very little punching of T-1 steel has been done to 
date. It is believed advisable to drill rather than punch holes in 
this steel. However, if anyone contemplates punching this hard 
material, consideration should be given to the strength of equip- 
ment, and the safety of operating personnel. 

The thickness which can be cold-sheared is largely 

Plates 


Shearing. 
dependent upon the strength of the available equipment. 
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as thick as | in. are regularly sheared in the plants of the authors’ 
company. 

Rolled Shapes. One of the limitations of this new material is 
that rolled shapes, for example, I-beams, channels, and angles 
cannot now be manufactured satisfactorily. These shapes can be 
rolled readily, but in the subsequent quenching and tempering, 
it is feared that they will twist and distort to such an extent that it 
will not be practicable to straighten them. At first glance the 
lack of rolled sections might appear to be a very serious drawback 
to the utility of the new steel, but further consideration will show 
that such need not necessarily be so. 

There are three principal uses for rolled shapes, namely, as 
compression members, such as columns and struts, etc., as beams, 
and as stiffeners holding principal stress members in alignment. 
In two of these cases, namely, columns and beams, the critical 
stress is compression. Where rolled shapes are used to maintain 


45-Cu-Yo Bucket Usep in Strip Mining 
Bucket lip of 3%/2-in-thick T-1 steel.) A 


| 
| 
- | 
| 
| 
‘ 
» 
Form a 45-Cu-Yp Bucker 
| steel) 
~ 
| 
> 
( 


Yo Buexert or T-1 Street 39 45-Cu-Yp Bucxer I 


IPPER STI 


rer ror Power IN 42 
MINING 
(6!/s-in-thick T-1 steel.) 


r 


me 
. 
(*/ein. ond T-l steel.) 


_ the alignment of plates, the latter generally carry the principal 
stresses, and the stiffening shapes could be made of almost any 
material. 

It is, of course, possible to fabricate shapes from plates. There 


are many advantages to such a procedure, particularly in the case - 


of curved members. In some instances it may be advantageous 
to use the exact proportions needed for a certain part and by so 
doing utilize T-1 most economically. 


APPLICATIONS 


Actual Applications. The outstanding application to date of 
this new steel has been the lips of the buckets of the enormous 
power shovels used for stripping the overburden in coal-mining 
operations. Such a lip, as shown in Fig. 36, was cold-formed and 
gas-cut into this intricate shape. The lip in operation digging 
rock is shown in Fig. 37. 

Under these very adverse conditions, lips of T-1 steel have per- 
formed satisfactorily for a much longer time than have lips of any 
other material. This application makes use of the ability of T-1 
steel to endure most abusive treatment. 

A large electrical-products manufacturer has used T-1 steel in 
generator components where high strength was required for parts 
whose contours necessitated considerable gas-cutting. It had 
been the manufacturer’s practice to machine the desired con- 
tours from a high-carbon, quenched-and-tempered steel. By 
substituting T-1 steel it was possible to gas-cut the desired con- 
tours and maintain the necessary strength level and eliminate 
many costly machining operations. This application makes use 
of the excellent welding and gas-cutting characteristics of T-1 
steel. 

Prospective Applications. In this category are included parts 
which may or may not have been fabricated, but as yet have not 
been in service. 

In Fig. 38 is shown a large bucket made of T-1 steel. The 
teeth bases, which have not yet been welded in place, are made of 
a much harder and less weldable heat-treated alloy steel. Fig. 39 
shows the jigging for welding the front and back to the side sheets. 

A side view of the dipper stick for this large bucket is shown in 
Fig. 40. 

In Fig. 41 is depicted a cable equalizer which connects to the 
structural frame of the stripping shovel. 

In Fig. 42 are shown a number of buckets for a ladder dredge. 
These will be used for digging sand and gravel. 

A number of smaller buckets and dipper sticks for power shovels 
have been made for service in the iron mines in northern Minne- 
sota. Many failures of shovel parts have occurred in this area 

- owing to the extremely low winter temperatures. These applica- 
tions make use of al! of the characteristics of T-1 steel, including 
its excellent toughness at extremely low atmospheric tempera- 
tures. 

Tension rods in dam gates and other structures, in fact, tension 
- members in general, offer a good field for the application of T-1 
steel. 

Another application under consideration is the use of this tough, 
high-yield-strength steel for shipbuilding. Plates with these 
characteristics might be particularly suitable for critical locations 
in large ships. 

The use of T-1 steel plates as a substitute for forgings is being 
studied. It is quite probable that certain parts now made from 
forgings could be fabricated to the desired contours by gas- 
cutting, thus eliminating forging and heat-treating costs. 

In general, any application requiring a structural steel of great 
strength, excellent toughness, good weldability, and the capacity 
to be gas-cut and cold-formed is a potential application for T-1 

steel. The foregoing qualities will be manifested in ability to 
resist abuse, toughness at low atmospheric temperatures, reduc- 


tion in weight and inertia, reduction in freight and handling costs, 
possible elimination of shop and field oie —s and 
increased pay loads in mobile structures. —_ 
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AVAILABILITY 


Under existing circumstances, the quantities of this steel availa- 
ble for commercial experiment and trial applications must neces- 
sarily be very limited. However, changes from normal working 
stresses to values many times higher than those ever used before 
are not to be contemplated lightly, and considerable time must 
be spent in study and design before these potentialities ean be 
translated into reality. It is hoped that this paper will serve to 
stimulate thinking among engineers and users of steels so that 
when the time comes that unrestricted use of materials is again 
permissible, much preliminary work will have been done toward 
the utilization of this revolutionary new structural steel. 


Discussion 


Aprien F. Busicx, Jr.‘ In the past two years our company 
has processed approximately 435 tons of USS Carilloy T-1 steel 
in the fabrication of dippers and dipper handles for power shovels. 
Prior to the development of T-1 steel, we had been using a nickel- 
copper-moly alloy plate, quenched and tempered to a yield 
strength level of 80,000 psi. Over a period of five years we used 
approximately 1800 tons of the latter type of steel and we regard 
our experience with it as a good indicator of the possibilities in 
the use of T-1 steel. 

Our use of the high-yield-strength steels can be divided into 
two separate categories as follows: 


1 To reduce the dead weight of front-end equipment in order 
to increase the load-carrying capacity of a given machine. This 
was the original] incentive to adopt this type of material. 

2 To replace mild steel in dipper handles which were giving 
trouble when operating at subzero temperatures. In this case the 
sections and weight were not reduced as it was desired to obtain 
increased strength and take advantage of the low-temperature 
characteristics of this type of steel when subjected to impact 
loads. 


In the commercial use of these steels we made certain tests 
and adopted shop practices which have worked out quite satisfac- 
torily as far as our product is concerned. 

Our early testing program indicated that welding electrodes 
conforming to the AWS/ASTM, Type E-9015, (Arcos Manga- 
nend 1-M) were entirely satisfactory for the nickel-copper-moly 
steel, forerunner of the Carilloy T-1 steel, and this was confirmed 
by production and field experience over a five-year period. With 
the introduction of Carilloy T-1 steel, we initiated another testing 
program to determine proper welding electrodes and procedures 
for it. In view of the higher strength of the T-1 steel over the 
nickel-copper-moly, we considered a welding electrode of the 
AWS/ASTM, Type 10016, (Arcos Tensilend 100) in addition to 
the E-9015 rod. Tensile, side-bend, and face-bend specimens 
were prepared and tested, using both type rods and various pre- 
heat temperatures. After welding, half of the bars were furnace 
stress-relieved, and half were not. 

All tensile bars made with E-9015 or E-10016 rod, tested in the 
stress-relieved condition, failed in the parent metal entirely away 
from the weld, developing the full strength of the plate. In the 
as-welded condition, one bar with the E-9015 and one with E- 
10016 failed in the weld, but in both cases slight weld defects were 
noted. 

All face and side bend specimens tested in the stress-relieved 


* Chief Engineer, Marion Power Shovel Company, Marion, Ohio. 
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condition, except one, passed the test without flaws. The bar 
that failed did not have complete root fusion. 

All face and side bend specimens tested in the as-welded condi- 
tion failed after a very smal] bend angle. 


(Areos Manganend 1-M) electrodes are a welcome contribution to < 

the fund of information on the welding of this new stee!. ™ ate 
Since preparing the paper, tests have been conducted by the pes 

United States Steel Company to determine the Charpy-keyhole- 


As a result of these tests, and in view of our field experience 
with nickel-copper-moly steel, we adopted the AWS/ASTM-E- 
9015 rod as standard and called for a minor preheat with a fur- 
nace stress-relief operation after welding wherever possible. We 
were, no doubt, influenced by the fact that it has been our stand- 
ard practice for some years to stress-relieve practically all of our 
weldments which are subjected to heavy impact loads and also 
by our feeling that ductility of the metal in the welded joint is of 
prime importance in our class of service. 

We understand that there is considerable doubt regarding the 
feasibility of stress-relieving 12015 rod because of embrittlement 
so we would be very cautious in considering the use of this rod 
for our type of service. Many weldments using 9015 rod have 
gone through our stress-relieving ovens and into successful field 
service. 

Our shop problems in processing this type of material are more 
or less confined to the difficulty of forming because of the high 
yield strength of the steel and the heavy sections which we use. 
Shop equipment which has proved adequate for mild stee] and 
low-alloy high-stvength steel, often does not have the reserve 
power required for handling Carilloy T-1 steel. 

The results obtained by the use of nickel-copper-moly and Caril- 
loy T-1 steels have been highly gratifying and we expect to ex- 
pand our use of the materia] in our standard products as soon as 
restrictions on its use wil] permit. 


CLosuRE 


The authors are grateful to Mr. Busick for his discussion. It 
is especially pleasing to have supporting evidence from one so 
closely associated with the fabrication of Carilloy T-1 steel 
The additional tension and bend test data for joints of Cariiloy 
T-1 steel welded with E-10016 (Arcos Tensilend 100) and E-9015 


it 


impact properties of E-10015 (Arcos Manganend 2-M ) weld metal a 
joining T-i steel. The chemical composition of undiluted weld 
metal deposited by the electrode is as follows: 


Cc Mn P 8 Si 
0.16 1.97 0.023 0.017 0.41 
Cr Mo Vv Cu 
0.16 0.43 0.002 0.14 
The ductility-transition temperatures of the weld metal in the Ae 
as-deposited and stress-relieved conditions are as follows: 
Ductility-transition 
temperature, F 
172 
—99 


_ Condition 


Stree relief annealed at 1100 F.. 


It will be recalled that the transition temperature of as-de- 
posited E-12015 weld metal (Arcos Tensilend 120) is —60 F 
(Table 8 of the paper), whereas the transition temperature of the 
as-deposited E-10015 weld metal, as indicated above, is much 
lower. The transition temperature of the E-10015 weld metal 
was raised approximately 75 F by stress-relief annealing, but this 
impairment is much less than that for the E-12015 weid metal de- 
scribed in Table8. It will be noted that, either as-deposited or as- 
stress-relief annealed, the transition temperature of the E-10015 
weld metal is considerably superior to that of E-12015, as-de- 
posited. In applications requiring maximum notch toughness 
the as-deposited E-10015 weld metal would be preferable despite a 
slightly lower tensile strength, compared with that for E-12015 
weld metal. The transition temperature of stress-relieved E- 
10015 weld metal is sufficiently low that such weld metal would be 
suitable for structures fabricated by those persons who choose to 
employ a stress-relief treatment. i 


» 


- 
- 
4 
\ 


the 
¥ 


Fie. 1) View 


By 


This paper presents a compilation of available fatigue- 
test data on piping components and derives therefrom 
stress-intensification factors relative to straight pipe. 
These factors are strictly applicable only to the limited 
range of sizes for which fatigue tests were made. 
of the importance of proper consideration of stress in- 
tensifications in cyclically stressed piping and the lack 
of theoretical developments which would serve to evaluate 
their magnitude for all shapes involved, the author has 
taken it upon himself to suggest empirical correlations 
by which the application of the available data can be 
expanded to a wider range of sizes and conditions. 


In view 


INTRODUCTION 


BOUT five vears ago the Product Engineering and Research 
A Department of the author's company initiated a program 
of fatigue-testing full-scale piping components to provide 
design data urgently needed by piping engineers for an intelligent 
appraisal of the safety of piping systems subjected to cyclically 
varying bending moments resulting from thermal expansion and 
contraction, from pressure pulsations, or from vibrations. 
To date two partial reports on the results of this investigation 
have been published (1, 2),? one dealing with fatigue of welding 


1 Chief Research Engineer, Tube Turns, Inc. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Petroleum Division and presented at the 
Petroleum Mechanical Engineering Conference, Tulsa, Okla., Sep- 
tember 24, 1926, of Tue American Soctety or Mecuantcat Enei- 
NEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, May 28, 
1951. Paper No. 51—PET-2! 
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elbows and double-miter bends of specifie proportions, and a 
second with flanged assemblies. 

The present paper is intended to round out available knowl- 
edge on the bending fatigue of piping components by presenting 
new results obtained on plain and welded straight pipe, reducers. 
welding elbows and long-radius bends, forged welding tees, miter 
bends, and fabricated intersections of various types. A study of 
the effect of length of are of welding elbows and angle and spacing 
of joints of miter bends is also included, 


Test EquipMENT - 


The test equipment for the full-seale tests, a machine of the 
specific-strain reversed-bending type, was described in an earlier 
paper (1); it will be sufficient for the present purposes to recall its 
design by means of Fig. 1. 

The isometric diagram, alternative 


Fig. 2, shows the three 
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anchor locations available in each bay of the machine, and the 
manner of loading the two basic types of assembly, which 
follows: 


1 Straight assemblies with no directional properties (plain 
and welded straight pipe, reducers), 

2) Essent‘ally ell-shaped assemblies (welding elbows, curved 
and mitered bends, forged tees, and fabricated intersections ), which 
behave differently under bending in and out of the plane de- 
seribed by the pipe axes 

In all tests, one end of the assembly is anchored rigidly and the 
other, a hinged end, is constrained to deflect cyclically through a 
given amplitude maintained by a cam setting, 


Test Srecimens 

Detailed dimensional descriptions of the test specimens will be 
given later under separate headings applying to each type. 

The material in all cases conformed to ASTM Specification 
A106, Grade B. The carbon contents of the diverse components 
used ranged from 0.15 to 0.29 per cent, manganese from 0.50 to 
0.90 per cent, and silicon from 0.12 to 0.22 per cent. The tensile 
strength ran between 62,400 and 86,300 psi, the yield strength 
between 38,000 and 56,200 psi, and the elongation in 2 in. be- 
tween 32 and 55 per cent. 

In addition, fatigue tests were carried out on an R. R. Moore 
fatigue machine of the rotating-beam constant-load type using 
polished bars machined from two heats of pipe selected to bracket 
the extremes of physical properties encountered in Grade B pipe 
in the as-received condition. The results of these tests are 
shown in Fig. 3 together with S-N data for an average heat com- 
municated by the National Tube Company and one for a low- 
strength material taken from R. L. Dennison’s paper (3), All 
tests were made in air and, while different machines and speeds 
were used, the results are roughly comparable. 

It is interesting to note that despite the relatively wide spread 
in physical properties, the endurance strengths of the two ma- 
terials tested by the author’s company closely parallel each other. 
The mathematical expression for the S-N curve shown, which 
was derived using 29 individual test points for each of the two 
steels, following a procedure suggested by M. G. Corson (4, 5), is 

S — 35,900 
1000 1,242,900 


N 


where V is the number of cycles of stress reversal to failure and S 
(psi) is the corresponding stress amplitude known as the “endur- 
ance strength’’ for a given number of cycles. 

The “endurance limit,” Le., the stress amplitude which can be 
supported indefinitely, is found by setting N = ©, reducing the 
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right side of the equation to zero; its average value is 35,900 psi, 
whereas individual evaluations for each of the heats gave 34,200 
and 37,300 psi, respectively. 

For the opposite limit, ie., the strength available for a single 
load application, insertion of N = '/, in Equation [1] gives 
182,000 psi. It is interesting to note that this value corresponds 
to the average of the true ultimate strengths? computed for the 
two heats, which are 165,000 and 199,500 psi, respectively. 

Attention is directed to the consistency of the test data, con- 
sidering that part of the tests were carried out in a range of pro- 
nounced yielding, at elastically calculated extreme fiber stresses 
approaching double the yield strength. 


ProcepURE AND EVALUATION 


As in the earlier tests, the assemblies were mounted in the 
machine, subjected to individual load-deflection calibrations, 
filled with water to provide a ready means for detecting failure, and 
finally flexed cyclically through a predetermined amplitude main- 
tained by a cam setting until a leak signaled a crack through the 
entire wall. 

The results are recorded as points on S-N plots. The number 
N of cycles of full stress reversal withstood by the specimen was 
read directly on a revolution counter. The corresponding nomi- 
nal stress S (psi) is computed from the ordinary beam formula: 


The load P (lb) herein is taken from the load-deflection cali- 
bration curve of the individual assembly or, for loads causing 
plastic flow, from a straight-line extrapolation of the elastic por- 
tion of the curve. In effect, this defines the computed stresses 
strictly as products of the applied strains and Young's modulus; 
wherever they exceed the yield point, they are obviously ficti- 
tious. 

The lever arm L (in.) is directly measured from the point of 
load attack (center of hinge) to the point of initial failure. 

The section modulus Z (cu in.) used in Equation [2] is that of 
pipe of the size and schedule or weight with which the fitting is 
intended to be used, which is not necessarily that of the fitting 
itself; the difference may be considerable, as in the case of forged 
tees where excess metal is distributed variously to provide rein- 
forcement for the branch opening. This procedure recognizes 
the practical application; since straight pipe composes the major 
part of piping and hence is the dominant factor in piping stress 


* The true ultimate strength is obtained by dividing the applied 
load to failure in a standard tensile test by the necked-down area, 
rather than by the original cross section as is done in obtaining the 
conventional ultimate strength. 
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analysis, it furnishes the most practical reference for the evalua- 
tion of the effects of other components, which are of local influence 
only. 

The stresses thus computed are plotted against the number of 
loading cycles sustained in Figs. 4 to 17, inclusive; the results 
obtained in laboratories of the author's company are indicated by 
circles, those transcribed from a paper by D. B. Rossheim and the 
author (7) by squares, and those obtaiued by J. 8. Blair (8) in 
England by diamonds. Where specimens did not fail, this is 
shown by an arrow pointing to the right; for specimens which 
were tested under internal pressure, an arrow pointing up is 
shown, the tip of the arrow indicating the equivalent endurance 
strength for complete reversal in accordance with a relation sug- 
gested by H. F. Moore and J. D. Kommers (9). The different 
groups of tests will be discussed in detail in the following sections. 

In order to make this test information useful to the practicing 
engineer, the individual data preferably should be correlated and 
expressed in the form of equations or design constants which can 
be used directly in calculations. A first step in such an endeavor 
is to search for a mathematical formula which will fit the indi- 
vidual test data. Ideally, this should be valid over a range 
embracing the practical limits, which in the present case are 
N = '/,, corresponding to a single load application, and N = @, 
corresponding to an unlimited number of cycles. A formula of 
the type of Equation [1] derived for the polished-bar tests was 
studied for application also to the full-scale fatigue tests, but the 
available data were considered insufficient in number, too limited 
in range, and too divergent to warrant advocating a more refined 
formula than the one adopted in the earlier paper (1) which is 


This formula has a limited range of application only, roughly from 
N = 10°to N = 10% Sand N are endurance strength and num- 
ber of reversals, respectively, and m and n are constants which 
will be discussed more in detail later. 

By the method of least squares, the most probable values for 
these constants can be derived to fit any given group of test 
points, but, in general, both the factor m and the exponent n will 
differ from group to group. For design use, on the other hand, it 
would be desirable if the exponent could be assumed to be iden- 
tical for straight pipe and all types of fittings, since this would 
permit expressing the endurance strength of any component in 
terms of that of straight pipe, by the application of a so-called 
stress-intensification factor i. A study of the data has indicated 
that a selection of n = 0.2 serves all types of fittings investigated‘ 


‘ Ev: aluation of individual test series gave values of n ranging be- 
tween extremes of about 0.1 to 0.3, but most values were within 20 
per cent of 0.2, which represents a fair average; it is interesting to 
note that C. E. Strohmeyer (6) in 1914 advocated an exponent n = 
0.25 in a slightly different formula for correlating endurance strength 
and cycles to failure. 
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reasonably well, and that the base factor can be taken as m = 


245,000 for straight pipe,’ leading to the following generally Fi 


applicable formula 
iS = 245,000 N~** 


To the extent that direct test data are available, this formula 


may be looked upon as a satisfactory means of correlating endur- 
ance strergths of different fittings or fabricated connections over 
the range from about 100 to 1,000,000 vycles. However, to date 
only the 4-in. size in standard weight has been explored to any 
major extent. Even this has taken many years of concentrated 
effort, and if its fruits are to be made available today to the prac- 
ticing engineer, who has to work with a wide range of sizes and 
thicknesses, some vehicle for extrapolation to other sizes and 
proportions has to be established. For curved pipe, several 
theoretical analyses (10, 11, 12, 13) are available which will 
serve the purpose; for all other shapes, no relevant theories are 
yet available. It is thought, however, that the effects of varia- 
tions in significant proportions of forged tees, miter bends, and 
fabricated intersections might be predicted by analogy with 
curved pipe, and an attempt at such a correlation is discussed 
later. 
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The S-N curve for straight pipe provides the most logical refer- 
ence line for the correlation of the fatigue properties of other 
piping components, and hence it becomes important that it be 
established properly. 

In Fig. 4 all the available test data on plain unwelded pipe 
have been compiled. The squares are points from tests by 
Wallstrom and Slezak (7) which were used in the author's prior 
papers (1, 2) to establish a base line for straight pipe, for which 
the formula is given by introducing i = 1 in Equation [4] of the 
present paper. Failure in these cantilever tests, which were 
carried out in a lathe, occurred at the chucked end, as was to be 
expected, this being the point of maximum moment. However, 
clamping stresses apparently contributed to failure in these tests, 
as was proved by check tests run by the author’s company (re- 
corded as open circles); by substituting a collet-type holder to 
distribute and moderate the clamping action, an improvement in 
endurance strength of the order of 20 per cent was effected. For 
a final test series, a special shape of test specimen was devised 
and secured in the form of upset forgings. Significant dimen- 
sions of the test section proper of this smooth-transition type of 
specimen are shown in Fig. 18; no machining was done at or near 
the test section, only light grinding to remove flaws and die grip- 
ping t marks. Endurance strengths over 50 per cent higher than in 


* The factor m = 245,000, originally established in reference (1), — 


was confirined by the present tests as a reasonable base value for | oe 


welded or clamped straight pipe. 
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the Slezak-Wallstrom tests were obtained. Specimens in which 
minor defects were left (half-filled cire clea) gave intermediate 
strengths. Finally, two points from J. 8. Blair’s tests (8) under 
pressure on a resonant type of testing machine are plotted (dia- 
monds with arrows); it is suspected that these results were 
influenced by the clamping action of the actuator. 

Fig. 5 shows the results of tests on pipe with a circumferential 
butt weld. The welding groove in all cases was a standard 
V-groove (see Fig. 12 of Code for Pressure Piping, ASA B31.1- 
1951), but the welding procedure was varied by using different 
gap widths (*/, in. to "/s in.), different electrode sizes for the 
first pass ('/, in. and */y in.), different finished external weld 
contours (varying from flush grind to '/s in. overlay) and different 
postweld heat-treatments (furnace and torch stress relief versus 
as-welded); also a variety of backing rings were used for compari- 
son of joint performance with that for welds made without back- 
ing rings, While procedural differences appeared to affect the 
endurance strength, the effect was not pronounced; in fact, more 
variation was observed between the strength of welds produced 
by different qualified welders using supposedly identical proce- 
dures, 

Specifically, welds made with and without backing rings gave 
nearly the same results; the unbacked joints were a little weaker 
on the average and slightly more erratic in performance, proba- 
bly as a result of lack of penetration, This bears out the general 
experience that welds of equal quality can be made with and 
without backing rings, but that backing rings give a better assur- 
ance of consistent penetration. Attention is directed to the test 
points obtained with recessed backing rings of 10-deg taper made 
in accordance with Fig. 7 of the Code for Pressure Piping, which 
have been segregated because they showed a consistently lower 
endurance strength than any of the other backing rings. This 
could be interpreted to reflect no more than the effect of the 
reduction in the wall thickness of the pipe at the weld peculiar to 
this construction. 

Failures invariably occurred as circumferential cracks, in both 
the plain and the welded pipe. In the latter, cracks predomi- 
nantly were located at the edge of the weld when stresses in excess 
of the yield strength were applied, and at the center of the 
weld when stresses below the yield point were applied or the weld 
overlay had been ground off. 

This summarizes the test data. The question now arises 
what particular set of data should be established as the point of 
departure for purposes of correlation; to make a happy decision 
on this crucial point, it appears proper to look ahead at the other 
test data, i.e., to consider all the graphs in Figs. 6 to 17, inclusive. 

Since polished-bar fatigue tests are easily run, the curve for 
polished bars given in Fig. 3 would be ideal as giving the basic 
material information, to which all other data could be correlated 
through a shape factor. Unfortunately, as is evident from the 
replot of this curve in Fig. 4, the test data for commercial straight 
pipe do not parallel those for polished bars, although they show a 
similar knee around N = 10, and those for other piping com- 
ponents give no evidence at all of trending toward an asymptotic 
value within the range of cycles covered, 

Renouncing this basis, one would next incline toward adopting 
the endurance strength of plain (unwelded and unclamped) pipe 

But this is not practical; maximum bending 
piping system always occur either at anchors or 
at points of load application or at directional 


asa reference basis. 
moments in a 
other restraints, 
changes, and all of these introduce a certain measure of stress 
intensification; even in the laboratory they cannot be avoided 
entirely. 

The least stress intensification encountered in practice ap- 
parently is that introduced by clamping pipe or by a butt-welded 


joint; and this accordingly furnishes the most practical basis to 
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which to correlate new data. Graphically, this basis is repre- 
sented by the heavy dash-dot line repeated on all charts; it can 
be expressed mathematically by setting i = 1 in Equation [4]. 
Repvucers 

On the basis of reasoning, as also from what was learned in 
testing welding neck flanges (2), it was anticipated that smoothly 
contoured commercial reducers made to the dimensions of ASA 
Standard Bi6.9 would show similar fatigue behavior as butt- 
welded joints of the smaller size. This was verified by tests on 
three 4-in, X 2-in. standard weight reducers. If the test points 
were plotted in Fig. 5 they would practically fall on the dash-dot 
base line, indicating thati = 1, The type of failure likewise was 
identical, being circumferential, with the crack appearing at the 
edge of the attachment weld to the 2-in. pipe in the one specimen 
stressed beyond the yield point, and through the center of the 
weld in the other two lower-stressed specimens. 

Curvep 

Since the discovery, over 40 years ago, that curved pipe is more 
flexible than straight pipe, a number of explanatory mathematical 
theories have been advanced. Most piping stress analysts are 
familiar with the parallel developments by Th. von Kaérman (10) 
and Wm. Hovgaard (11) for in-plane bending, and that of 
I. Vigness (12) for out-of-plane bending. On the other hand, 
L. Beskin’s (13) refinement and extension of von K4érméan’s 
analysis, which applies to both types of loading, has been little 
used, probably because his findings were expressed in an unfami- 
liar form. Since his is the most accurate practical theory, as the 
tests communicated herein confirm, it is thought desirable to 
include, as Table 1, values from which curves for Beskin’s stress- 
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intensification and flexibility factors can be constructed. Also it 
was thought to be helpful toward an understanding of its signifi- 
cance to compare this theory with the older theories. 

Fig. 19 gives a plot of the Hovgaard, Vigness, and Beskin 
longitudinal and transverse stress-intensification factors 3 and y 
against the flexibility characteristic h; this parameter is defined 
by the following formula 


where ¢ is pipe-wall thickness, R is bend radius, and r is mean pipe 
radius. Note the good accord between the predictions of alter- 
nate theories in the range above h = 0.3, which covers the more 
common pipe sizes and bend proportions. Similar agreement 
exists with respect to the location of the maximum stress; also 
for the flexibility factor k which expresses how many times 
greater the deflection of curved pipe is as compared with straight 
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pipe under comparable loading. All this is no longer true for 
lower values of A where the accord rapidly deteriorates. The 
older theories are no longer adequate, and Beskin’s is the only 
valid approach, as will become evident from the experimental 
evidence to be adduced. 

Before going on to the tests, it may be worth while briefly to 
indicate what Beskin’s theory would lead us to expect. It will 
be noted that his transverse factor y is mach higher than his 
longitudinal factor 8 over the entire range of flexibility charac- 
teristics over which significant stress intensifications exist, par- 
ticularly for in-plane bending; this leads to an expectation of 
failure by longitudinal cracks. As a detailed study of Beskin’s 
paper (13) will reveal, these cracks should oceur directly at the 
side of the curved pipe, irrespective of the bend proportions in 
the case of in-plane bending. For out-of-plane bending, the 
location of maximum transverse stress depends upon the flexi- 
bility characteristic; for h = 0.03 it is located about 15 deg 
from the side of face toward the inner are (as measured around 
the pipe circumference ) for h = 0.25 about 30 deg from the inner 

re, for h = 0.6 about 40 deg from the inner are, and for larger 
values it asymptotically approaches 45 deg, i.e., the mid-meridian 
between the crotch and the side of the bend. As concerns the 
flexibility factor, Beskin shows that this varies approximately as 
the inverse of the flexibility characteristic (at least up toh = 1) 
and thus can exceed greatly the limit of k = 10 given by the earlier 
theories. 

With « basis for comparison established by these introductory 
notes, the test results wil] now be discussed. Table 2 lists the 
significant dimensions of the variants investigated by the au- 
thor’s company and others, and presents condensed test results in 
the form of experimentally derived stress-intensification factors /. 

Figs. 6 and 7 show all the S-N data available on short-radius 
90-deg welding elbows, for in-plane and out-of-plane bending, 
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respectively. Two test variants are included in each graph, 

standard weight (A = 0.210) and special lightweight (h = 0.062) 

elbows, the latter made from tubing machined and dressed exter- _ 

nally before processing to give a fitting of minimum practicable 

flexibility characteristic. It will be noted that the test points 

of both variants roughly parallel the dash-dot curve labeled 
“REF.” carried over from Fig. 4. . 

In « similar manner, Figs. 8 and 9 summarize the results - sale 
tained for long-radius elbows, except that six tests under pres- 
sure, treated in a prior paper (1), are omitted for the sake of 
clarity, since they leave conclusions unchanged. Two thick- 
nesses were tested, standard weight (h = 0.316) and 0.101 in. | 
(kA = 0.129), the former through a wide range of arc lengths, the 
latter in the form of 90-deg elbows only. Averages for the 90-deg 
arcs are shown by solid and dash lines; those for the differe - 
ares are plotted separately against arc in Fig. 20. 

Additionally, tests of 4-in. IPS standard weight, 20-in. bend 
radius (h = 1.057) hot-formed shop bends were run in both in- 
plane and out-of-plane bending. This test series was beset by 
troubles due to repeated weld failures and, while actually three 
specimens were tested in each direction, only one of each group 
was considered sufficiently reliable for use in establishing the stress- 
intensification factors shown in Table 2. No plot is included 
for this series, nor for the results abstracted from reference (7) 
relating to 2-in. IPS standard weight, 12-in. radius (h = 1.500) 
bends tested essentially in the plane of curvature. 

Type and location of the failures in our tests in general agreed 
surprisingly well with predictions from Beskin’s theory, consider- 
ing that tests were made using standard commercial products 
without any effort to select perfect specimens. Fig. 21 shows a 
selection of failed specimens, not only of elbows, but also of 
other types of fittings which were found to be related by their 
behavior, as will be discussed later. 
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@ This test series from reference (7); 


Under in-plane bending, all elbows of 45 deg of are or more 
(with one anomalous exception) failed by the formation of a 
regular longitudinal crack along one or both sides, where theory 
predicts the maximum stress; this was located in the body of the 
fitting in all cases, except for three of the 45-deg arcs which 
cracked across the weld. Ares of 30 deg or less, on the other 
hand, always failed by circumferential cracking, either in the 
attachment weld or alongside it, or, in one instance, in the crotch 
midway between welds, 

Under out-of-plane bending, two alternate types of failure 
were encountered; the lightweight fittings, both short- and long- 
radius types, showed regular longitudinal cracks within 15 deg or 
less of the circumferential location predicted by theory. Most of 
the standard-weight fittings, including all tests of ares shorter 
than 90 deg, failed by circumferential cracking at the weld or 
through the body of the fitting, but a few cracked longitudinally 
in the middle third zone between the inside arc and the side of 
the fitting, again roughly where theory would lead one to expect 
failure. 

As concerns the magnitude of the stress-intensification factor 
found in the tests, the correlation is not as clear cut; roughly, the 
values ¢ derived from the test data correspond to only about one 
half the values y predicted by theory. This discrepancy, how- 
ever, can be explained, in part at least, by the different bases 
used in determining the two factors; theory considers shape only 
and predicates its deductions on a homogeneous tube of ideal sur- 
face condition, while the experimental factors 7, as used in the 
present paper, relate to a welded or clamped pipe, which itself 
involves a proved stress-raising factor of the order of 1.5 in rela- 
tion to plain pipe, which in turn falls short of presenting an ideal 
homogeneous tube. 

Apart from this difference in basic point of departure, the test 
results correlate rather well with the Beskin theory. This will be 
apparent from an examination of Fig. 22 wherein the stress- 
intensification factors i, derived from the tests, which covered a 
broad range of flexibility characteristics, are plotted as circles in 
comparison with lines defined by the following equations: 


In-plane stress-intensification factor 
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values yi and yoread from Fig. 19; i, = io = 1 should be used asa 
minimum, 

For the flexibility factor 4, i.e., the ratio of the actual deflection 
of a curved tube to that predicted for it by the ordinary beam 
theory, Beskin has proposed a similar approximation, as follows: 

Flexibility factor (for either plane) 


An iia of the load-deflection calibrations preceding our 
fatigue tests served as a rough confirmation of Beskin’s predic- 
tion, but no detailed data are given here because the type of 
assembly used for the fatigue tests was poorly suited to a precise 
determination of flexibility factors; moreover, Pardue and 
Vigness’ paper (14)* has already established the adequacy of 
Beskin’s theory in this respect. 

The latter source also presents a rather thorough exploration of 
the effects of end restraints, which indicated that flanges directly 
attached to the ends of an elbow or return bend cance] a large part 
of the latter's inherent flexibility and at the same time diminish 
the associated stress intensification. The effect of straight 
tangents, on the other hand, was found to be minor. It would 
appear, however, from the author's earlier investigation’ and a 
discussion of Pardue and Vigness’ paper by D. R. Zeno* that if 
the inherent flexibility of a curved tube is to be fully utilized, a 
tangent length equal to at least two pipe diameters, preferably 
greater, must be present between its ends and adjoining flanges or 
anchors, 

Our tests, made to explore the effect of arc length, the results of 
which are plotted in Fig. 20, gave lower stress-intensification fac- 
tors, the smaller the arc; for practical purposes, these factors 
could be approximated by simple interpolation between unity, 
corresponding to zero angle, and the value of i determined for a 
90-deg elbow. This would indicate that there is a tendency for 
tangents to inhibit the ovalization of curved tubes under bending, 
but that this effect extends only a relatively small distance inward 
frem the end of the elbow, so that it becomes noticeable only for 

than 90 deg. Incidentally, for very smal) ares the sug- 
gested t» .erpolation no longer is valid; it seems that the inter- 
f two closely spaced welds creates an intensification of 
stresses overshadowing that due to curvature under these condi- 
tions. 

* The flexibility factors given in the last two lines of Table 2 of the 
reference straddled the values computed from Equation [8]; these 
values were obtained by the application of moments to bends involv- 
ing tangents of moderate length, of a wide range of flexibility charac- 
teristics. 

? Refer to fig. 15, p. 879 of reference (1). =e 

* See fig. 20, p. 87 of reference (14). 4 : 
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Wetpine Tees 


While drawn tees must and do conform to certain dimensional) 
and strength requirements set forth in ASA Standard B16.9, com- 
mercial products differ considerably in external contour and metal 
distribution. To explore the effect of shape on fatigue strength, 
three sets of 4-in, standard-weight tees were tested, for which the 
significant dimensions are given in Table 3; this also lists stress- 
intensification factors obtained by an empirical correlation in 

comparison with averages from) the tests. 


— 


Cylin- 


Contour 


External crotch radius, in. 
Average run thickness, in... 
Average crotch thickness, in. 


Stress-intensification factors: 


Out-of-plane .... 
_ Computed 
Avg from tests 


tests 
Ratio: 


Tests were conducted in bending in and out of the plane, in 
three positions: 1, moment carried through branch into one end of 
run and thence to anchor; 2, moment carried through one end 
of run into branch and thence to anchor; and 3, moment carried 
straight through run. Fig. 1 represents the second position, and 
also shows the pipe extension, of a length equal to two pipe diam- 
eters, which was attached to the unused outlet to simulate the 
presence of another unstressed pipe run. 

The results are recorded in Figs. 10 and 11. For any one style 
of tee, the first and second loading positions gave practically 
identical results, so that there appeared to be no need for making 
a distinction in plotting the data. The third position as a rule 
gave higher endurance strengths; data for it have been dis- 
regarded in arriving at the average stress-intensification factors 
shown, since it would complicate unduly application to piping 
stress analyses if separate values were to be specified. 

The specimens tested through the branch (first or second posi- 
tions) in most instances cracked in the same way as a similarly 
situated elbow would, as is evident from a study of Fig. 21. 
Under in-plane bending, the main cracks occurred along an are 
paralleling the crotch, although magnetic-powder inspection re- 
vealed additiona) circumferential fissuring at the crotch, which, 
however, did not cause failure. For out-of-plane bending, 
cracks were directed more or less radially, corresponding to the 
transverse cracks found in elbows under this loading. In dis- 
tinction from elbows, however, tees revealed a higher stress 
intensification in out-of-plane bending than in in-plane bending. 
For the straight-through tests (third position), failure occurred by 


cracking along the center or edge, or across the apex, of the weld 
attaching the branch to the run. 

The three types of tee selected for this study exhibited pro- 
nounced differences in endurance strength. In light of what was 
observed relative to location and nature of failures, the metal 
thickness available in the crotch zone and the crotch radius were 
thought to be the controlling factors. It was reasoned that a 
satisfactory correlation should be obtainable by considering the 
tees as if they had been elbows of an effective thickness ¢, equal 
to the average of the crotch and side-wal] thicknesses, and an 
effective bend radius R. equal to the sum of the pipe radius r and 
the crotch radius re. This led to the assumption of the following 
effective flexibility characteristic h. for use in Equation [6 }* giving 
the stress-intensification factor 


t r? t r r 


The coefficient ¢ takes account of the increased section modulus 
of the tee, as compared with straight pipe; while the increase in 
section modulus is given directly by the ratio of the effective 
thickness ¢, of the tee to the thickness / of the matching pipe, this 
ratio has to be raised to the three-halves power in view of h. 
entering the formula for the stress-intensification factor in the 
two-thirds power. 

By reference to the last line in Table 3 it will be noted that 
the procedure suggested produces a reasonably satisfactory cor- 
relation, considering the complex shape involved, at least for the 
three variants tested. 


Mrrer Benps 


Bends produced by welding miter-cut pieces of pipe together 
may be expected to involve higher loca] stresses than smoothly 
curved bends of the same over-all radius. Factors which may 
influence the magnitude of the stress intensifications under bend- 
ing are miter angle and miter spacing, in addition to the common 
variables of pipe radius and thickness. The test program under- 
taken was designed to explore the effects of these variables. 

Fig. 12 gives the significant dimensions of the variants tested, 
and, together with Fig. 13, serves as a record of the individual 
test results. From these data average stress-intensification fac- 
tors have been computed, but in order to avoid confusion on the 
charts, only those applying to a crotch spacing s = 4'/; in. have 
been represented by lines. 

A plot covering the stress-intensification factors for all the 


* Use of Equation [6] applicable to elbows under in-plane bending 
is suggested to provide a conservative correlation for both in-plane 
and out-of-plane bending. 
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variants of 4-in, standard weight is given in Fig, 23, using the 
miter angle @ as abscissa. 
fication factor is evidenced as the miter angle is increased from 
7'/, deg, corresponding to six miters per 90-deg arc, to 45 deg for 
a single-miter bend. A second plot, Fig. 24, against the miter 
spacing at the crotch or inner arc, reveals that this has a modify- 
ing influence which is particularly pronounced in the case of the 
smaller miter angles. 
to a similar effect in the case of small-are smooth elbows, and 
points for the latter have been included in this plot to illustrate 
the similarity in trend. 

Attention is directed to the fact that, as contrasted with smooth 


A marked increase in stress-intensi- 


Earlier in this paper, attention was directed 


bends, the stress-intensification factor for out-of-plane bending is 
generally higher than that for in-plane bending, an observation 
which has been made already for forged tees and will later be 
shown to apply equally to fabricated intersections. 

Representative illustrations of failed test specimens are in- 
cluded in the top row of Fig. 21. Under in-plane bending, the 
cracks causing failure were about evenly divided between longi- 
tudinal cracks at the side of the elbow, where they ordinarily 
occur in smooth bends, and circumferential cracks, either in or 
alongside the welds, these being oriented further toward the inner 
are than one would expect from the curved-pipe analogy. Under 
out-of-plane bending, only a few failures occurred in the form of 
longitudinal cracks, these being located about 30 deg inward from 
the side, roughly where they would be expected for curved bends; 
the majority of the cracks were circumferential through the center 
or alongside the welding bead, directly at the side of the bend, or 
displaced up to 30 deg toward the inner are. 

The observed similarities in character and location of failure 
suggest that a correlation of the stress-intensification factors 
with those for smooth elbows should prove possible, as was found 
to be the case for forged tees. As a first assumption for the 
effective bend radius R., the center-line radius of the inscribed 
elbow might be used; from geometry, this is 


10a! 


& x 
R. =r 4 + 0.5 cot «) 
r 


where r is the mean pipe radius, s is the crotch spacing between 
miters, and @ is the miter angle in degrees. A correlation on this 
basis is found to serve reasonably well for 4-in. standard-weight 
miter bends with close spacing, but not for such with wide spacing 
or single-miter bends. It appears that there is a limiting spacing 
bevond which the effective bend radius remains substantially con- 
stant, the latter being roughly described by the following empiri- 
eal formula 


1 + cot @ 
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It will be noted that this second formula gives a limiting bend 
radius equal to the pipe radius for a single-miter bend (a = 45), 
as would appear reasonable; also that it operates less and less as a 
limitation as the miter angle @ approaches zero, or, what is the 
same, the contour of the miter bend approaches that of an elbow, 
as is illustrated in Fig. 25. 

Using the foregoing values of R, in place of R in Equation [5], 
the following expression for the effective flexibility characteristic 
h. for miter bends is obtained 


t 3 t {1 + cot 
he < (1 + 0.5 cot «), ( *) 
r r 2 


In Fig. 22 the experimentally determined stress-intensification 
factors 7 are plotted against values h. so computed. It will be 
noted that the test points, indicated by squares, roughly fall 
within the band defined by Equations {6} and [7 |, except for those 
applying to thin-wall miter bends which fall considerably above 
the top line. This would indicate that the correiation obtained is 
adequate for proportions represented by the 4-in. stwndard- 
weight specimens, but that a strong modifying influence of the 
thickness-to-diameter ratio is present which is not accounted for. 

Fig. 25 has been prepared to illustrate the effect of the number 
of miters used in making a 90-deg elbow, as evaluated by the 
procedure suggested. It will be noted that the stress-intensifica- 
tion factor is sharply reduced in going from a single- to a double- 
miter bend, and for a larger number of miters progressively ap- 
proaches the value applicable to an elbow of the same radius. 
This study also serves to point out how differences bet ween alter- 
nate designs are magnified if they are considered not in terms of 
the controlling stress 7S, but in terms of fatigue life V; this be- 
comes readily apparent by rewriting Equation [4] in the following 


form 
Ne 
iS 


This served as a basis for the computation of the figures given in 
Fig. 25 under the heading ‘Corresponding Life.” 

An examination of the load-deflection data indicates that single- 
and double-miter bends are not as fiexible as comparable smooth 
bends, but that, as the number of miters per 90-deg arc increases 
beyond three, flexibilities of the same order as for elbows are 
attained. As mentioned earlier, the test specimens did not lend 
themselves to more than a rough determination of the flexibility 
factor, and for this reason no specific data will be given. 


Unreinrorcep Fapricatep INTERSECTIONS 


‘Tests to be reported upon under this heading refer to assemblies 
made by cutting an opening in straight pipe and welding onto it a 
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branch cut from the same size and weight of pipe so as to produce 
a full-size tee. Significant dimensions are given in Fig. 14, and 
this together with Fig. 15, serves to record the direct test results. 

The S-N data for tees fabricated from 4'/;-in-OD pipe of 0.237 
in. and 0.203 in. thickness, specifically the former for which a 
large number of individua! tests were run, show trends closely 
paralleling that of the reference line representing straight pipe. 
The exploratory pairs of tests carried out with fittings of only 
0.100 in. and 0.053 in. wall, on the other hand, do not fit too well, 
which might reflect the effect of the actual size of the intersection 
weld which could assume importance in view of the light wall. 
The data taken from Blair’s paper (8) fall well in line and also 
serve to indicate that it makes little difference, if any, whether 
the branch is set onto the run or into it, 

The failure pattern for bending through the branch again bore 
resemblance to that encountered in curved pipe, as is evident from 
the second and fourth illustrations in the bottom row of Fig. 21. 
Under in-plane bending, the cracks invariably crossed the attach- 
ment weld in the same position in which they would be found in 
the body of an elbow. Under out-of-plane bending, the cracks 
occurred along the weld on the side, about where they occurred in 
miter bends, but fine cracks across the weld, corresponding to 
longitudina! cracks in elbows, were also observed. For bending 
straight through, with the unloaded branch up, the cracks were 
located at the side bisecting the angle formed there by the 
attachment weld. 

In attempting a correlation with curved pipe, it was found that 
the same type of formula as was found applicable for single-miter 
bends could be used with good success. Introducing a = 45 in 


Equation [106], the bend radius is found to equal the pipe radius, 
and the effective flexibility characteristic h. simply becomes 
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In Fig. 22 the stress-intensification factors, obtained from 
tests on fabricated tees of widely varying ¢/r-ratio, are plotted as 
diamonds against values of A., computed from this formula. The 
test points are reasonably well aligned with the heavy line corre- _ 
sponding to Equation [6], but, as in the case of miter bends, the | 
correlation tends to give unconservative results for low values of 
he, particularly if it is considered that bending out of plane (for 
which condition test data are available only for standard weight) 
may Le expected to produce higher stress intensifications. 


Reinrorcep Fasricatep INTERSECTIONS 

All the available S-N data on reinforced fabricated intersections 
ure compiled in Figs. 16 and 17. Sketches and essential data on 
the test assemblies are given in Fig. 26; it will be noted that the 
variants tested differed both in the way the reinforcement was 
provided and in the amount of reinforcement included. The per- 
centage of reinforcing is shown computed on two different bases: 
in the first, which is designated as the ASA basis, the available re- 
inforcing area per par. 634(c) of the Code for Pressure Piping, ASA 
B31.1-1951 is given as a percentage of the required area, this be- 
ing defined as the product of the diameter of the finished opening 
times the wal] thickness of the pipe which the fitting is to match; 
in the second basis, the excess weight of the reinforced fitting over 
that of an unreinforced fitting of the thickness and diameter of the 
matching pipe is given as a percentage of the weight of metal re- 
moved from the run at the opening. 

The variants will be discussed in the order in which they appear 
in Fig. 26. In-plane bending will be considered primarily, since 
this is the only loading condition under which al] the variants were 
tested. Where out-of-plane bending tests were made, stress- 
intensification factors of approximately the same magnitude as 
for in-plane bending were obtained, so that comparisons drawn 
for the condition of in-plane bendir.g may be considered equally 
applicable to cases of out-of-plane bending. The endurance 
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strengths, obtained in tests straight through the run, were always 
higher than those obtained in tests through the branch and have 
been ignored in forming averages. 

In the first two alternatives investigated, no more than 80 or 
50 per cent reinforcing, respectively, was provided by the sub- 
stitution of Schedule 80 pipe for Schedule 40 pipe in either the 
run or the branch. These variants were tested only under in- 
plane bending, and the failures were found to be located similarly 
as in unreinforced fabricated intersections, i.e., they initiated as 
cracks across the weld joining the branch to the run. In addi- 
tion to failing in an identical fashion, the two variants gave the 
same average stress-intensification factors, which would indicate 
that the thickness at the intersection (which was identical for the 
two variants) is the controlling factor, and the distance the rein- 
forcement is carried along the run or branch is of secondary 

importance only. 

The third variant, in which a welding saddle was used, incor- 
porated the largest relative amount of reinforcement of all the 
assemblies tested. The replacement area was well over twice 
that required by the ASA rules, and the weight of reinforcement 

_ added amounted to 11 times the weight of metal removed. This 
extremely heavy reinforcing explains the low stress-intensifica- 
tion factor found. It would be improper to expect similar values 
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for larger sizes where the reinforcement in many instances is 
barely adequate to meet the rules of par. 634(c) of the Code for 
Pressure Piping. Subsequent tests conducted on two pairs of 
different assemblies with saddles proportioned more nearly to the 
requirements of this paragraph gave average stress-intensification 
factors of 1.38 and 1.57, respectively, and indicated that saddles 
have approximately the same reinforcing value against cyclic 
bending as pad-reinforced intersections of equivalent diameter, 
wall and pad thickness. ‘ 

Typical failures of both pad- and saddle-reinforced assemblies, 
are shown in Fig. 27. Failure in both types predominantly oc- 
curred in the branch along the toe of the weld, but a number 
of failures alongside the attachment weld to the run were also 
encountered. 

An attempt to provide a correlation for al] the types of rein- 
forced intersections covered to this point follows; this is obvi- 
ously more difficult than for unreinforced intersections owing to 
the additional] variables introduced by the way in which the rein- 
forcement is distributed around the opening. On the assump- 
tion that the average thickness of the run and branch at the 
intersection is controlling and that reinforced tees of the type dis- 
cussed otherwise behave like unreinforced ones, the following 
effective flexibility characteristic h. can be established 


teRe (“) Stor ‘an t 
Ne 
As in the case of the welding tees (see Equation [9}) the coefficient 
c takes account of the increased section modulus. For full-size 
tees, Le., such of equal run and branch size, it is suggested that 
the effective thickness ¢. be taken as the thickness of the matching 
pipe wali increased by one half the excess thickness provided in 
either run or branch by the use of thicker pipe, a reinforcing pad, 
or a welding saddle. How stress-intensification factors, com- 
puted by this procedure, compare with those obtained as averages 
from the tests can be seen by referring to the last line in Fig. 26; 
it will be noted that for the test variants, the error resulting from 
the use of the proposed correlation ranges from an underestimate 
of 16 per cent to an overestimate of 37 per cent. 

The last design shown in Fig. 26, for which J. S. Blair (8) has 
coined the descriptive term “‘triform,” differs radically from all 
the others and hence requires separate treatment. While the 
basic design, without shoes or gussets, is soundly conceived from 
the standpoint of absorbing intersection stresses introduced by 
internal pressure, the presence of sharp discontinuities in the form 
of ribs would, by all known standards of judgment, be expected 
to result in poor performance under fatigue conditions. Actually, 
Blair’s tests gave comparable stress-intensification factors for the 
“triform” and a one-third-lighter pad-reinforced construction. 
Failure occurred in the branch alongside one of the crotch stif- 
feners under both in-plane and out-of-plane bending, the cracks 
being located at the crotch for the former and at the face or side 
for the latter condition. 
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SUMMARY 


The results of over 400 individual fatigue tests on full-scale 4-in. 
IPS assemblies, involving piping components of various shapes 
and proportions, conducted in the laboratories of the author’s 
company over the past 5 years, are summarized in this paper. 
Similar information published by other investigators here and 
abroad has been used to supplement the findings of this research. 
Finally, the combined data have been analyzed in an effort to 
develop correlations intended to enlarge the scope of applica- 
tion of the test results to a wider range of sizes and proportions. 

The primary use of the data is to provide design constants for 
the analysis of stresses caused in piping systems by thermal] expan- 
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sion. Those familiar with this problem will agree that such 
analyses, however precise from a mathematical standpoint, never 
give more than an approximate estimate of the stresses due to the 
many assumptions which have to be introduced either because 
accurate information on operating conditions or physical con- 
stants is unavailable or conditions are too complex to permit solu- 
tion within a reasonable time. 

Considering that flexibility calculations are burdensome and 
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time-consuming and, nevertheless, produce only approximate re- 
sults, it would appear unwarranted to place undue emphasis on 
accuracy in the evaluation of stress-intensification factors, even if 
the data were available; on the other hand, to ignore them entire! 
is not permissible, at least where they assume large values or the 
service is definitely cyclic. The procedure proposed in the fol- 
lowing presents un attempt to achieve balance between these 
opposing considerations. 
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(At left, pad-reinforced intersection; at right, saddle-reinforced intersection. 
In each column, top and middle views show failures under in-plane bending; 
bottom view shows failure under out-of-plane bending.) 


It has been indicated earlier that Beskin’s theory offers a satis- 
factory basis for the evaluation of stress-intensification factors in 
curved pipe, and that Equations |6| and [7], applying to in-plane 
and out-of-plane bending, respectively, give values of adequate 
accuracy for engineering use. Piping stress calculations could be 
simplified if one and the same factor could be used for both condi- 
tions, and the author suggests the adoption of Equation [6] since 
it will produce conservative results for curved pipe and, with a 
slight modification, also affords « fair correlation for other related 
shapes.” 

If this approach is accepted, the stress-intensification factors i 
for welding elbows, smooth bends, miter bends, welding tees, and 
plain and reinforced fabricated 90-deg branch intersections could 
be estimated from the following formula, for bending in any plane 


0.9 


c (teR./r?) = effective flexibility characteristic (dimen- 
sionless) 

(t./t)'4 = seetion-modulus correction factor (dimension- 
less ) 

1 wherever fitting has same thickness as matching pipe 
effective fitting thickness, in. 

average of crotch and side-wall thickness," for welding 
tees conforming to ASA Standard B16.9 

pipe-wall thickness increased by one-half excess thickness 


% Caution is advised in applying this correlation to miter bends 
and fabricated intersections with t /r-ratios much below 0.1, where it 
may lead to an appreciable underestimate of the stress-intensification 
factor. 

1! Measurements of representative tees taken from stock gave 
averages ranging from 1.6 to 1.9 times the wall thickness of the pipe; 
the fittings were designed to match, and, accordingly, it appears con- 
servative to assume ft, = 1.6 ¢ in the absence of direct measurements. 


provided in either run or branch, by use of thicker piping 
or pad or saddle, for reinforced fabricated intersections 
= (for welding elbows, curved or miter bends, or unrein- 
forced fabricated intersections of a thickness equal to 
that of matching pipe 
t = thickness of matching pipe, in. 
r = mean radius of matching pipe, in. 
R. = effective bénd radius, in. 
R = radius to centcr line of curvature for elbows or 
smooth bends } 
r + re for welding tees, where r. designates crotch radius 
r for single-miter bends and unreinforced and reinforced 
fabricated 90-deg branch intersections 
<r+05scota, <r : = * for multiple-miter bends, 
where s designates miter crotch spacing or minimum 
distance between centers of miter welds (in.), and a is 
miter angle, deg 


For straight pipe, whether plain or welded, for reducers, and 


also for butt welding or welding neck flanges, the stress-intensifica- 
tion factor can be taken as unity. For other types of flanged 
connections, reference (2) should be consulted. 
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Discussion 


J.S. Buair.'? While the paper gives a lot of useful information, 
it is perhaps worth drawing attention to the fact that the author 
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states that the tests which the writer carried out showed that the 
compensating ring gave about the same stress-raising factor as 
the “‘triform'’ reinforcement. It is true that one of the compen- 
sating rings tested gave a result about equal to the average of 
the triform reinforcements, but the other gave a very much higher 
stress-concentration value than any of the triform types. Ad- 
mittedly, there were rather few tests carried out on the com- 
pensating ring, so that it is difficult to know whether the good one 
or the bad one was more representative of the usual results. It 
certainly looks, however, as though the compensating rings would 
never give as good results as the best triforms and in many cases 
might give results worse than the worst triforms. This, of course, 

applies to vibration tests. In so far as internal pressure tests 
are concerned, we have never found that the compensating rings 
give as satisfactory results as the triforms 


W. M. Jackson." Although this paper understandably does 
not cover branch welding fittings, one of the increasingly major 
phases of branch construction, it is most significant to note the 
manner in which the correlations from the test data pertain to 
this type of fitting. The design basis of the branch welding fit- 
ting is such as to compensate in the most efficient manner for 
the bending moment as shown in Fig. 28 of this discussion. The 
correlations resulting from the author's fatigue tests as they are 
applied to the branch fitting both qualitatively and quantita- 
tively would seem to bear out the soundness of this principle. 

The qualitative results of the three different types of branch 
construction tested are quoted as follows: 

Welding tees: “... the metal thickness available in the crotch 
zone and the crotch radius were thought to be the controlling 
factors.” 

Intersections reinforced by thickening the run and branch pipes 
respectively: “. .. the thickness at the intersection is the con- 
trolling factor and the distance the reinforcement is carried along 
the run or branch is of secondary importance only.” 

All the types of reinforced intersections covered: “ . . . the 
average thickness of the run and branch at the intersection is 
controlling.” 


In whichever of the three categories mentioned the author 
wishes to place the branch welding fitting, it can be seen that the 
thickness at the intersection and the funnel shape are most de- 
sirable for fatigue conditions, Fig. 29 herewith. 

The quantitative effect of these factors can be appreciated 
readily by applying to the branch fitting the author’s method of 
determining stress-intensification factor. Since several of the 
methods outlined for determining R, of the funnel would apply, 

4 Development Engineer, Welding Fittings Division, Bonney Forge 
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5S, 
the results vary slightly. Without considering the funnel fea- 
ture of the fitting, the stress-intensification factor is 1.19. When 
acknowledging the presence of the funnel feature, the computa- 
tion of a standard weight 4 in. < 4 ia. branch fitting by the most 
conservative method reveals a stress-intensification factor of 
1.05. 

These results show the quantitative effect of both the thickness 
at the crotch and funnel-shaped inlet and indicate definite in- 
clusion of this type of construction in the over-all consideration 
of fatigue in branch connections. 
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H. F. Moore. During the past decade it has become in- 
creasingly evident that the resistance of structural and machine 
parts to repeated stress (fatigue strength) cannot be determined 
directly from results of fatigue tests of small polished specimens 
of the metal used. Such tests do give a fairly good measure of 
the strength of the metal tested, but they do not measure the 
effect of size of the specimen, of the effect of stress raisers, of the 
effect of the surface of the part, or of the effect of the volume of 
metal subjected to stress as great (or nearly as great) as the 
fatigue strength of the metal. 

The ideal method of making fatigue tests of structural or ma- 
chine parts is to test a considerable number of full-size specimens 
of the structural or machine part. In some cases this is feasible, 
for example, for coil springs. However, in cases of large parts 
or in cases where only a few parts are available full-size tests are 
not feasible. 

The paper gives results of repeated-bending tests of full-size 
specimens of piping components, mainly for 4-in. pipe and cor- 
responding pipe fittings, and presents suggestions and examples 
of estimating the fatigue strength for other sizes of pipe. This 
paper is worthy of study by all students of fatigue of metals. 

The writer wishes to present a brief study of the differences 
between the S-N diagrams for tests of small polished speci- 
mens tested on an R. R. Moore rotating-beam testing machine 
and the S-N diagrams for full-size pipe as shown in Fig. 4 of the 
paper. The difference between the test results for full-size pipe 
held in a collet show, as is noted by the author, an increase of 
approximately 50 per cent in the fatigue strength for a given 
number of cycles of stress (fatigue strength) over the value for 
specimens held in a lathe chuck. The S-N diagrams for the 
full-size pipe specimens show no evidence of an endurance limit 
(stress for an indefinitely large number of cycles of stress) up to 
1,000,000 cycles of stress, while the test results for the small 
polished specimens show an endurance limit at approximately 
56,000 psi. It may be noted that, for reversed stress above 
about 56,000 psi, the full-size pipe specimens show higher fa- 
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tigue strength (stress for a given number of cycles at failure) than 
do the small polished specimens. 

Three other factors (and perhaps many more) may be con- 
sidered in comparing the fatigue strength of the full-size pipe 
specimens and that of the smal! polished specimens: 

Size Effect. Fatigue tests made at several laboratories show 
that endurance limit (stress for an indefinitely large number of 
cycles of stress) is somewhat smaller for large specimens than for 
smaller specimens. The volume of metal in the thin surface layer 
in which fatigue failures start is greater for the large specimens, 
and the probability of a weak spot in which a fatigue crack may 
start and spread is greater in a larger specimen. This effect 
might be studied by tests of different sizes of pipe. In this con- 
nection it may be noted that recent experiments at the Massa- 
chusetts Institute of Technology and at the University of Illinois 
show that a number of cracks may start, but stop their growth 
without spreading to fracture. 

Vibratory Tests Versus Rotating-Beam Tests. The R. R. Moore 
specimens as they revolve are subjected to maximum stress at 
every longitudinal fiber at the surface of the specimen. The 
vibrated pipe specimens are subjected to maximum stress at only 
two longitudinal fibers, one at the top and the other at the bottom 
of the specimen. This means that a greater number of the R. R. 
Moore specimens are subjected to the maximum stress than is the 
case for a vibrated specimen of the same cross section, and that 
the probability of starting a fatigue crack under a given stress 
pattern is greater than in the vibrated specimen. ‘Tests reported 
by the Fatigue of Metals Committee of the American Society for 
Testing Materials some years ago, showed slightly higher endur- 
ance limit for vibrated specimens than for rotating-beam speci- 
mens. This factor might be checked by tests of small pipe 
specimens in a rotating-beam machine, and tests from similar 
specimens in a vibratory machine. 

Effect of Surface Finish. The effect of surface polish might be 
studied by tests in a vibratory fatigue testing machine of longi- 
tudinal specimens cut from pipe. Half of these specimens could 
be tested with the upper surface as produced by rolling or extrud- 
ing, and the other half tested with that curved surface polished. 
A considerable amount of test data give indication that the sur- 
face condition is very important. In the longitudinal test speci- 
mens the surfaces other than the rounded top surface should be 
polished. 


T. FE. Parpve"™ Irwin Vieness."® Three factors are con- 
sidered in this discussion as follows: 


1 The maximum stress-intensification factors, as determined 
by methods involving fatigue fracture, are not generally equiva- 
lent to those determined by calculations, or by static measure- 


18 Naval Research Laboratory, Washington, D.C, 
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ments involving elastic strains. The measurements made by the 
author are of great importance in indicating the endurance of pip- 
ing under conditions of fatigue, but are of lesser significance for 
checking theoretical results of stress-concentration factors. 

2 In his discussion of theoretical analyses of stresses in curved 
tubes, the author gives data taken from von Karman for in-plane 
bending, from Vigness for transverse bending, and from Beskin 
for both types of bending. The author correctly points out that 
results from all available theories agree for h greater than 0.3. 
This is to be expected because the basic assumptions in all the 
theories are identical. For A less than 0.3, values taken from von 
Karman and from Vigness do not agree with those taken from 
Beskin. This is because the data quoted from von Karman and 
Vigness a:e for the lowest order of approximation of their assumed 
Fourier-series solution. If sufficient terms are taken for the solu- 
tion, the results of «ll theories are very nearly identical. This was 
illustrated in a discussion of Beskin’s paper given by Symonds and 
Vigness."* The upper limit of 10, for the flexibility factor, does 
not occur in any of the theories when a sufficient degree of ap- 
proximation is used. This important point apparently has been 
generally overlooked; in particular, it was overlooked by Beskin. 
It would be expected that the general neglect of the term involving 
the ratio of the tube radius to the bend radius would become a 
serious source of error as the bend radius becomes small; how- 
ever, Symonds" has shown that this error is small. 

3 The writers recently completed measurements of flexibility 
and stress-intensification factors on a large number of curved 
tubes (obtained from author’s company), similar to those used by 
the author. The maximum stress-intensification factors, ob- 
tained by measuring strains on the outside surface of the tube by 
means of wire-resistance strain gages, are given in Table 4, here- 
with. The data are for bends with straight tangents, of length 
greater than 5 pipe diameters, attached to the ends of the tube 
turns. The table shows the following: 

(a) For out-of-plane bending the transverse stress-intensifica- 
tion factors are in all cases less than the longitudinal stress factors. 
This is contrary to theoretical predictions. 

(6) For tube turns with a bend radius 2 times the tube radius, 
the transverse stress-intensification factors are less than the longi- 
tudinal stress factors for both in-plane and out-of-plane bending. 

(c) For in-plane bending, tube turns with a bend radius 3 times 
the tube radius have transverse stress factors larger than the 
longitudinal stress factors, as predicted by theory. However, in 
the case of a 180-deg bend, where agreement between theory and 
experiment should be best, the measured longitudinal stress fac- 

1* Discussion of Beskin's paper by P. 8. Symonds and Irwin Vig- 


ness, Journal of Applied Mechanics, Trans. ASME, vol. 68, 1946, 
p. A-66. 


17 See appendix to “Properties of Thin-Walled Curved Tubes of ee 
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tors are larger than the theoretical values, while measured trans- 
verse factors are smaller than predicted by theory. 

In the writers’ opinion, such factors as (a) effects of end con- 
strainte at the end of a curved tube of bend length in the order of, 
or less than, the diameter of the tube, and (6) neglecting values of 
stress which tend to cause different stress on the inside and out- 
side wall of the tube surface,” are the major causes of difference 
between theory and experiment. 

The results of this paper clearly support the author's conten- 
tion that stress concentrations are an important factor in deter- 
mining the life of piping components subjected to cyclic loads. 
The author points out the importance of stress concentrations 
arising from end clamps and other end constraints, surface de- 
feets, and cross-sectional deformation of straight tubes. 

It is interesting to consider the author's results on curved tubes 
in the light of the stress factors obtained from strain measure- 
ments. Cracks which occur along the tube axis, under cyclic load, 
even though the transverse stresses are smaller than longitudinal 
values, can be explained by local material weaknesses or stress 
raisers which are elongated in the axial direction in the process of 
fabrication. This consideration emphasizes the importance of 
using the author's experimental data properly and at the same time 
cautions against extending the results to new shapes or materials 
without experimental verification 


AutHor’'s CLosURE 


Welding fittings and fabricated connections employed for di- 
rectional changes and branch take-offs in piping systems gener- 
ally have shapes and proportions which do not lend themselves 
to precise stress analysis; for most of them any form of mathe- 
matical evaluation is lacking, even for the simplest loadings. 
This leaves experimentation as the only alternative for obtaining 
information useful in design. If the variants could be tested in 
sufficient number to permit application of statistical principles, 
a properly conducted test program should lead to reliable empiri- 
cal formulas. Unfortunately, every individual full-scale fatigue 
test reported by the author involved considerable expenditure for 
labor and parts, and economic considerations hence necessitated 
limitation to the more basic and generally applied shapes and 
peculiar or proprietary constructions could not be 
included in the test program, Even for the types tested, the 
number of specimens had to be limited; only the pressing need 
for design information in the field of piping stress analysis in- 
duced the author to attempt to translate the imperfectly defined 
patterns of results obtained into working constants. As a corol- 
lary, extrapolation of the data given to shapes or proportions 
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radically departing from those tested is liable to appreciable error; 
also, it would be improper to draw fine distinctions between dif- 
ferent types of construction on the basis of these values. 

The foregoing remarks should make it clear to Messrs, Blair 
and Jackson that no slight was intended in omitting their con- 
structions from the test program, The test results obtained by 
Mr. Blair with the “triform” construction were included for their 
general interest; the author questions its alleged superiority 
from a fatigue standpoint and believes that putting this construc- 
tion on a par with pad reinforcements represents a fair evaluation 
in view of the paucity of test data; a discussion of relative merits 
as pressure containers is irrelevant. The author cannot affirm 
or disprove the favorable values computed by Mr. Jackson for 
his particular design of branch connection; the author would 
again warn against applying conclusions derived from tests on 
specific shapes to others which bear only a remote resemblance, 
and would suggest that Mr. Jackson substantiate his claims by 
tests. 

How important it is, however, to make such tests on a properly 
comparable basis, is very clearly brought out in Professor Moore's 
discussion: the size of the specimen has a very definite effect, 
the surface condition is very important, and even the type of 
testing machine used has an influence on the results. The author 
wishes to emphasize that all the fittings used in his tests were 
taken at random from stock, that fabrication where required ac- 
corded with common practice, and that all variants were tested 
under similar conditions so that results may be considered to 
fairly represent typical installations. 

Incidentally, all welding was done with Fleetweld No. 5 elec- 
trodes. Mr. M. A, Scheil" has called attention to the omission 
of this statement in a private communication, in which he also 
expressed a desire for more information of a metallurgical nature 
on the series of tests of welded joints in straight pipe. Informa- 
tion of this type would have been included but for the fact, for- 
tunate from the piping stress analyst's view point, that differences 
in results between variants in welding procedure were minor, 
avoiding the need for establishing distinctions. 

Messrs. Pardue and Vigness deserve particular credit for the 
valuable information they have so generously contributed from 
their own research. The author is in full accord with the state- 
ments contained in the second part of their discussion; the more 
precise analysis has been associated with Beskin’s name. largely 
for simplicity of reference, since Karmén’s and Vigness’ de- 
velopments are generally known only in the more approximate 
form. 

As far as the first and third parts of their discussion are con- 
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cerned, the author's primary purpose was not to prove or dis- 
prove existing theoretical developments, to which the discussers’ 
strain-gage determinations no doubt lend themselves better, but 
rather to establish reasonably reliable design constants; he be- 
lieves that Messrs. Pardue and Vigness would be the first ones 
to concede that the author’s fatigue tests are probably the more 
significant from the standpoint of evaluating the safety of a pip- 
ing system. 

The author was very much interested in the data shown in 
Table 4 on stress-intensification factors derived from strain 
measurements. The factors applicable to 90 deg ares are plotted 
in Fig. 30 for comparison with similar data abstracted from Table 


stress-intensification factors computed by Beskin's dice have 
been included for comparison. It will be noted that the data ob- 


tained from strain-gage tests are up to 50 per cent higher for * 
in-plane bending, and up to 100 per cent higher for out-of-plane he 


bending, than the average values obtained from fatigue tests. 


That the longitudinal strains should have been found to dominate D 
thediree- 


for in-plane bending of short-radius elbows is puzzling; 
tion of the cracks in the author’s tests left no doubt that the trans- 
verse stresses definitely controlled under in-plane bending. The 
author has no adequate explanation for the differences in results 
obtained by the two approaches, but would venture the opinion 
that work-hardening and stress relief as a result of cyclic bending 


= be — ant factors. 


2; plots of Equations [6 nting one half of the 


mp ‘Gale lage 


a 


Mal, 


sods 


a4 


Analysis 


of Some Corrosion Problems i in 


Petroleum Refineries 


Over the oad 25 years the Corrosion Engineering Sevtion 
of the Development and Research Department of the 
author’s company has co-operated with the petroleum 
industry in analyzing corrosion problems encountered in 
refineries and in running spool tests to determine the 
most suitable and economical materials that might be 
used in specific applications. It is the purpose of this 
paper to present 15 actual corrosion problems that have 
been submitted for consideration and to show the steps 
taken to analyze them in the light of our practical experi- 
ence and available test data obtained under the same or 
similar conditions. In some cases, where the problems 
were not readily solvable, based on available informa- 
tion, it was necessary to resort to the installation of spool- 
type specimen holders in the operating equipment to 
determine the relative suitability of various metals and 
alloys under actual service conditions. From the nature 
of the problems, it is indicated that Type 502 stainless steel 
is a highly acceptable and reasonably economical material 
as a replacement for mild steel except in instances where 
mineral acids or chlorides may be present as well as highly 
alkaline solutions at elevated temperatures. Under the 
latter conditions, the trend is toward the use of more 
highly alloyed materials such as Monel and nickel toget her 
with the copper-base alloys like 70-30 cupronickel, Ad- 
miralty metal, and Muntz metal. 


years has represented a major portion of operating costs, 
and oftentimes this condition has been aggravated by the 
misapplication of available metals and alloys. Over the past 25 
years the Corrosion Engineering Section of the author’s company 
has been active in investigating corrosion problems in the petro- 
leum industry, and considerable quantitative information has 
been obtained on the behavior of different materials of construc- 
tion under varying conditions of service. It is the purpose of this 
paper, therefore, to present an analysis of 15 actual problems con- 
cerning corrosion of refinery equipment that were submitted for 
our consideration. The solutions to the problems are based on 
the accumulated practical experience of the staff of the Corrosion 
Engineering Section, as well as on such quantitative test data as 
we have developed in refinery services through the use of our 
spool-type specimen holders 
The spool holders referred to are shown in Fig. 1. Briefly, the 
assembly consists of previously cleaned and weighed specimens of 
the several metals and alloys to be tested, mounted on the spool- 
type holder with nonmetallic parts of bakelite or porcelain to 
separate and insulate the specimens from each other and from the 


( . IRROSION of equipment in petroleum refineries for many 


1 Corrosion Engineering Section, Development and Research De- 
partment, International Nickel Company. 

Presented at the Petroleum Mechanical Engineering Conference, 
Tulsa, Okla., September 24-26, 1951, of Tue American Soctery oF 
MEeEcHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 6, 
1951. Paper No. 51—PET-4. 
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metallic parts of the holder. Two similar specimens of each 
material were included on each spool. The completed test 
assemblies were fastened firmly in place in the desired test loca- 
tions in operating plant equipment and allowed to remain for 
sufficient periods of time to give reliable indications of corrosion 
behavior. Each of the test specimens used had an exposed area 
of 0.5 square decimeter. 

Upon completion of tests, the spools were removed, dismantled, 
and the specimens examined, cleaned of all seale and corrosion 
product, and reweighed. From the weight losses, areas of speci- 
mens, and duration of exposure, the corrosion rates were caleu- 
lated in terms of milligrams per square decimeter per day (mdd), — ey 
and these rates transposed to inch penetration per year (ipy), the Och 
unit used in the accompanying tables. This unit is based on ay 
the assumption of uniform corrosion in practice from one side of a Ay 
the metal only. The rate shown for each material is the average 
of the two specimens included in each test. In addition, each 
specimen was examined for cracking, pitting, and other forms of i 
local attack. Where pitting or local attack occurred, depth ey 
the five or ten deepest pits was measured microscopically or with = 
a depth gage. This method of test was substantially in accord ss ity % : 
with ASTM Recommended Practice for Conducting Plant cca 
sion Tests, A224-41.? 

The problems submitted for analysis are as follows: 


2 ASTM Standards. Part I, 1944, p. 522. 
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pitting. 


Materials Used. Steel tubes with an 0.095-in. wall in a heat ex- 
changer used in combined straight run and cracking distillation 
service gave a life of only 9 months when failure occurred due to 

pitting and general corrosion, particularly where the tubes passed 
through the steel baffle plates. Muntz-metal tubes were used as 


; replacement and the life was increased from 3 to 5 months. 


Service Conditions 
Tube interior: Gas oil having 0.6 to 0.8 per cent organic-sulphur 
compounds. 

Tube exterior: Depropanized naphtha containing 0.035 to 0.10 
per cent organic sulphur, including 4-40 mg RSH /100 ce plus trace 
of HS. 

Temperature: 350-600 F (average 450 F) 

Operating pressure: 225 psi inside tubes and 40 psi outside. 

Aeration: None. 


Discussion. Depropanized naphtha per se is not considered to 
be particularly corrosive even at elevated temperatures and, 
therefore, the problem resolves itself into a consideration of the 
effect of the organic and inorganic sulphur compounds in pro- 
moting corrosion of mild steel and Muntz metal. No quantita- 
tive test data were available under the actual service conditions 
described but an opportunity was provided to expose some speci- 
mens of various metals and alloys on our standard spool-type 
specimen holders in naphtha contained in the sump of the top 
tray of a topping unit and in the bottom of a fractionating bubble 
tower wherein sulphur compounds were present at elevated tem- 
peratures. It is believed that these conditions are somewhat 
analogous to the problem application to indicate the probable 
suitability of other materials for the service in question. The 
test conditions and results are as follows: 


TABLE | TEST DATA, PROBLEM 1 


Specimens exposed for 538 days in sump of the top tray of a 
topping unit to naphtha containing 0.008 per cent sulphur 
plus traces of HyO and HaS. The temperature varied be- 
tween 200 and 360 F with an average of 320 F, and the 
velocity was 6 ips. 

Specimens exposed for 
bubble tower handling 


75 days in bottom of fractionating 
oil with a sulphur content of 0.751 
per cent and a boiling range of 164 F to 600 F at normal 
pressure. The temperature varied between 675 F and 700 F 
with an average of 690 F. Aeration was nil and agitation was 
turbulent. 
Indicated corrosion rate. 

- in, penetration per year —— 


Max pitting 
during test, in. 


Material Test 1 Test 2 


Inconel! 
Types 302 and 304 88 
Type 316 88 
Mild steel 
Type 502 88 
Type 410 88 
Red brass 
Admiralty metal 
# Specimens, originally 0.031 in. thick, were completely destroyed during 
teat perioc 


0 0031 


The data from Test 1 (Table 1) indicate that while the general 
corrosion resistance of mild steel is of a satisfactorily low order, it 
has a strong tendency to suffersevere localized attack in the form of 
The chromium-containing materials such as Inconel and 

the austenitic stainless steels also showed the same tendency but 

to a much lesser degree. Monel and nickel were free of this type 
of attack, and, in addition, showed negligibly low over-all corro- 
| rates based upon weight loss at this temperature. 

a In Test 2 none of the specimens showed any evidence of pitting 
attack but it will be observed that mild steel was subject to a high 
rate of corrosion. Monel and nickel cannot be considered for the 
application because as shown by the data in this test they are sus- 
ceptible to severe general and intergranular attack by sulphur 
compounds at temperatures much in excess of 500 F 
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It was mentioned that Muntz-metal tubes were substituted for 
mild steel and that an additional 3 to 5 months’ life was obtained. 
It was not reported how these tubes failed, but if it was caused by 
dezincification, there is a good possibility that inhibited Admiralty 
metal! will give greatly superior performance since its general cor- 
rosion rate in Test 2 was only 0.0059 in. per year. Another ma- 
terial worth while considering is Type 502 stainless steel, which 
showed a superiority over mild steel of about 10 to 1. By in- 
creasing the chromium content to 13 per cent (Type 410 stainless ), 
the ratio is extended to approximately 100 to 1. It seems that 
the latter materials would probably represent the more economi- 
cal investment 

The accelerated corrosion that occurred on the steel tubes where 
they passed through the baffle plates was in all probability caused 
by concentration cell corrosion of the metal-ion type. In prac- 
tice, these cells are usually set up by differences in the rate 
of movement of the corroding solution, or, more effectively, by 
movement of one part of the solution while another part i 
practically stationary. In this way the stagnant portion in the 
crevice between the tubes and baffle plates becomes saturated 
with products of corrosion, or metallic ions, while the moving por- 
tion sweeps them away leaving the solution low in concentration 
of corrosion products, This condition sets up a flow of electric 
current which causes galvanic or accelerated corrosion of the 
metal in the region where a relatively low ion concentration is 
maintained, that is, at the edge of the juncture of the tubes and 
baffle plates. 


Prosiem 2 


Material Used. Steel tubes with an 0.095-in. wall in a heat ex- 
changer used in combined distillation and cracking service gave a life 
of 12 months when pitting occurred on the outside surface and ac- 
celerated corrosion where the tubes passed through the steel baffle 
plates. 

Service Conditions. 

Tube interior: Crude petroieum with 0.3 to 0.5 per cent organic 
sulphur. 

Tube exterior: Gas oil having 0.6 to 0.8 per cent organic sulphur 
compounds. 

Temperature: -——10 to 650 F (average 450 F). 

Operating pressure: 225 psi inside tubes and 300 psi outside. 

Aeration: None. 


Discussion. This case of pitting and corrosion of the outside of 
the tubes by gas oil containing organic sulphur compounds is 
similar to Problem 1 and the same comments would seem to apply. 
In other words, there is every indication that Types 410 and 502 
stainless steel as well as inhibited Admiralty metal will provide 
much better performance in the service in question than mild 
steel. 


3 


Material Used: Steel tubes with a 0.095-in. wall in a heat ex- 
changer used in conjunction with a sulphuric-acid alkylation unit 
gave a life of 3 to 4 months when failure occurred at junction of tubes 
and steel tube sheet on acid side. 

Service Conditions. 

Tube interior: Steam at 140 psi. 

Tube exterior: Black alkylation spent acid 89.91 per cent HsSO,, 98 
per cent fresh acid added to bring concentration to 92 per cent. 

Temperature: 300 F max, 200 F average. 

Operating pressure: 140 psi inside tubes and 65 psi outside. 


The point of failure is typical of concentration cell 
corrosion of the metal-ion type as discussed in Problem 1. High 
concentrations of sulphuric acid over about 80 per cent and low or 
moderate temperatures are favorable for the satisfactory per- 
formance of mild steel, except where conditions of high velocity or 
turbulence are encountered. The effect of the latter forces is to 
remove the protective ferrous-sulphate coating that forms. How- 
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ever, it generally is not practical to use mild steel with concen- 
trated sulphuric-acid solutions at elevated temperatures up to 
300 F even under quiet or stagnant conditions, because of exces- 
sive corrosion attack. Usually its application is confined to 
temperatures under about 120 F. 

Type 316 stainless steel and Carpenter 20 while also resistant to 
concentrated sulphuric-acid solutions even under velocity condi- 
tions cannot be used safely at temperatures in excess of about 
180 F. Under the circutastances, it seems apparent that the only 
material that might be considered worth while for the application 
in question is Hastelloy B, which is reported to have fair resist- 
ance to corrosion by concentrated solutions of sulphuric acid at 
temperatures up to 300 F. The silicon irons, such as Duriron 
and Durichlor, as well as Hastelloy D, would also demonstrate 
adequate resistance to attack, but these materials are available 
only in cast form and would not readily lend themselves to use as 
heat-exchanger tubing. 

Another possibility is the use of Karbate tubing but this mate- 
rial is somewhat brittle and care must be exercised in handling it. 
Apparently, since the corrosive conditions are so severe and the 
availability of materials in wrought form is rather limited for 
tubular elements in a heat exhanger, it might be considered prac- 
tical to redesign the unit along the lines of the standard sulphuric- 
acid concentrators in refineries where the evaporator bodies usu- 
ally are of steel, lined with lead and this covered with acid-resist- 
ant brick. The heater tubes or thimbles commonly are of 
Hastelloy D, and other parts of Duriron, Corrosiron, and carbon 
are used. 


Prosiem 4 


Material Used. Carbon-steel lye-regeneration tower with cast- 
iron trays and bubble caps. The steel distributor pipe on the un- 
regenerated-lye inlet was completely corroded away and was re- 
placed with a splash plate located 4 ft from the noaale or | ft from the 
opposite side of the tower. A hole '/y in. diam developed in the tower 
shell directly opposite the inlet nozzle. This hole was in the upper 
part of a badly corroded area 6.5 in. X 10-in. with lesser corrosion 
over a large area. The splash plate had been corroded through over 
an area 8 in. in diam. At present this tower has been in service over 
2 years. 

Service Conditions. 

Regeneration of lye or caustic soda of 20 deg Bé (15 per cent) contain- 
ing mercaptans and hydrogen sulphide. 

Temperature: At bottom of tower 270 F. At top of tower 240 F. 

Operating pressure: 20 psi. 

Aeration: Moderate. 


Discussion. Carbon steel as well as cast iron is generally sub- 
ject to severe corrosive attack in contact with caustic-soda solu- 
tions at elevated temperatures. The presence of velocity or 
turbulence in such equipment tends to accelerate corrosion. It 
seems evident that the latter effects caused premature failure of 
the distributor pipe, and impingement attack shortened the life 
of the area in the tower shell opposite the inlet nozzle as well as 
the splash plate. 

The results of some plant corrosion tests in caustic regeneration 
units are given in Table 2. 

It will be noted that in one test mild-steel specimens, originally 
0.062 in. thick, were completely destroyed in 140 days, while in 
the other three tests the corrosion rates of the material were of a 
relatively high order. Mone! and Inconel gave outstanding per- 
formance and as a matter of fact Monel is being rather widely 
used in the petroleum industry for caustic-soda regenerator re- 
boilers and tubes, for lining the bottom sections of regenerator 
towers, and for pumps, piping, and preheaters handling the hot 
solutions. 

Incone) has also proved to be a useful material for evapora- 
tor tubes or other parts of regenerator systems and should be 
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TABLE 2 PLANT CORROSION TESTS IN CAUSTIC REGENERA- io "x 


TION UNITS 
Test In reboiler of caustic-soda regenerator 


and 0.07 mg per 100 ce of solution 
as sodium Mercaptides. Test specimens were located di-— 
rectly above Monel heating tubes. Temperature 255 Fr. 
Duration of test 131 days. 


unit. Solution A: f 


In vapor section of caustic-soda regeneration unit. Solu- "is ’ 


tion entering contained 13.2 per cent sodium hy 
0 


The duration of test was 55 days. 


In reboiler of caustic-potash regenerator 

entering contained 25.5 per cent potassium hy droxide, 378 
potassium isobutyrate, 5.5 per cent potassium sulphide, 
1.9 per cent potassium mercaptides, and 2.1 per cent potas- 
sium carbonate. 
liquor at upstream side of overflow weir. 
perature 286 F. Duration of test 140 days. 
Same as Test C, except test specimens were exposed in 
vapor at downstream side of overflow weir. Average tem- 
perature 286 F. Duration of test 140 days. 


Average tem- 


——-—Corrosion rate, in. per year——~ 
Test C Test D 
0.003 0.002 
0.022 0.016 
Inconel es 0.001 0 002 
Mild steel 0.012 
Ni-Resist (Type D.. 0.046 0.019 
Cast iron... 0.040 0.014 


Material 


Monel 
— 


. Stecimens completely destroyed during test, original thickness of speci- 
mens 0.062 in. 


used rather than Monel in this service where metal tempera- 
tures in excess of 500 F are encountered, since Monel is subject to 
su!phur embrittlement at higher temperatures. 

In view of the difficulties described with mild steel and the 
proved outstanding performance of Monel under such conditions, 
it was suggested that the affected parts of the tower be replaced 
or lined with Monel. 


Prosiem 5 


Material Used. Carbon steel piping, 10 in. diam X '/; in. wall in a 
crude flash tower handling Quiriquire crude suffered a loss of */s: 
in. in a year accompanied by severe pitting and a gouging effect. 

Service Conditions. 

Crude is charged to flash tower at rate of 25,000 WG per hr and at a 
viscosity of 400 sec at 100 F Saybolt. The crude is reported to 
contain organic acids (naphthenic acids), chlorides, and sulphides. 

Temperature: 580-630 F (average 600 F). 

Operating pressure: 15 psi. 

Aeration: None. 


Discussion. Naphthenie-base crudes such as Quiriquire and om 


Monaca, have proved to be highly corrosive at elevated tem- 


specimens were located in boiling | be 


peratures. Some plant corrosion tests have been made in the — as 


Table 3. ; 
The temperature conditions of the tests are somewhat higher : 


than in the problem application but the data might serve to in-— 2) 


dicate the relative behavior of the various materials investigated. 
It will be observed that in Test 1 mild steel showed a corrosion 
rate of 0.095 in. per year which is almost identical with the */,- 


in. loss per year reported for the 10-in. piping in the service in _ 


question. Apparently, some improvement of the order of 3 to 1 
would be provided by the substitution of Type 502 stainless steel 
and, of course, the higher-chromium-content alloy, Type 430, as 
well as the austenitic stainless steels and Inconel would give 
superior performance. 


It should be noted the powerful effect sulphur compounds at be Sa “ 
elevated temperatures above 500 F have on Monel and nickel in i r or 


causing accelerated corrosion. 
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TABLE 3 PLANT CORROSION TEST DATA, PROBLEM 5 


Specimens exposed for 17.5 days in a second-stage separator 
of a combination unit handling cracked petroleum gas oil 
from Monaca crude containing combined sulphur up to 1.27 
per cent as HS, mercaptans, and organic sulphides. The 
temperature was 750-780 F with an average of 760 F, and 
the flow varied between 17,000 to 21,500 WG /hr through a 6- 
in. ips line 

Specimens exposed for 196 days in a first-stage intereon- 
denser of a combination unit handling cracked petroleum 
reduced crude containing up to 1.1 per cent, sulphur as HS, 
mercaptans, plus organic sulphides. For 131 days Monaca 
erude was being processed during the test and for 65 days 
(juiriquire crude. The temperature was 700-820 F with an 
average of 800 F, and the flow varied between 16,000 to 
18,000 WG /br through a 12-in. extra-heavy pipe. 


Indicated corrosion rate 
tn, penetration per year 


Material Test 2 


0 
0 
0 
0 
0 
Cast tron : 0 
Mild steel 5 0 


* Specimens, originally 0.031 in. thick, were completely destroyed during 
test period 


Propiem 6 


Material Used. 10 1b lead on walls and 14-1b lead on cones of steel 
shell light fuel-oil agitators. The lead lining on the walls is re- 
placed every 5 to 6 years, and the lining on the cone-shaped bottoms 
every 3 to 5 years. The agitator roofs are replaced approximately 
every 3 years. Considerable patching is required during the life of 
the linings and corrosion of the underlying steel shell occurs through 
holidays in the linings. 

Service Conditions. Treating light fuel oils with one of the follow- 
ing: 93-98 per cent H»S8O,, 2-10 per cent sodium hydroxide, and 19-25 
per cent sodium plumbite solution. In addition, the oils contain mer- 
captan sulphur, elemental sulphur, and polysulphides. During acid 
treating the batch is agitated with air for 15 min, and during 
lye treating the batch is agitated with air for 6 to 12 hr. It was also 
reported that the batches contained small quantities of elemental sul- 
phur and lead sulphides as suspended solids, and that a maximum 
copper pickup from the equipment of 0.5 ppm copper can only te 
tolerated. The temperature of the acid batch varies between 65 and 
05 F with an average of 75 F, and of the lye batch between 120 and 
130 F with an average of 125 F. 

Discussion. In these batch operations the same vessel was 
used for acid washing, neutralization, and “‘doctoring” for removal 
of traces of mercaptans. A plant corrosion test was made in a 
batch vessel in which the acid treatment, water washing, and 
caustic treatment were all carried out in the same unit, and agita- 
tion was done with air. Table 4 gives the test conditions and the 
results obtained, together with some data from a sodium plumbite 
solution. 

The data from Test 1 (Table 4) indicate that Hastelloy A was 
the best of the materials tested, followed by Worthite, Incenel, and 
Monel. It should be mentioned that Monel is being widely used 
in this service particularly where mechanical agitation is em- 
ployed. Air agitation increases somewhat the corrosion rate of 
Monel during the acid-treating cycle, although it is not excessive 
because of the relatively short time of contact of only 15 min with 
the media during the cycle. While Inconel showed comparable 
corrosion resistance with Monel in the test we would prefer to see 
the latter material used in such service because of its better re- 
liability in contaet with dilute solutions of sulphuric acid. In 
practice, while concentrated sulphuric acid is added to the oil 
batch, it is readily diluted down by picking up water from the oil 
and usually must be further diluted with water to accomplish 
good separation of the acid sludge after treatment, so that water 


rABLE 4 TEST DATA AND RESULTS, PROBLEM 6 


Test 1 


phurie acid followed by water washing and treatment with _ 
10 Bé caustic soda. Agitated with air. 
F. Duration of test 56 days. 
Specimens installed in an agitator and immersed in sour 
gasoline, mixed with a sodium plumbite solution for the re- 
moval of mercaptans and HS. Moderate aeration and high 
agitation. Temperature 60-80 F (average 70 F). Duration 
of test 150 hours actual operation but spool was installed 
for 125 days. 


treating tank during treatment with 4 lb/bbl of 66 Bé “ih 6.2 


Temperature 80-105 


Indicated corrosion rate, 
——in. pe per year— 
Test 


Based on 150 br Based on 125 days 


Material 
Monel 0 
Nickel... . 0.037 0 
Inconel. 0 
Worthite 
Hastelloy A 
Chemical lead 
Type 1 Ni-Resist 
Cast iron 
Mild steel 


0001 


solutions of acid concentration down to 5 or 10 per cent may be 
encountered in the separation systems. Monel is not resistant 
to attack by sulphurie-acid solutions in excess of about 80 per cent 
concentration at atmospheric temperature and, when 66 Bé acid 
is added to an oil batch, care is exercised to avoid any contact of it 
with the side walls of the Monel vessel until it has had a chance to 
mix with the oil. 

The Hastelloy alloys are rather expensive and in the event this 
might eliminate them from consideration, the next most logical 
replacement material for chemical lead is Monel, which, based on 
the test results, should give better than twice the life of the present 
equipment without the necessity of continual patching. The 
ultimate performance of Monel could be considerably improved 
by providing mechanical agitation instead of air agitation during 
the acid-washing cycle, thereby also reducing the amount of cop- 
per pickup to a minimum. 

In referring to Test 2 wherrin the corrosive was sour gasoline 
mixed with a sodium-plumbite solution, it will be noted that lead 
was the poorest of the materials tested, and it is this metal of 
which the equipment was constructed. Here again, the indica- 
tions are that Monel would probably represent the most practical 
and economical material to use in this particular service. For 
cast equipment such as pump bodies and valves, Ni-Resist would 
seem to be an excellent choice as it showed up to be more than 10 
times better than cast iron as well as mild steel. 


PROBLEM 7 


Materials Used. 12-in. extra-heavy carbon-steel pipe with a '/rin. 
wall used as a tube and tank cracking coil failed in 1'/: to 2 years due 
to general corrosion by vapors in bends leading from top of separator 
to high-pressure exchangers. 

Service Conditions. Pipe handles reduced crude vapor containing 
mercaptans, H,S, free sulphur, and chlorides. 

Temperature: 730-740 F (average 735 F). 
Operating pressure: 70 psi. 
Aeration: None. 


Discussion. The change in flow of the vapors in the pipe at 
bends evidently sets up a more or less turbulent condition at these 
locations which causes accelerated corrosion of steel through the 
mechanism of removing or preventing the formation of protective 
corrosion-product films. No data were available to illustrate the 
effect of velocity on steel in the service in question, but the plant 
test data given in Table 5 were obtained under turbulent condi- 
tions and they will give some idea as to what materials might be 
used to better advantage by providing additional corrosion-re- 
sistant insurance. 


Specimens immersed 3 ft above bottom of cone in fuel-oil mt 
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MASON—ANALYSIS OF SOME CORROSION 


TABLE 5 TEST DATA AND RESULTS, PROBLEM 7 


Specimens exposed in cracking-coil fractionator for 197 
days to reduced crude oil having an average sulphur content 
of 0.21 per cent and an average API gravity of 29. u 
Temperature: 700-720 F (average 715 F). 
Aeration: None. 
Agitation: Turbulent. 
Specimens exposed in cracking-coil fractionator for 122 
days to reduced crude-oil vapors having an average sulphur 
content of 0.6 per cent. 
Temperature: 575-600 F (average 590 F). 
Aeration: None. 
Agitation: Turbulent. é 

Indicated corrosion rate, 

in. penetration per year 
Material 


Mild steel 
Type I Ni- Resist 
Cast iron 


* Specimens, originally 0.031 in. thick, were completely destroyed during 
test period. 

© Specimens, originally 0.062 in. thick, were completely destroyed during 
test period 


The data indicate that under some conditions mild steel can 
suffer exceedingly high rates of attack and if the reader will refer 
to Test 1 it will be noted that specimens of this material, origi- 
nally 0.062 in. thick, were completely destroyed during the expo- 
sure period of 197 days. Under the same conditions Type 502 
stainless steel gave very satisfactory performance and would 
seem to be the most practical and economical material to use to 
replace the present steel piping. There does not appear to be any 
necessity in going to the more highly alloyed and more expensive 
materials for the service in question. 


Prose 8 


Material Used. Carbon-steel propane (cracked distillate) ac- 
cumulator with an acid-proof cement lining (Vitric No. 10), It is 
reported that general corrosion and severe pitting occur with a loss of 
about '/s« in. per year. 

Service Conditions. Two phases in accumulator as follows: 
Liquid phase: small percentages of sulphides and chlorides having 
an acidity of 1.0 mg of KOH per gram with an average pH of the water 
settlement 4.4. 

Gas phase: petroleum gas containing methane, 
butane, and a small percentage of HS. 
Temperature: 75-90 F (average 80 F). 
Operating pressure: 60 psi. 

Aeration: None. 

Agitation: 8000 WG of distillate charge per hr. 


ethane, propane, 


We presumed that corrosion of the steel beneath 
the coating occurred through porosity or bare spots that were not 


Discussion. 


covered initially. The corrosion was evidently caused by hydroly- 
sis of the chlorides to form small amounts of hydrochloric acid. 
While no data were available from a propane accumulator, some 
were developed in a rerun gasoline-condensate accumulator and 
in a reflux water separator where the water layers contained some 
HCland H.S8. The test conditions and results are given in Table 6. 

The rate of corrosion exhibited by mild steel in Test 1 is much 
higher than the rate reported of about 0.015 in. per year which, 
incidentally, does not appear to be intolerable. The results from 
Test 2 appear to be more in line with the problem conditions, and 
it should be pointed out that if something better than mild steel 
is required for the 10-ft X 30-ft accumulator in question that 
Monel or nickel in the form of lining or clad on steel be used. 
While the chromium-containing materials, including Inconel and 
Types 302, 410, and 502 stainless steel also showed usefully low 
corrosion rates, they were subject to pitting attack and in view of 
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PROBLEMS IN PETROLEUM REFINERIES 


TABLE 6 TEST DATA AND RESULTS, PROBLEM 8 


Specimens exposed for 59 days in a rerun gasoline-condensate 
accumulator where water layer contained some HCl and 
H38. The pH of water varied from 2.1 to 6.5 and tempera- 
ture 70-95 F with an average of 88 F. There was no aeration, 
but velocity was 0.67 fps. 


Test 1 


Specimens exposed for 414 days in reflux water separator 
where water layer contained some HCl and Hs. Average 
temperature was 120 PF. 


Indicated corrosion rate 
penetration per year-~ 
Material 


Type 410 88 
Type 502 88 


* Pitted to a maximum tas of 0.003 in 
® Pitted to a maximum depth of 0.015 in. 
© Pitted to a maximum depth of 0.010 in 
@ Pitted to a maximum depth of 0.018 in 


test period. 
during test period. 
during test period. 
during test period. 


their known tendency in this respect, when used in contact with 
halogen salts or solutions, we would hesitate to suggest their use 
in the problem application. 


Prose 9 


Material Used. Carbon steel for tower top, 70-30 for condenser 
tubes, Monel for condensate drum lining, carbon steel for transfer 
lines and for run-down tank. It is reported that general corrosion 
and pitting of some of the materials is occurring but life seems to be 
indefinite. 

Service Conditions. Mixture of light naphtha and water bearing 
HS and some HCl with pH controlled to 6.5 to 7.5 by addition of 
anhydrous ammonia. 

Temperature: 80-110 F (average 95 F). 
Operating pressure: 10 psi. 
Aeration: Moderate. 
Agitation: Turbulent in lines 


Discussion. While some slight general corrosion and pit ee are 
being encountered with the various materials in this service, it 
does not appear, based on plant corrosion tests, that their lives 
will be premature. As an example, tests made in the water- 
settling section at the bottom of a gas separator, taking the over- 
head from a rerun tower handling gasoline and water from crude 
naphtha from Oficina (50 per cent), Louden (38.3 per cent) and 
Mid-Continent (11.7 per cent) crude oils, show negligible corro- 
sion rates for the materials in question. The test was run for 194 
days at a temperature varying between 70-112 F with an average 
of 98 F. The results are given in Table 7. 


quiet in drums. 


TABLE 7 TEST DATA AND RESULTS, PROBLEM 9 


Indicated corrosion rate. 


Material in, penetration per year 


Monel 

Nickel 

Inconel 

70/30 Cu-Ni. .. 
Types and 304 88 


« Pitted to a maximum depth of 0.004 in. during test period 
> Pitted to a maximum depth of 0.006 in. during test period. 


It is evident that mild steel has a reasonably useful corrosion 
rate, while Monel and 70/30 Cu-Ni are highly resistant to corro- | 
sion. It was indicated in the report of the problem that steel has 
a life of 10 years, while that of Monel and 70/30 is indefinite. 
The data would seem to bear this out and what little pitting has 
been observed in practice is probably not of the serious and pene- 
trating type that leads to untimely failure. 
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Prosiem 10 


Materials Used. Carbon steel, ' /:in. thick, used for stack on process 
furnace employed in fractional distillation of naphtha. In 10 months 
corrosion had destroyed metal at one point near base completely 
around stack. Repairs were made to stack by welding 6-in. I beams 
as stiffeners around base plus an interior lining over corroded area. 
In another 12 months repairs were again made as corrosion had at- 
tacked weld metal on interior of stack. 

Service Conditions. Flue gas containing high content of SO, and 
SO, 

Temperature: 60 F at base of stack to 500 F. an a 
Operating pressure. Atmospheric 

Aeration: Complete. 

Agitation: Turbulent. 


The temperature at the base of the stack is below 
the dew point of the gas, and as a result some sulphurous acid is 
formed which is oxidizing in natu 


Discussion 


» and highly corrosive to carbon 
steel. The results of a corrosion test made under sulphurous-acid 
conditions at atmospheric temperature are given in Table 8 


TABLE 8 RESULT OF CORROSION TEST, PROBLEM 10 
Indicated corrosion rate, 
Material in. penetration per year 
Monel 0.006 * 
Nickel ‘ oven 007 
Inconel 0025° 
00016 
<0.0001 
Mild stee! 


@ Specimens, originally 0 031 in. thick, were perforated during test period. 
> Specimens of these materials were pitted to a maximum depth of 0.012 in. 
during test period 


While in this test the corrosion rate of mild steel is not very 
high, nevertheless it has been observed to corrode at a more 
rapid rate under similar cireumstances. Type 316 stainless steel 
proved to be the best of the materials tested, and from a prac- 
tical standpoint it has worked out to be one of the most suitable 
alloys that may be used in contact with dilute sulphurous-acid 
solutions. Almost without exception Monel, nickel, Inconel, and 
the straight 18-8 types of stainless steel suffer localized attack in 
the form of pitting in this type of service. 


11 


Material Used. Carbon-steel tower, lines and pump used in frac- 
tional distillation of naphtha. General corrosion and pitting of steel 
occurs particularly at liquid level in tower and in pump casings. 
It is reported that bottom of tower was lined with stainless steel 
about a year ago and impeller in one pump was replaced with 4-6 per 
cent chrome steel 

Service Conditions. 
traces of water. 
Temperature 
Operating pressure: 
Aeration: None 
Agitation: Turbulent 


Hot cracked naphtha containing HS with 


600-625 F. 
100 psi. 


Here again, the corrosive conditions must be con- 
sidered to be similar to Problem 1. As mentioned previously, 
cracked naphtha has not proved to be active in promoting corro- 
sion of metal and alloys and therefore our concern lies with the 
effect of sulphur or sulphur compounds at elevated temperatures 
on materials of construction. It was shown in the tests listed 
under Problem 1 that mild steel can be subject to high rates of 
general attack as well as severe pitting in contact with naphtha 
and /or gas oil containing organic sulphides and traces of water at 
‘temperatures between 290 and 690 F 

The available data indicate that the use of 18-8 stainless steel 
was a wise choice for the lining of the bottom section of the tower 
where maximum corrosion was encountered with mild steel. 
It is further indicated that the substitution of Type 502 stainless 
steel for the impeller is a move in the right direction and it would 


Discussion. 
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as well. 

the expected performance of the Type 502 alloy, without going all 
the way to the use of the austenitic stainless steels, Type 410 
should be considered since the corrosion-test results indicate a 
definite superiority of about 10 to 1, 


Prosiem 12 


Material Used. Carbon steel used for vacuum tower, overhead 
vapor line, and vacuum condensate transfer line in fractional dis- 
tillation of crude oil. Steel suffers general corrosion and pitting. 
Vitric-acid-proof cement is used as lining in tower but it breaks up 
exposing underlying steel to corrosion. Shell from tray 7 to 16 is 
very close to limiting thickness, and Type 347 stainless steel has 
been applied as a lining at trays 10 and 11. About five of the re- 
maining sections will be in need of relining either with vitric-acid- 
proof cement or with stainless steel in the near future. 

Service Conditions. Gas oil mixed with water containing HS plus 
some chlorides at a pH of 2.0 to 5.0. 

Temperature: 70-100 F (average 80 F). 
Operating pressure: Atmospheric. ~ 
Aeration: Moderate. 
Agitation: Turbulent. 


Discussion 
probability due to hydrolysis of the chlorides that are present 
with the formation of small amounts of hydrochloric acid. Cor- 
rosion by such conditions was discussed under Problem 8 and 
data were presented to show the effects of this mineral] acid on the 
performance of various metals and alloys in a rerun gasoline- 
condensate accumulator where the pH of the water layer varied 
between 2.1 and 6.5, and in a reflux water separator where acid 
conditions also prevailed. 

It was shown in these tests that steel can suffer relatively high 
rates of attack, and that there are other materials available that 
are better suited for the application, namely, Monel and nickel. 
These materials have proved to be outstanding in their resistance 
to corrosion by dilute solutions of hydrochloric acid, and the best 
practical example that may be cited of the use of Monel, in par- 
ticular, in petroleum refineries is for the lining of the top sections 
of crude-oil fractionating towers where temperatures below 500 F 
are encountered and corrosion by hydrochlorie-acid conditions 
must be provided against. 

Neither the austenitic stainless steels nor the straight chro- 
mium varieties are employed in this service because of their gener- 
ally known and proved susceptibility toward pitting attack. The 
test data from the reflux water separator bear this out quantita- 
tively by the pitting measurements that have been made on 
specimens of these materials after an exposure of 414 days. 

Based on the evidence at hand and practical experience, it 
would seem more logical to consider the use of Monel or nickel 
instead of Type 347 stainless steel for relining the remaining five 
sections of the tower, and also for overhead vapor lines and 
vacuum condensate-transfer lines. i 


Prosiem 13 


Material Used. Carbon steel used for debutanizing po op. 
overhead lines, fittings, and reflux condensate drum. In 1949 cor- 
rosion in top head of tower caused metal loss of '/s: in. per year and in 
shell from '/4 to */s¢ in. per year. More recently there appears to be a 
considerable increase of corrosion over that of previous years. Metal 
loss in top head of reflux drum was '/s in. per year and in shell and 
bottom head '/s« in. per year. It was also reported that debutanizer 
tower overhead and reflux lines both show a corrosion rate of "/s 
in, per year. 

Service Conditions. Light naphtha mixed with water containing 
H38 and some HCl at a pH of 2.0 to 5.0. 

Temperature: 250 F at top of tower—70 F in reflux drum. 


Operating pressure: 60 psi. d 


Agitation: Turbulent. 


The acidity of the gas oil-water mixture is in all 
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Discussion. This problem should be considered along with 
Problems 8 and 12 wherein corrosion by hydrochloric acid, the 
most active constituent in the mixture, is the principal cause of 
the deterioration of the steel equipment. 
viously, it is not generally 


Discussion. Corrosion in the top sections of atmospheric 


formed by hydrolysis of chloride salts, especially calcium and 


As mentioned pre- magnesium chloride, entrained in the crudes, or added by the — 
practice to use the austenitic acidizing of wells. Despite the customary practice of settling the — 
stainless steels or the straight chromium types under such condi- salt water from crudes, and in some cases the use of special de- 
tions because of pitting tendencies, and especially at the top of the _ salting processes, there still appears to be enough salt water dis- __ 
debutanizer tower where the maximum temperature is 250 F, persed in such crudes to result in the formation of an acid condi- __ 


since it would be expected that the localiz,d attack would be in- 
creased seriously. Under the circumstances, therefore, it would 
be suggested that Monel or nickel be considered for the service in 
question, especially since they have proved over the years to be 
the most suitable and practical materials to use in somewhat 
similar or comparable applications. 


Propiem 14 

Materials Used. Steel regenerating tower used in a furfural-recov- 
ery system. 

Service Conditions. Furfural and water at 360 F. Severe corro- 
sion of mild steel above vapor line at each tray level in less than a 
year's time rendered tower useless and required installation of a lin- 
ing. 


Discussion. Under some conditions it has been found that the 
decomposition products of furfural at elevated temperatures can 
be highly corrosive to steel, and the data given in Table 9 ob- 
tained in a furfural extract separation tower tend to verify this 
experience. Specimens were exposed for 122 days in the down- 
pour between the bubble trays in the tower where the temperature 
of the furfural averaged 450 F. There was no acration, but some 
agitation was reported due to flow of the extract. 


TABLE 9 RESULTS OF TEST, PROBLEM 14 
Indicated corrosion rate, Maximum pitting 
t 


in, penetration per year during 


Type 302 stainless steel. 
Type 316 stainless steel 
Chemical lead 
Type 410 stainless steel... .. 
Aluminum 

502 stainless steel. 


@ Specimens of these materials were originally 0.062 in. thick 


The data indicate that chemical lead, mild steel, and Type 410 
stainless steel are apparently unsuitable for use under the par- 
ticular test conditions because of their tendency to suffer severe 
localized corrosion. All of the other materials investigated 
showed an absence of this form of corrosion and at the same 
time showed negligibly low rates of general attack. Under the cir- 
cumstances, therefore, it would appear practical to select one of 
these as a lining material to protect the steel tower in question 
which is doomed to premature failure. 

The author has had some firsthand experience with a Monel- 
lined furfural treating tower equipped with Monel internals and a 
recent checkup on this installation indicates that it is still in satis- 
factory condition after better than 12 years’ service. 


Prosiem 15 


Material Used. Steel straight-run fractionating tower and trays. 
Trays were */s in. thick and lasted only a year, and shell was severely 
pitted after 2 years. S&S d in uppermost sec- 
tion of tower. 

Service Conditions. Crude oil being processed with a gravity of 
20 to 26. Sulphur content varied from 1.3 to 2.5, and salt content 
from 15 to 30 lb per 1000 bbl. Total sulphur in gasoline varied from 
0.12 to 0.40 per cent. Temperature at top of tower was maintained 
at 300 to 340 F, and 18 per cent gasoline was being produced. 


‘tion. Corrosion is mitigated in some cases by injection .of am- 
monia into the distillation system to neutralize part of the acid, 
but experience would indicate that this frequently is not an ade- 
quate solution to the problem. 


It is probable that with salty charging stocks, maximum 


hydrolysis of magnesium and calcium chlorides occurs in the hot- 


crude distillation units arises chiefly from hydrochloric acid either 


test region at the bottom of distillation towers; however, maxi- 


mum acid corrosion occurs in the top portion of such towers, in 
reflux and distillate condensers, coolers and accumulators, and in 
reflux and run-down lines, where temperatures are low enough for 
an aqueous acid phase to condense. Maximum corrosion by sul- 
phur compounds will, on the other hand, occur in the higher tem- 
perature ranges in the bottom portions of distillation towers and 
in crude heaters. As the alloys most resistant to acid corrosion 
frequently are not resistant to high-temperature sulphur attack, 
it is common practice to line the top and bottom portions of dis- 
tillation towers with different materials to obtain most favorable 
performance 

Numerous corrosion tests have been made on or above the top 
plate of atmospheric crude distillation towers in a number of re- 
fineries in different geographical locations and the results, given 
in Table 10, are typical of those representing probably some of the 
worst conditions involving the processing of West Texas crude. 
The specimens were exposed for 60 days to the straight run gaso- 
line vapor at the top of the tower maintained at an average tem- 
perature of 250 F. 


TABLE 10 TEST RESULTS, PROBLEM 15 


Maximum 
gitting 
unng 
test, in. 
None 

0.013 

0.016 


I corrosion 
rate, in. penetration 


Type 302 stainless steel 
Type 304 stainless steel 
Type 316 stainless steel 
5 per cent nickel steel (SAE a oes) 


4 Specimens of Types 302 and 304 stainless steel and 5 
steel, originally 0.031 in. thick, and mild steel, 0.062 in. 
pletely destroyed during test period. 


cent nickel 
were com- 


The test data indicate that mild steel as well as the 18-8 types 
of stainless steel, 5 per cent nickel steel, and cast iron are definitely 
unsuitable under these conditions. It is apparent also that 
nickel and Inconel are not adequate because of their susceptibility 
to severe pitting attack. The Type 316 stainless steel showed a 

reasonable corrosion rate and while the depth of local attack was 
rather insignificant, this tendency nevertheless exists, and it has — 
been noted to be much more serious under similar circumstances. 
Of the remaining materials, Monel proved to be outstanding from 
the standpoint of resistance to both general corrosion and pitting. 


Because of this fact, it has been adopted to a considerable extent “k 
lining or as a Monel-clad steel shell for upper tower sections, _ 
reflux and distillate accumulators and condenser shells, and in 

It is also used for 
fabricated bubble caps, plates, and fittings in upper tower sections. a 


asa 
some cases for reflux and run-down lines. 
The foregoing problems are typical of many that have been en-— 


countered with corrosion of refinery-processing equipment and, as _ 
demonstrated, they often can be solved by referring to available — 
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M 
<0. 0001 
None 
<0.0001 
<0.0001 
0 0014 
0 0002 None per year 
<0. 0001 None Mon 0.003 
0.0112 Perf* Nick 0.0057 
<0. 0001 None Incor 0.017 
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information and data obtained by an experienced corrosion en- 
gineer under the same or similar conditions. 

On occasion a situation is involved whereby no clear-cut answer 
to the problem is evident because of the lack of either practical ex- 
perience and/or available data and, under these circumstances, it 
is necessary to resort to the use of spool-type specimen holders for 
such information as may be obtained. The advantageous use of 
these assemblies should be encouraged once the details of the prob- 
lem are established, and a check on the sources of existing data 
discloses no pertinent information under the particular set of cor- 
rosive conditions that might be used as a basis for selecting suita- 
ble metals and alloys for the environment in question. 


Discussion 


Tuomas N. Griswoup.* This is the type of paper which re- 
finers weleome, as it touches on typical refinery corrosion prob- 
lems, with good discussions of the 
Many of Mr. Mason's discussions of the problems presented have 
a broad applicability 

Most of the problems are viewed from the standpoint of alloy 
change rather than from the other possible methods of corrosion 
retarding such as design changes, addition of inhibitors and 
neutralizers, nonmetallic or sacrificial coatings. 
Although these other measures go beyond the scope of the paper, 
they are usually carefully weighed in practice, particularly during 
periods of scarcities of certain metals. 

In Problem 1 the information provided was somewhat meager; 
hence all possibilities could not be accurately considered. A de- 
sign change such as putting two exchangers in series in place of 
would allow the 
safe use of a chrome alloy for tubes in the warmer bundle and a 
Another type of test which 


various alloys’ capabilities. 


or protective 


one, using conventional countercurrent flow, 
copper alloy for the cooler bundle 
seems appropriate in this situation is direct testing of sample 
tubes in the exchanger, providing the metals tested are reasona- 
bly expected to last as long as the tube metal in preponderance. 
As an example, when the bundle was retubed with Muntz, some 
of the chrome alloys could be tested also. Such a test would give 

* Metallurgist, Manufacturing Department, Continental Oil Com- 
pany, Ponea City, Okla 


a more accurate answer than test spools exposed anywhere else 
since pitting under baffles is involved in this case. 

The regular-size ASTM spools have disadvantages when — 
selection of exchanger-tube metals i is involved because the veloci- | 
ties, temperatures, corrodent concentrations, and so on, are not ee 
exactly reproduced in locations where large spools can be accom-_ 
modated. In some cases a specially designed coupon rack in- 
stalled inside of the exchanger itself will give valuable informa- 


tion. These can be located in an inlet or outlet nozzle or in a | 


small space within the bundie and in many cases in the most cor- 


many special cases where this method cannot be used, the out- 
standing example being where the cooler side of the tube metal is 


being corroded. In the case where a fluid being cooled on the 


shell side of an exchanger is corrosive at a critical temperature, | 


such as the point of initial water condensation, the area of maxi- 
mum difficulty is pin-pointed with a coupon rack of special dimen-, 


sions. Another advantage to these nonstandard-sized coupons 


and test racks is their adaptability to special immersion a 


with which they can be inserted and removed in many kinds of 
equipment while the unit is on stream 

In Problem 2, although inhibited Admiralty is suggested as a 
more economical tube-metal choice, the tube metal near the 650 
F gas-oil inlet will be close to this upper temperature limit, ce : 
assuming countercurrent flow, and therefore would be above the — 
generally recommended limits of copper alloys. 


AvuTrHor’s CLosuRE 


Mr. Griswold’s comments are well taken and, as pointed out, the 
scope of the paper was dedicated to a review of some typical re- 
finery corrosion problems in the light of a possible selection of a 
more suitable metal or alloy for the particular services, rather 
than to a consideration of other methods of corrosion mitigation 
such as design changes, addition of inhibitors and neutralizers, 
or protective nonmetallic or sacrificial coatings. 

With reference to the disadvantages of the regular-size ASTM 
spools, it is well recognized that these are not readily adaptable 
for use in heat exchangers to determine the relative suitability of 
various tubular materials where hot-wall effects have to be taken 
into consideration. However, we have designed special assem- 


blies which ean be accommodated in inlet or outlet nozzles or in 
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a small space within the heat-exchanger bundle and in this way 
we have been able to approximate somewhat the actual corrosive 
conditions existing on the tube wall. Illustrations of these de- 
vices are shown in Figs. 2,3,and 4. As an alternative to this 
method and on special occasions, use is also made of several full- 
size tubes of different alloys in a bundle consisting mainly of steel 
or some similar material which has proved to be unsatisfactory in 
the particular service. The tubes can be weighed carefully be- 
fore and after exposure and a corrosion rate developed on this 
basis, or micrometer measurements might be made on the tube 
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wall to determine the loss in thickness. Under some saatiniieiss 


where corrosion of the internal surfaces of the tubes has occurred, 
it will be necessary to slit the tubes longitudinally for visual ex- 
amination and in order to measure the depth of any localized 
corrosion that might have developed in the form of pitting. 

The device shown in Figs. 2 and 3 is designed for conducting 
tests in pipe lines of 3 in. diam or larger. It may be placed in a 
pipe line in any position without permitting the disk specimens 
to touch the wall of the pipe and it does not materially interfere 
with the fluid flow through the pipe. 

The specimen holder illustrated in Fig. 4 is designed for con- 
ducting tests in pipe lines or tubes 1'/, in. inside diameter or 
larger. The specimen is a strip, '/, wide X 3 in long, bent at 
each end, and provided with ®/,, in. diam holes in the bent por- 
tions. Twisted wire spiders attached to each end of the holder 
locate the specimens in the center of the tube and prevent gal- 


vanic contact, An 


4 Specimen ¢ 
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> 
| 
ial 
ie 
4 


= 


. 
| 

& 


ae Stresses in a Pressure Vessel 


With a Conical Head 


By G. W. WATTS? anv H. 


This paper presents the results of computations for de- 
termining the stresses in a pressure vessel with a conical 
head. The accurate bending theory of shells is used to 
evaluate the local bending stresses in the neighborhood 
of the junction of the conical head and the cylindrical 
body. Tables show the magnitudes of the shear stress, the 
circumferential stress, and the axial stress at the junction 
as multiples of pd/2t. For the axial and circumferential 
stresses, the tables show the magnitude and sense of 
the stress on both the internal and external surfaces of the 
vessel. Additional results show the magnitude and loca- 
tion of the maximum stress (of each of the three types) in 
the cylinder. Curves are given showing the maximum 
stresses for values of cone apex angle, ratio of conical head 
thickness to cylinder thickness, and ratio of cylinder 
diameter to cylinder thickness which will include most of 
the vessels encountered in practice. 

Tables of influence numbers for the conical head are 
presented. These can be utilized in many problems 
which require attaching a conical shell to some other 
elastic structure. A discussion of the mathematical pro- 
cedure is contained in an Appendix. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


6 = radial deflection of middle surface at junction, positive 
outward, in. 
rotation of middle surface at junction, positive as indi- 
cated in Fig. 1 
thickness of cylinder, in. = 
modulus of elasticity, psi 
internal] pressure, psi wey 


Poisson ratio = 0.3 for steel ma @ 
half vertex angle of cone A “ 

cone parameter = 2m VY (y/T) cot a 
cone parameter at base = m V Ad T) cot a ese @ 
diameter of cone base, diameter of cylinder, in. — 

m 


BM/Qe 


' This work is part of a continuing program instituted in 1946 by 
the Design Division of the Pressure Vessel Research Committee of 
the Welding Research Council of the Fngineering Foundation, New 
York, N.Y. 

? Director of Engineering, Standard Oil Company (Indiana). 
low ASME. 

? Project Engineer, Engineering Research Department, Standard 
Oil Company (Indiana). Mem. ASME. 

Contributed by the Petroleum Division and presented at the 
Petroleum Mechanical Engineering Conference, Tulsa, Okla., Sep- 
tember 24-26. 1951, of Tae American Soctety oF Mecnanicat 
ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
July 6, 1951. Paper No. 51—PET-8. 
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= distance of point from apex of cone measured along 
middle surface, in. 
= shear force per unit length, lb per in. 
= bending moments per unit length, lb 
= tensile forces per unit length, lb per in. 
= location of maximum shear stress in cylinder 
= location of maximum axial stress in cylinder 
= location of maximum circumferential stress in cy linder 
stress 
pa 
= influence numbers 


stress index = 


... 


6 
be! 


This paper, dealing with the stresses in a pressure vessel with a 
conical head, is part of a continuing program instituted by the 
Design Division of the Pressure Vessel Research Committee of 
the Welding Research Council of the Engineering Foundation: 
This program, which consists of both analytic and experimental 
investigations, is intended to benefit engineers engaged in the 
design and manufacture of pressure vessels. 

The paper is the first of a series which ultimately will cover the 
kinds of vessel heads in common use. Two additional papers 
dealing with flat and hemispherical heads will be published later. 
Each design paper consists of tables and curves for determining 
the maximum stress in a pressure vessel under the specified end 
closure. 

The elements of the theory (which are well known)‘ are not re- 
peated here and the report limits itself to a description of the com- 
putational procedure together with a discussion of the results 
The problem logically consists of two parts: (1) The shear force 
Q and axial bending moment Mp» at the cone-cylinder junction 
(see Fig. 1), must be determined from the continuity of the 
radial displacement and rotation at the junction. (2) When 
these are known we may determine the shear, circumferential 
and axial stresses at the junction in the cylinder and in the 
cone. The maximum stresses in the cylinder other than at 
the junction also can be found. Details are given in the Ap- 
pendix. Each stress is divided by pd/2t, the circumferential 
stress in a thin unrestrained cylinder under uniform pressure, to 
form the stress index denoted by J. The values at the junction 
are distinguished from the cylinder maxima by subscripts j and 
m, respectively. The subscripts s, a, c, denote shear, axial, and 
circumferential, respectively. There are thus nine stress indexes, 
denoted by Lam» Lem and I,;, 14;, It will be clear from the 
context whether the last three of these refer to the cylinder or 
the cone. The stress index in the cone J,,, will be called axial 
though properly it has the direetion of y, Fig. 1. The stresses — 
in the cone other than at the junction have not been computed. 

The stress ratio J has two distinct advantages. It reduces the 
magnitude of the results and enables one to tell immediately | 


* The theory of shells is diseussed in ‘Theory of Plates and Shells,’ 
by 8. Timoshenko, first edition, McGraw-Hill Book Company, Inc., 
New York, N. Y., 1940, Chapt. XII. A general mathematical treat- 
ment of pressure vessels will be found in ‘The Basic Elastic Theory 
of Vessel Heads Under Internal Pressure,” by G. W. Watts and W. 
R. Burrows, Trans. ASME, vol. 71, 1949, pp. 55-73. 
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the eylinder and head overlap. 


the forms 


4 + 
Fic. Loaps at Junction or Heap 
whether a stress is greater or less than the hoop stress in a thin 
cylinder, It frequently is substantially linear when plotted 
against the diameter-thickness ratio, d/t, of the cylinder. By 
contrast, a curve of stress divided by pressure is more nearly para- 
bolic. 

Since the theory of the shell is concerned with middle surface 
displacements, conditions at the junction of a physical shell do 
not correspond precisely with the junction conditions formu- 
lated here. This is indicated in Fig. 2 where it is apparent that 


ae 
ort. 


Sind 


at Junetion or Heap AND 

To state this differently, we 
have a cylinder, cone, and a transition element of triangular cross 
section (a b¢). Some discrepancy, even in the absence of yield- 
ing, is to be expected between the computed results and any re- 
sults obtained experimentally because of the effect of this transi- 
tion element. Questions of this sort constitute a problem in 
local stresses and lie outside the scope of shell theory. 

The determination of a correction for this local state of stress 
is being investigated by a PVRC Design Division Subcommittee. 
Their findings, which will be published, ean be used to extend the 
results tabulated in the present paper. 


ANALYSIS 


The deflection and rotation at the junction can be expressed in 


oe The values of 7'/t used are 


= 
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ds 


pd? pd? pd 


Ms, Qo Qo 


(for cone) 


b 
by + 


(for cylinder) 


The quantities a, a2, as, ana bs are dimensionless “influence 
numbers” for the conical head. Thus a; represents the effect of 
unit pressure in producing a deflection ET6/d? at the base of the 
cone. Similarly, and bs are dimensionless influ- 
The definition of all influence 


M4, A, Ae, by, 
ence numbers for the cylinder. 

numbers is given in the Appendix. 

The dimensionless ratios M)/pd* and Qo/pd, computed from 
Equations {1| and [2], are sufficient to determine the stress in- 

dexes listed in Table 1 


RANGE OF CALCULATIONS 


0 deg T/t = 0.8, 
For a = 15 deg T/t = 0.8, 
For a = 30 deg T/t = 0.8, 1, see 30° (1.1547) 

For a = 45 deg 7T'/t = 0.8, 1, 1.2, see 45° (1.4142) 
For a = 60 deg 7'/t = 0.8, 1, 1.2, 1.6, see 60° (2.0) 


For a = 1, 1.25 


1, see 15° (1.0353) 


For each half cone angle, values of & are selected which will lead 
to seven to nine values of d/T extending from 3 to 500. The 
values of d/T are not evenly spaced but fall mostly between 5 and 
100, which is the range occurring frequently in practice. Non- 
integer initial values of & were selected so that d/T = 4, 10, 40, 
80, 100, 300, 500 at a = 45 deg. A few additional values of & 
are required at other angles. The 16 values of { chosen yield 
121 values of d/t in the range 3 to 500. Table 2 shows the £ 
chosen and the values of 7'/t and @ for which each & is used. 

The numerical results are sufficiently complete to allow the 
designer to interpolate for most values of a, 7'/t, and d/t en- 
countered in practical problems, 


Discussion oF 


(a) Two Cylinders. If the thickness T refers to a cylinder 
which replaces the conical head in Fig. 1, the suress indexes for 
T/t = 0.8 are shown in Table 8.5 Only the shear stress varies 
with change in diameter-thickness ratio, d/T or d/t. The maxi- 
mum circumferential stress in the thinner cylinder is the largest 
stress, It is 26 per cent greater than the hoop stress pd/2/. For 
equal thicknesses the moment Mo, and a shear force Qo, 
and the circumferential index is 1 everywhere, while the axial 
index is '/, everywhere. There is no shear stress. 

We should expect the stresses to be greater in the thinner cylin- 
der. The only exception to this conclusion is the maximum 
shear-stress index. Since stresses in a cylinder decay exponen- 
tially with distance from the junction, the greater shear-stress 
index in the thicker cylinder results from its closer proximity to 
the junction. 

All stress indexes are either unchanged or decrease with increase 
in d/t. This corresponds to an increase in the common diameter 
of the cylinders while the thicknesses remain fixed. Such an in- 
crease leads to larger values of the influence coefficients and a 
corresponding decrease in Mo/pd* and Qo/pd. 

That the signs of Mo/pd? and Q)/pd are negative can be seen 
physically. Under uniform pressure, the thinner cylinder ex- 
pands more. A negative shear force is necessary to enforce con- 
tinuity of deflection. The angle turned through by a line ele- 
ment at the junction when unit negative shear force Qo/pd = 1 


vanish 


* Interchanging cylinders, the results also apply when T /t = 1.25. 
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TABLE 1 
Srress Inpexes 1n Conicat Heap at JuNcTION 
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Srress INDEXES IN CYLINDER AT JUNCTION 
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Qo/pd 
TABLE 2 VALUES OF & 
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acts is represented by 6; in the left cylinder and 6, in the right. 
But b = and bs = -—-('/:) (7/t)? = —0.32. This means 
that the left cylinder rotates in a positive sense by an amount 
0.18(Qo/pd) more than the right cylinder rotates. A negative 
bending moment is required to reconcile this difference and main- 
tain continuity of deflection. 


(b) Stress Indexes. 1 All nine stress indexes tend to increase. 


with angle @ except for the two circumferential stress indexes /,; sats 
at the junction which decrease at sufficiently small values of 


d/T but increase at larger values of d/T. This exception is ap-— 
parently caused by the decrease in a; and & which outweighs in- 
creases in a, b), a3, and b; in the cone at the junction. 
cylinder at the junction the shear force reducer the circumferen- 
tial stress arising from pressure and this reduction is greater than 
the increase in circumferential stress arising from the bending. 

2 Asd/T increases, the stress indexes 7... (in cylinder), /,,, (in a 
cylinder), and 7,,; (in both cone and cylinder) increase. 


In the © 


The re- 


maining stress indexes may decrease or increase depending on - ° 


the values of a and 7'/t. These changes are caused primarily by 
the relative effect of changes in the influence numbers. 


3 As T/t increases, the stress indexes J,; and J,, in the cone — ao 


decrease while 7,; in the cylinder increases. The index /,, (in | 
the cone) decreases except at a = 15 deg and large d/T when it 
increases, the remaining indexes tend to increase at low d/7' and 
decrease at large d/T for each value of a. The reasoning here 
follows the argument given in the preceding discussion. 

4 The ratios 2/d, and x,/d, specifying the location of 
maximum stresses in the cylinder, tend generally to decrease 
with increasing d/7’, increasing T/t, and decreasing angle a. As 
the angle decreases we approach more nearly two cylinders and 
the corresponding decrease in \ leads to maximum cylinder 
stresses nearer the junction. The increase in d/T or 7'/t results 
in a thicker cone or cylinder. The strain energy induced by the 
moment and shear force is confined, on the average, to the same 
volume since M,/pd? and Q,/pd change relatively slowly. The 
increase in thickness then requires a decreasing length x/d in 
which the stress is high. Consequently, the maximum stresses 
should approach the junction. 

5 The type of stress index which is the greatest of the nine 
indexes is shown in Table 3. Generally the axial stress in the cone 
at the junction is greatest for 7 /t = 0.8, or alternatively for T/t = 
1.0 and d/T sufficiently large. The axial stress in the cylinder at 
the junction is greatest for 7/t > 1, or alternatively for 7/t = 
1.0 and d/T sufficiently small. At angles a = 45 deg or less and 
small d/T, the circumferential stress may be greatest. The 
greatest computed stress index is in the cone at the junction when 
a = 60 deg and 7'/t = 0.8. The value of this index is 19.825. 
At a@ = 15 deg and 7'/t = 1.0, the discontinuity in axial stress at 
the junction is extremely small. Thus two symbols are inserted 
in this column of Table 3. 

Where the axial stress at the junction does not govern, the 
values of d/T are small and the conical head is not a thin shell as 
the theory contemplates. Using the legend of Table 3, Figs. 3, 
4, 5, and 6 show the variation of maximum stress index with 
d/T where d/T extends from approximately 5 to 400. 

Figs. 3 to 6 show immediately that it is desirable to make the 
vertex half angle a and d/T as small as possible, that is, the more 
nearly the cone becomes a cylinder the lower the maximum 
stress. Also, increasing the thickness of the cone relative to its 
diameter decreases the maximum stress. The curves suggest 
that the most favorable thickness ratio is 7'/t = 1.0. When 7'/t 
< 1.0, the cone is thinner than the cylinder and there is a large 
axial stress at the junction in the cone. When 7'/t > 1.0, the 
cone is thicker than the cylinder and there is a large axial stress 
at the junction in the cylinder. Where it is not possible to 
have the thickness the same in both cone and cylinder, it is more 
desirable to make the cone thicker. This is indicated by the 
fact that curve 7/t = 1.2, Figs. 5 and 6, leads to lower stress 
than the curve 7'/t = 0.8. A slight increase in cone thickness at 
small values of angle @ affects this maximum stress very little. 

For sufficiently large angle a, variations in 7'/t not too much in 
excess of 1.0 produce very small changes in maximum stress. 
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4 CYLINDER AT JUNCTION 
© CONE AT JUNCTION 


300 


eat 


pd 


Axial stress index = axial stress + 2: 


& CYLINDER AT JUNCTION 


MAXIMUM STRESS INDEX 


d 
pe ,™ diameter of cylinder + thickness of cone 


© CONE AT JUNCTION 


Axtat-Srress Inpex Versus d/T ror Contcat Heap 
(a = li deg; T/t = O8 and 1.0.) 


X 


200 
& CYLINDER AT JUNCTION 


CONE AT JUNCTION 


pd 


ee ary Axial-stress index = axial stress + 


= diameter of cylinder + thickness of 
Axtat-Srress [npex Versus d/T ror Contcat Heap 


(a = 45 deg; T/t = 1.0, 1.2, 1.4142 = see 45 deg.) 


MAXIMUM STRESS INDEX 


eT 


Axial-stress index = axial stress + 


> = diameter of cylinder + thickness of cone 


Axtat-Srress Inpex Versus d/7 ror Contcat Heap 
(a =~ 30 deg; T/t = 0.8, 1.0, 1.1547 = see 30 deg.) 


a cone which yields no discontinuities at the junction requires 


that (1) a; = ae and (2) b, = 0. The quantities a; and ag are of 
opposite sign so that this possibility is precluded. 


In conclusion, it is well to note that the possibility of selecting | 


CONCLUSIONS 


T 
The general conclusions of interest to designers and engineers 4 CYLINDER AT JUNCTION 
engaged in shell problems are summarized as follows: © CONE AT JUNCTION 


1 Under uniform pressure p alone and no edge constraints 
but the axial tension ('/,)pd, required for equilibrium, a cone de- 
flects inwardly (toward its axis) at its base cirele. 

2 It is impossible to design «a conical head to eliminate mo- 
ment and shear at the junction since the cylinder always deflects 
outward and the head inward when an internal pressure is ap- 
plied to each vt 

3 In a cylindrical pressure vessel with a conical head, the fe pd 
greatest stress is the axial stress at the junction. It may be lo- Axial-stress index = axial stress + a 
cated in the cylinder or the cone. To minimize the stress, it is d : 
desirable to make the cone and cylinder equally thick if the angle i" diameter of cylinder + thicknom of cone 

— @ does not exceed 45 deg. Where this is not possible, the cone Pic. 6 Axtat-Srress Inpex Versus d/T ror Contcat Heap 
should possess the greater thickness. Angles greater than 45 deg (a = 60 deg; T/t = 0.8, 1.0, 1.2, 1.6, 2.0 = sec 60 deg.) 
require a thicker head. Reducing the cone vertex angle or the 


essels also reduces the stress, stress may reach values of 10 or more times the circumferential 
4 The usual theory of shells shows that the maximum axial stress pd/2t in the unrestrained thin cylinder. The greatest com- 
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TABLE3 MAXIMUM STRESS INDEXES FOR CONICAL HEADS 


0.8 1.0 


0 Axial-stress index in cone at junction 
+ Cireumferential-stress index in cone at junction 
© Maximum circumferential-stress index in cylinder 


TABLE 4 INFLUENCE COEFFICIENTS FOR CONE, g 2G TABLE 5 INFLUENCE COEFFICIENTS FOR CONE, 


3.9231 - 6.3685 + 1.6824 +0.1020 + 1.5220 +0. + 3.6148 

9.8076 - 16.0642 + 2.7141 . -0. J 26. + 3.2502 
~ 29.4229 48.4194 + 4.7646 -0. -0. . 66, + 5.2433 
49.0362 - 80.7915 +6.1753 -0. . -126. + 7.2665 
«104.9320 -173.0657 + 9.0713 -0. . -0. -201. + 9.2045 
194.0819 -320. +12.3660 -0. -0. -336. +11.9299 

310.4304 -$12. +15.6604 -0. 14.6953 

498.6781 -823. 19.8700 -1.1111 500.0751 -824.8978 418.7620 


TABLE 6. INFLUENCE COEFFICIENTS FOR CONE, 5 DEG TABLE 7 INFLUENCE COEFFICIENTS FOR 
a2 a3 > 4/T a, a2 b; 


1.2340 -0.0725 + 4.0325 -0. ’ 8.4853 - 12.2604 + 1.5114 

2.1524 -0.2654 + 6.6074 -0. «21.2132 33.0871 + 2.6361 

4.5965 -0.8558 +13.5059 -0. 93.7150 + 4.6013 

6.6064 -1.3547 +19.1883 -0. 84.8528 -137.7469 5.6295 


7.4152 -1.5562 +21.4754 
13.0171 -2.9547 +37.3186 
16.8714 -3.9179 +48.2200 


169.7056 -277.5290 8.0911 

212.1320 -347.4572 

294.1406 -482.6728 

400.3580 -657.8465 

636.3959 -1047.2780 +15.9426 -0. +0. 2145 


puted stress index is 19.825 for a cone having a = 60 deg, T/t = 
0.8, d/T = 509.1167. This stress occurs in the cone at the june- magnitude but its sense (whether tension or compression ) and its 
tion. The high values of stress index suggest early yielding at — |ocation (whether on the internal or external surface of the ves- 
and near the junction. sel). In Tables 8 through 23 the following convention is ad- 
SaMPLE PROBLEM — 
For every circumferential or axial-stress index, two figures 
7 illustrate the use of the curves for determining the secondary are listed for each diameter-thickness ratio. The upper fig- 
bending stresses, assume a 6-ft-diam vessel with a wall thickness Ure represents the value of the stress index at the external surface 
of 0.3 in. The internal pressure is 100 psi and the conical head of the vessel, The lower figure represents the value of the stress 
has an apex angle of 120 deg. Therefore d/t = 72/0.3 = 240 index at the internal surface of the vessel. A plus sign denotes 
and a = 60 deg, pd/2t = 12,000 psi. Using Fig. 6, the following tension and a minus sign denotes compression. 
table can be constructed: 2 Every shear-stress index refers to a shear stress at the 
middle surface of the vessel. The shear stress acting on the 
T/t 08 1.0 1.2 1.6 2.0 cylinder at the junction is positive when it has the direction of 
d/T 300 240 200 150 120 Q in Fig: 1. The shear stress acting on the cone at the junction 
13.8 9.6 0.8 6 3.8 is positive when its component parallel to the axis of the shell is 
to the left in Fig. 1. The maximum shear stress in the cylinder 
“ . is positive when it has the direction of Q» in Fig. 1. The shell ae 
< ‘The magnitude of these stresses indicates, of course, that some ‘ 
yielding and stress relief has occurred im the neighborhood of the Appendix 
junction bet ween the body and head. 5 
INFLUENCE NUMBERS FoR THE CYLINDER 
Convention Usep In TaBes 8 TurovGu 23 The deflection and rotation produced by loads p, Qo, Mo are* 
In this paper the problem of determining the magnitude of the © fee “Theory of Plates and Shells,” 8. Ti he, fect eftien. 
maximum stress has been primarily emphasized. A few addi-  \4.Graw-Hill Book Company. Inc., New York. N. Y., 1940, pp. 393, 
tional calculations make it possible to indicate not only the stress ~ 


Angle a ~~ 15° —- ----—-~ a 
08 10 08 10 12 18 
36.0000 0 0 =e 
100.0000 
4 
7 
913 «0.0634 
957 0.0683 
972 «0.0700 
980 0.0707 
986 0.0713 ar 
989 0.0715 
992 0.0718 
Pati. : 
NE, = 60 DEG 
ba by 
4372 +0.1486 
80.0000 130.828 
100.0000 -163.792 
300.0000 -493.691 - 
+ 


TRANSACTIONS OF THE ASME APRIL, 1952 
TABLE 9 STRESS INDEXES IN A CYLINDRIC .7 


VESSEL WITH CONICAL HEAD, a = 15 DEG, 


lower values refer to stress 
compression.) 


at Junct‘on 
xa Treum 


4; 


TABLE 8* STRESS INDEX IN TWO CYLINDERS, a = 0, T't = 0.8 
(Upper values refer to stress at external surface; lower values refer to stress 
at internal surface + = tension; -- = compression.) 

Left Cylinder, Thickness ¢ 


, 
= 038 


(Upper values refer to stress at external surface ; 
at internal surface. + = tension; 


Cone at it Funct on 


Junction Stress Maximem Stress 
Inde 


Shear Axial Circum. 


0.0106 


Shear Axial Circum. 
-0.0419 0 4831 
0.5169 
0.0265 0.4831 0.0067 0.2875 0.1347 0.5373 


5169 29.5383 29.4228 
0.0033 0.1437 0.0674 0.2686 


3.1384 + 0.1675 + 0.0622 -9.3918 
4 


0.2590 0.8495 
0.1517 


7.8461 9.8076 


+0.13974 


-0,0132 0.4831 
0.516 


2 
+0.0011 0.1234 
+1124 + 
+0.0955 +0.4248 - 


39.2305 49.0381 + 0.1327 


0 0024 0.1016 0.0476 0.1899 


83.9455 104.9318 + 0.1273 


0.0021 0.0909 0.0426 0.1699 


155.2656 194.0819 + 0.1242 


9 
0.0525 0.0246 0.0981 


0.0760 


0.0012 


248.3443 310.4304 + 0.1224 


398.9425 498.6781 


9 
0.0009 0.0407 0.0191 


+0,1209 - 


Right Cylinder, Thickness T _—————___— 
Location of Maxima 
—_in Cylinder 
Axial Circum. 
0.4522 


0.7873 


Maxima in Cylinder 
Shear Ax‘al Circum, 
lam tom 


Junction Stress Maximum Stress Location of 
Inde Maximum Stress 

Shear Axial Circum. 


Shear 
x,/4 


4/T 


* 
Ax‘al Circum. 
lam lem 


Circum. Shear 
ley 1 


Shear Axial 
Is) tay 


om 


+ 0.5282 0.6982 


3 


3.1384 3.9231 -0.0047 


0.6833 +1.2624 0.4674 0.2514 0.5462 

0.3167 0.9218 

0.6833 +1.2624 

0.6514 0.3167 0.9218 

0.0166 > 0.6833 +1.2624 

S14 +. 0.3167 0.9218 

0.0117 +1.0906 -0.0019 0.6833 +1.2624 

0.6514 +1.1455 0.3167 «0.9218 

0.0105 +0.3486 +1.0906 -0.0017 «06633 -1.2624 

0.6514 +1.1455 0.3167 0.9218 

0.0060 0.3486 +1.0906 -0.0010 0.6833 +1.2624 
0.6514 +1.1455 

0.0047 0.3486 +1.0906 -0.0008 
0.6514 +1.1455 


0.0524 0.3486 +1.0006 -0.0085 
0.6514 


0.0331 0.3486 


0.5270 


3 


7.6461 9.6076 -0.0049 0.4707 0.3165 


0.2956 0.1590 0.3455 


23.5383 29.4228 -0.0057 0.2691 0.1800 0.3016 


0.1478 0.0795 0.1727 


5333 


39.2305 49.0381 -0.0061 0.2063 9.1374 9.2315 


0.1045 0.0562 0.1221 


83.9455 104.9318 -0.0067 0.1391 909920 09 1563 


0.0935 0.0503 0.1092 


155.2656 194.0819 -0.0070 0.1013 0.0667 9.1140 


0.0540 0.0296 0.0631 


248.3443 310.4304 -0.0072 0.0797 0.0522 0.08697 


0.0418 0.0489 


0.3167 9218 


0.0255 


398.9425 498.6781 0.0626 9.0409 0.0704 


* Correction to Table 8 For d/t of 240.0, under Junction Stress Index, 


Je, of 1.1004 should be 1.1064 
TABLE 11 STRESS INDEXES IN A CYLINDRICAL “ry RE 
VESSEL “WITH CONICAL HEAD, a = 15 DEG, T/t = 1.08 


lower values refer to stress 
= compression.) 


TABLE 10 STRESS INDEXES IN A CYLINDRICAL PRESSURE 
VESSEL WITH CONICAL HEAD, @ = 15 DEG, T/t = 1.0 
lower values refer to stress 

= compression.) 


(Upper values refer to stress at external surface; (Upper values oot pe xe Roe at external surface; 

at internal surface + = tension; at internal surface + = tension; 
. 

Cone at Junction 


Shear Axial Circum. 
Is) ley _ 


Cylinder at Junction — 
Shear Axial Circum. 
Tay 


+ 0.7897 


Cone at Junction Cylinder at Junction 


tay Tey 


aft 4/T 


4/T 


4.0614 3.9231 +0.0939 + 0.3545 +0.1003 + 0.6380 


3.9231 
9.8076 
29.4228 


3.9231 +0.1019 
9.8076 + 0.1020 
29.4228 + 0.1006 


+ 0.3860 + 0.7936 
+ 0.6308 + 0.8925 
+0.2148 + 0.7056 
+ 0.7841 + 0.8836 
- 0.0592 + 0.5031 


+0,0955 -0. 0.9620 


+ 0.0954 


+ 0.0968 


+ 1.0585 +0.6401 
0.2396 - 0.3588 + 0.0973 
+1.2392 + 0.8033 
~0.6032 + 0.0596 
+ 1.6029 + 07215 
~1.0123 0.2827 +0,0984 
+2.0122 + 0.6245 

1.4192 .0.6257 + 0.0987 
+2.4192 + 0.5257 
-1.9379 - 1.0644 +0.0989 
+2.9380 + 0.3944 


49.0381 49,0381 + 0.1001 


104.9318 104.9318 + 0.0004 + 0.0980 


194.0819 194.0819 + 0.0990 


310.4304 310.4304 + 0.0088 


498.6781 4°8.6781 + 0.0086 


Maxima in Cylinder 
Shear Cireum, Shear 
Ism lem 


-0.0097 


Location of Maxima 
in Cylinder 
Axial Circum. 


0.3383 


ant 4/T Axial 


3.9231 3.9231 +1.0140 0.5564 0.6360 
+ 0.9958 

+1.0169 0.3905 
+ 0.9950 

+1.0266 0.2357 
+0. 1 

+1.0339 0.1840 
+ 0.9899 
+ 1.0494 
+ 0.9852 
+ 1.0672 
+ 0.9800 
+ 1.0850 


9.8076 -0.0074 0.2526 0.4409 


29.4228 29.4228 -0.0067 0.1560 0.2647 


49.0381 49.0381 -0.0066 0.1223 0.2065 


104.9318 104.9318 -0.0066 0.1265 0.0643 


194.0819 194.0619 -0.0066 0.0031 0.0621 


310.4304 310.4304 -0.0066 0.0737 0.0491 


498.6781 496.6781 -0.0066 + 


10.1536 9.8076 


30.4608 29.4228 

50.7680 49.0361 
108.6334 104.9316 
200.9284 194.0819 
321.3812 310.4304 


516.2696 498.6761 


+ 0.0958 
+ 0.0960 
+ 0.0959 
+ 0.0957 
+ 0.0956 


+0.0983 + 0.7940 
- 0.2060 
+0.0981 +1.0743 

+ 0.0743 
+ 0.0982 + 1.2593 


+2.0010 + 0. 4139 


Axial 


lim 


Circum. 


lem 


Location of Max'ma 

in Cylinder 
Shear Axial 
xa 


4.0614 3.9231 


10.1536 9.8076 
30.4608 29.4228 
50.7680 49.0361 
108.6334 104.9318 
200.9264 194.0819 
321.3812 310.4304 


516.2696 496.6781 


-0.0103 
-0.0077 
-0.0068 
~0.0067 
-0.0066 
~0.0065 
-0.0065 
-0.0065 


+O.$711 


+ 1.0153 


0.5442 0.3298 


0.3817 0.2461 
0.2313 0.1530 
0.1808 0.1202 
0.1246 0.0831 
0.0918 0.0614 
0.0727 0.0486 


0.0574 0.0384 


= 
«0.1106 + 0.563 9 8900 | 
3616 + 1.006 0 6062 
3508 + 0.396 0.8390 
80,0 0.0084 40.4831 41.0963 1694 0.9208 + 1.4248 + 0.1715 
0.5169 +1.1064 3484 -0.3414 +0.0981 - 9.7629 - 0 5933 
240.0 -0.0048 0.4631 +1.0963 5981 + 0.8452 + 1.7629 -0.1644 
0.5169 +1.1964 8730 -0.7351 + 0.0006 + 10988 -0 5012 
400.0 -0,0037 0.4831 +1.0963 1234 +0.7672 +2.0988 -9.4581 
te 
{ 
| 
roe 
. 
‘ 
4 + 0.8826 + 0.6943 
3 +0.7094 +0.8707T 
7 +0.8802 + 0.4878 
8 + 0.5040 + 0.8324 
8 + 0.8393 2255 + 0.3521 
4 +0.3593 1913 +0.7779 + 0.2592 + 0.7979 
4+0.8029 5733 +0.0593 + 0.0984 + 1.6320 + 0.0415 
0 +0.0597 why 5391 + 0.6928 +0.6320 +0.7208 
0 +0.7215 9647 -0.2758 + 0.0985 +2.0516 - 0.3022 
+ 1.9306 + 0.5921 1.0516 + 0.6268 
2 + 0.6246 0.0956 - 1.3543 -0.4901 + 0.098 
2 - 0.5012 +2.3202 + 0.6115 
2 +0458] .0.0955 -1.8505 -1.0412 +0.098 
axima 
4 
04312 
6285 + 1.02 02508 
6623 + 1.03 0.2030 
7336 + 1.05 0.1397 
: 2664 + 0.98 
8158 + 1.06 0.1030 
1842 + 0.97 
8986 + 1.08 0.0815 
+ 0.1037 + 0.9747 0045 +1.1083 0.0644 
0.0881 0.0308 0.0882 0045 + 0.9677 


WATTS, LANG-—-STRESSES IN A PRESSURE VESSEL WITH A CONICAL HEAD 


12 STRESS INDEXES IN A C TUN PRESSURE 
VESSEL WITH CONICAL HEAD, a = 30 DEG, ram 13 STRESS INDEXES IN A CYLINDRICAL hws y =o RE 


. ESSEL WITH CONICAL HEAD, @ = 30 DEG, T/t = 
(Upper values refer to stress at external surface; lower values refer to stress 
at internal surface. + = tension; = compression.) (Upper values refer to stress at external surface; lower values refer to streas 
at internal surface. + P ) 


Cone at Junct! on Cylinder at Junction 
Axal Crecum. Shear Axial Circum. Cone at Junction Cylinde 
lay Shear Axial” Circum. Shear 
! 
3.2660 4.0875 + 0.2919 +0.2325 +0.6763 +0.1634 +0. . 
+0.9394 4.0625 4.0825 + 0.2111 


13.0639 16.3299 +0.2705 - +0.2855 + 0.1832 


16.3299 16.3299 + 0.2083 
40.8248 40.6248 + 0.2038 
77.0489 77.0489 + 0.2014 


32.6598 40.8248 + 0.2569 -0. + 0.1987 

8 

61.6391 77.0489 + 0.2498 - -0. +0.2023 - 
97.9795 122.4743 + 0.2457 -2. + 0.2060 
Os 122.4743 122.4743 + 0.2000 


163.2991 204.1239 + 0.2421 -3. 0.2094 
204.1239 204.1239 + 0.1987 


246.5564 306.1955 +0. + 0.2116 
308.1955 308.1955 + 0.1979 

400.0601 500.0751 + 0.2375 0.2136 
500.0751 


+7.2420 +0.1863 500.0751 +0.1971 


Maxi ma in Cylinder uae 


afr Shear Ax‘al Circum. Shear 4/T 
Ism lam lem 


3.2660 4.0875 -0.0145 +0.5897 + 1.0193 0.4014 4.0825 4.08625 -0.0173 
+0.4103 + 0.9943 

13.0639 16.3299 -0.0129 +0.6595 + 1.0343 0.2313 \ 16.3299 16.3298 -0.0133 
9898 

32.6598 40.8248 -0.0138 +0. J 0.1464 40.8248 40.8248 -0.0132 
9828 

6391 77.0489 -0.0145 +0. 0.1057 77.0489 77.0489 -0.0132 

97.9795 122.4743 -0.0149 +1. 0.0823 5 122.4743 122.4743 -0.0133 
8 

163.2991 204.1239 -0.0153 +1. 0.0640 . 204.1239 204.1239 -0.0134 

246.5564 308.1955 -0.0156 +1. 0.0518 308.1955 308.1955 -0.0135 + 1.3101 


- 0.3101 


400.0601 500.0751 -0.0159 +1. 0.0405 500.0751 500.0751 -0.0136 + 1.5384 
07 0.5384 


TABLE 14 STRESS INDEXES IN A AL 15 STRESS INDEX IN A OTLENDEIC AL PRESSU 
VESSEL WITH CONICAL HEAD, @ = 30 DEG, T/t = 1. VESSEL WITH CONIC AL HEAD, a = 45 DEG, T/t = 08 nani 


Upper values refer to stress at external surface; lower values refer to stress (Upper values refer to stress at external surface; lower values refer to stress 
at internal surface. + = tension; —- = compression.) at internal surface. + = tension; = compression.) 


Cone at Junction Cylinder at Junction 
Cone at Junction Cylinder at Junction —— 


4.7140 4.0635 + 0.1713 + 0.1691 + 0.5256 + 0.2008 + 0.1988 + 0.9823 4.0000 + 0.4261 - 0.3965 + 0.4414 
+ 0.8612 8969 
16.9299 + 0.1767 +0.1974 -0.4253 +0. +0.4153 - 


40.8248 + 0.1761 + 0. +0.1982 -1, 2604 + 0.3843 
88.9684 77.0489 + 0.1756 +0.1989 -1. .0000 + 0.3725 


141.4212 122.4743 +0.1753 +1.6378 -0.9655 +0.1993 + 0.3683 -3. 
+ 2.5026 + 0.2418 +3. 

235.7020 204.1239 + 0.1750 +2.2559 -1.5589 +0.1996 + 0.3575 
+3.1212 + 0.0382 

355.8735 306.1955 +0.1749 +2.6810 -2.1422 +0.1999 
+3.7464 - 0.1705 

577.4370 500.0751 +0.1747 +3.7979 -3.0013 +0.2001 
+4.6636 - 0.4797 


Maxima in Cylinder 
aft a/T Shear Axial” Circum. 


tom 


4.7140 4,08625 -0.0183 +0.6355 + 1.0291 

+ 0.3645 + 0.9913 

18,8562 16.3299 -0.0135 + 0.6998 + 1.0429 
+ 0.3002 
47.1404 40.8248 -0.0128 + 0.8006 
+ 0.1004 

88.9684 77.0489 -0.0127 +0.9078 + 1.0875 

+ 0.0922 + 0.9739 

141.4212 122.4743 -0.0126 +1.0119 + 1.1099 


+2.2749 + 1.3810 


235.7020 204.1239 - 
1.2749 + 0.8865 


355.8735 308.1955 


-0.5315 + 0.9341 


577.4370 500.0751 -0.0126 +1,5315 +1.2214 0, 


| — 
| 
1961 + 0.6128 
$274 + 0.2649 
+ 1.3246 + 0.7640 +1.3274 «0.7614 | 
+ 0.8999 -0.1792 +0.1976 - 0.8968 + 0.1796 
+ 1.8976 + 0.6586 + 1.8988 + 0.6597 
+ 1.4644 - 0.6385 +0.2005 - 1.4642 - 0.6400 
+ 2.4640 + 0.5368 + 2.4642 + 0.5385 
«1.9904 -1.0821 +0.2021 -1.9998 - 1.0841 ; 
3.0000 + 0.4143 +2.9008 + 0.4459 
2.7474 -1.7085 +0.2036 -2.7482 -1.7105 
491 +0.2371 +3.7483 + 0.2385 
3.5034 -2.9454 +0.2045 -3.5046 -2.3473 
4.5058 + 0.0543 + 4.5046 + 0.0554 ‘ 
4.6125 -3.2631 + 0.2054 -4.6140 - 3.2849 
+5.6155 -0.2174 +5.6140 - 0.2165 J 
axima in Cylinder in Cylinder i 
1.0255 0.5678 0.9539 0.6458 
+ 0.9924 
1.0395 0.3162 0.2093 0.3553 
+ 0.9882 
1.0616 0.2034 0.1358 0.2281 
+ 0.9817 
+1.0852 0.1486 0.0994 0.1665 
+ 0.9746 
+1.1081 0.1579 0.0789 0.1322 
+ 0.9678 
+1.1407 0.0913 0.0611 0.1023 
+ 0.9581 
+1.1739 0.0743 0.0497 0.0832 
+ 0.9482 
+1.2229 0.0583 0.0389 0.0653 
+ 0.9336 
; 
— 
194 
+ 0.8995 + 0.7591 
0.2801 + 0.3009 + 0.2422 
+ 1.3009 + 0.7288 
0.3152 + 1.3793 - 0.6895 
+2.3793 + 0.4380 
1.9334 +0.3286 +2.2245 - 1.5025 
+ 0.6445 +3.2245 + 0.1322 
~2.3214 +6.3322 +2.5606 -1.8331 
+ 0.5743 + 3.5608 + 0.0032 
-5.0224 + 0.3455 + 4.6603 - 4.1421 
+ 0.0415 +5.8603 - 0.9259 
~6.8850 + 0.3497 +6.4307 -5.7384 4 
0.4079 +7.4307 - 1.5800 
Location of Maxima 
Maxima in Cylinder in Cylinder 
m 3.2000 4.0000 -0.0234 +0.6431 +1.0307 0.6515 0.4099 0.7396 
0.5331 0.3333 0.6050 8.0000 10.0000 -0.0202 +0.6950 +1.0419 0.4445 0.2917 0.5002 
+ 0.3050 + 0.9875 
0.2961 0.1966 0.3324 32.0000 40.0000 -0.0220 +0.9256 +1.0014 0.2250 0.1487 0.2529 
+ 0.0744 + 0.9728 
0.1916 0.1287 0.2146 64.0000 80.0000 -0.0234 +1.1380 +1.1370 0.1580 0.1040 0.1778 
- 0.1380 + 0.9592 
0.1405 0.0946 0.1572 80.0000 100.0000 -0.0238 +1.2256 +1.1558 0.1410 0.0927 0.1586 oe ei 
0.1117 0.0754 0.1250 240.0000 300.0000 -0.0254 + 1.8440 +1.2885 0.0805 0.0526 0.0907 


 PRANSACTIONS OF THE ASME — 


: TABLE 16* STRESS INDEXES IN A CYLINDRICAL PRESSURE 
TH CONICAL H TABL 17 STRESS INDEXES IN A CYLINDRICAL 
VESSEL WITH CONICAL HEAD, @ = 45 DEG, T/t = 1.2 


(Upper bay ~ refer to stress at external surface; lower values refer to stress 
internal surface. + = tension; —- = compression.) (Upper i> refér to stress at external surface; lower values refer to stress 
t internal surface. + = tension; = compression.) 
Cone at Junction Cylinder at Junction 
4/T Shear Axial Circum. Shear Axial Circum. 
hay ley ty 


4.0000 + 0.3262 -0.0118 + 0.3756 + 0.2887 + 0.0015 
+0.9911 +0. + 1.0015 
0000 + 0.3255 - 0.4850 +0.2897 +0.4751 +0. 
+ 1.4653 + 1.4751 . + 0.2956 
+ 1 +1.7 -0. 


: +0. 7 +2. 4 
+ 0.3024 0.3223 + d + 0.2871 +0.3137 

+0.2965 -5. -4. +3. 0.0875 
+0.2541 -4. + 0.3188 
: 3 


4394 +6, 
+ 0.2946 -5. 33 
+8. 9526 + 8.8850 -0. + 0.2532 


“Location af Maxima 
Maxima Cylinder in Cylinder 
4a/T Shear Axial . Shear Axial Circum. = 
0.5910 0.3750 0.6698 


0.3515 0.6207 
0.4042 0.2676 0.4541 
0.2488 0.4191 


0.2083 0.1400 0.2332 
0.1316 0.2167 


0.1473 «0.0990 0.1649 
0.0936 0.1538 


0.0638 0.1376 
0.0484 0.0795 


0.1317 0.0885 0.1474 
-0,0216 +1. 0.0757 0.0507 0.0848 


-0.0219 +2. 0.0585 0.0392 0.0656 
1.1679 


* Correction to Table 16. Under Cone at Junction, last entry for Jej 
should be minus 


TABL 19 STRESS INDEXES IN A AL 
ESSEL WITH CONICAL HEAD, a = 60 DEG, T/t = 0 


TABLE 18%* STRESS INDENES IN A CYLINDRICAL PRESSURE 
VESSEL WITH CONICAL HEAD, @ = 45 DEG, T/t = 14 Ce lower values rte 


(Upper values refer to stress at external surface; lower values refer to stress 
at internal surface + = tension; = compression.) ‘Cone at Junction Cylinder at Junction 
af 4/T Shear Axial C'rcum. Shear Axial” Cire 
Cone at Junction Cylinder at Junction Is ly le Ig 1 
4/T Shear Axial Circum. Shear Axial Circum. a) 
ley tay Tey 6.7882 8.4853 + 0.5659 - 1.0969 - 0.1370 + 0.3937 + 0.5838 
+ 1.5838 
5.6569 4.0000 + 0.2173 - 0.0015 + 0.2861 +0.3154 +0.2133 + 0.2697 16.9706 21.2132 0. + 1.4912 
+O0.7118 + 0.5944 + 1.2133 x 8211 +2.4912 
19.1421 10,0000 + 0.2257 -0.27 - 0. + 0.2985 +0.7573 46.4815 58.1018 4.8) 
1 + 1.7573 
56.5685 40.0000 - 0.2244 +O.3011 +2.2811 -1. 67.8822 84.8528 
1206 +3.2811 + 
113.1371 80.0000 + 0.2233 -1. + 0.3034 +3.5200 -1. 135.7644 169.7056 - $. + 0.5210 
3611 - 0.1824 + 4.5200 + 0.5095 10.4758 +0.1 
141.4214 100.0000 + 0.2230 -1. +0.3040 + 4.0157 235.3125 294.1406 + 0.4782 25 - + 0.5339 
J - 4 + 6.0157 1 
424.2641 300.0000 + 0.2219 -3. + 0.3061 +7.4285 -4, 320.2864 400.3580 + 0.4745 
2 + 8.4285 
707.1068 500.0000 + 0.2216 le +0.3068 +9.7663 -6. 509.1167 636.3959 + 0.4699 
+10.7663 -0. +19. 8249 - +12.7353 


Location of Maxima Location of Maxima 


xima in Cylinder Maxima in Cylinder in Cylinder 
af Axial Cireum, shear xial Cireum. an 4/T Shear Axial Circum. shear Circum. 
lim lem x,/d &,/d lin lem 


5.6569 + 0.6982 +1.0425 0.5138 0.3321 0.5801 6.7882 8.4853 -0.0275 +0.7442 +L0524 0. 0.3233 0.5497 
+0.2558 + 0.9844 
19.1421 - 0.3473 (0.2324 16.9706 21.2132 -0.0292 + 0.9109 0.2103 0.3534 
9 
56.5685 . 0.1808 (0.1234 0.208 46.4815 58.1018 -0.0333 +1. 0.1250 0.2115 


113.1371 - ‘ 0.1287 «(0.0880 0.1435 67.8622 84.8528 -0.0348 0.1024 0.1740 


141.4214 0.1152 0.0789 «0.1285 135.7644 169.7056 -0.0372 6.0712 0.1218 

424.2641 7642 0.0667 0.0457 0.0744 235.3125 204.1406 -0.0369 0.0535 0.0919 
~ 0.7642 

707.1068 -0. + 2.1341 0.0517 0.0355 0.0756 320.2864 400.3580 -0.0397 0.0456 0.0785 


1.1341 
509.1167 636.3959 -0.0407 ! d 0.0359 0.0620 


a ** Table 18. For d/t of 19.1421, under Cone at Junction, Je; of 0.9871 
J should be 0.9872 


0.1056 + 0.2105 
1.1056 + 0.7090 
nar = 1.6220 + 0.7138 
2.0434 0.0413 
3. + 0.5847 
100.0000 100.000 3.6505 21241 
7.8051 -0.2606 
500.0000 500.000 + 8.9644 - 6.1350 
-0.4563 
af 
4.00 
+ 0.0862 i 
0.1302 
0 ~ 0.1387 + 0.9592 
120.0000 100.0000 -0.0182 1.2166 + 1.1838 0.123% 
- 0.2164 + 0.9542 
260.0000 300.0000 -0.0195 +1.7607 +1.2706 0.071 
- 0.7607 + 0.9194 
600.0000 00,0000 0.0196 0.0881 0.0074 0.0818 
- 1.1375 + 0.8953 
\ 
“a 
\ 
Hes 
: 
g 


TABLE, 2 20 


Upper values refer to streas at external surface; 
at internal surface. + 


a/T 


WATTS, LANG—STRESSES 


= tension; 


Cone at Junction 


Is) 


STRESS INDEXES IN A 
VESSEL WITH CONICAL HEAD, a = 60 DEC 
lower values refer to stress 
- = compression.) 


6.4853 
21.2132 
58.1018 
64.8528 

169.7056 
294.1406 
400.3580 


+ 0.4491 


0 6820 
+ 0.4326 ~0.7923 +0.4339 + 
5666 


+0,4142 + 0.4706 + 
5 
+ 0.4087 


4.9248 

- 0.4480 8 
+ 0.5073 + 

+ 10,5293 
+O.5117 +11.2379 


+ 0.4007 
+ 0.3959 


8.4853 
21.2132 21.2132 
58.1018 58.1018 
64.8528 84.6528 
169.7056 
294.1406 


400.3580 


~ 1.4283 + 14.2379 


Maxima in Cylinder 
Shear ‘Axial Circam. 


lam lem 


-0.0265 — 

0.2911 0.1972 
0.1192 
0.0962 
0.1020 0.0688 
0.0771 0.0519 


-0.0292 0.1759 


-0.0301 0.1451 
-0.0315 
-0.0325 


-0.0329 
-1 “7471 


TABLE*21* 


» « VESSEL WITH CONICAL H 


(Upper values refer to stress at external surface; 
at internal surface. + = 


STRESS*INDEXES IN A CYLINDRICAL 


EAD, a = 60 DEG, T/t 


tension; 


Cone at Junction 
Shear Axial Shear 
Is) 


Axial 
Tay 


ran SSURE 


- 2 


lower values refer to stress 
= compression) 


Cylindef at Junction 


Circum, 
ley 


10.1823 
25.4558 
69.7222 


26 


101.8233 


203.6467 


254.5583 


352.9687 
480.4296 


8.4853 
21.2132 
58.1018 
84.6528 

169.7056 
212.1320 
294.1406 
400.3580 


+ 0.9875 
+ 1.98675 
+2.1814 
+3.1814 
+ 4.3051 
+ 5.3051 
+ 5.4067 
+ 6.4067 
+ 8.0243 


+0.3729 -0.6302 - 0.0505 +0 4040 
+ 0.3626 
+ 0.3504 
+ 0.3468 


+ 0.3416 


~ 0.1892 
+ 0.7033 


+9.0243 - 


+ 9.0725 
+10.0725 
+10 8303 
+ 11.8303 
+12,7679 
+13.7679 


+ 0.3402 


+ 0.3385 “6. 1473 + 0.4866 
- 1.567 


+ 0.3371 -7. + 0.4900 


10,1823 
25.4558 
69.7222 
101.8233 
203.6467 
254.5583 
352.9687 
480.4296 


6.4853 - 
21.2132 
58.1018 
84.8528 

169.7056 
212.1320 
294.1406 
400.3560 


+9.6579 - 2.0297 
Maxima in Cylinder 
Shear Circum. 

cm 


Axial 


x,/a 


Shear 
x,/a 


Axial 
am 


in Cylinder 


Cireum, 


+0.7811 +1.0604 0.4146 0.2792 


0.2706 0.1850 
0.1645 0.1128 
0.1360 0.0932 
0.0656 
0.0586 
0.0497 


0.0425 


0.4640 
0.3019 
0.18634 
0.1517 
0.1070 
0.0956 


* Correction to Table 21. 
5.5289 should be 5 928) 


tion, Tey of 5 


/t of 254.5583, under Cylinder at Junc- 


I 


IN A PRESSURE VESSEL WITH A CONICAL HEAD 


y 


22 STRESS INDEXES IN AC AL RE 


VESSEL WITH CONICAL HEAD, @ = 60 DE 


(Upper values refer to stress at external surface; 


at interna! surface. 


16 
lower values refer to stress 


> = tension; = compression.) 


Cylinder at Junction 
Circum. 


13.5764 
33.9411 
92.9630 
135.7644 
271.5289 
339.4111 
470.6249 


6.4853 
21.2132 
58.1018 
64.6528 

169.7056 
212.1320 
294.1406 


+0.2808 - 0.3878 
+0.2773 


- 


+ 13.3452 


aft 


4/T 


Maxima in Cylinder 


Shear 


+ 5.3553 
~~ Location of Maxima 
in 
xial 


Axial” Circum. Shear” 
1 x,/a 


13.5764 
33.9411 
92.9630 
135.7644 
271.5289 
339.4111 


470.6249 


8.4853 
21.2132 
58.2018 
84.8528 

169.7056 
212.1320 
294.1406 


~0.0247 
~0.0237 
~0.0241 
~0.0244 
0.0247 
-0.0249 
-0.0250 


am 

+0.8105 +1.0667 0.3647 0.2474 
0.1641 
0.1008 
0.0836 
0.0592 
0.0529 


0 0449 
-1.3517 


TABLE STRESS INDEXES IN A 
VESSEL WITH CONICAL HEAD, @ = 60 DE 


(Upper values refer to stress at external surface; 


at internal surface. 


aft 


PRESSURE 
2.0 


lower values refer to stress 
compression.) 


+ = tension; 
Cylinder at Junction 
Shear Axial Cire 


16.9706 
42.4264 
116.2037 
169.7055 
339.4111 
424.2639 


21.2132 
58.1018 
84.8526 
169.7056 
212.1320 


+ 0.2280 


~ 0.2460 - 0.0182 
+ 0.1226 


-0. + 0.3875 


0.3871 


+ 0.2256 -1. 


+ 0.2249 
+ 0.2239 
+ 0.2236 


3.6301 + 0.4045 + 10.7765 


+ 3.0614 + 2.2943 + 41,.7785 


Shear ~ Axia 


Circum. 


16.9706 
42.4264 
116.2037 
169.7055 


339.4111 


424.2639 


6.4853 


21.2132 -0. 


58.1018 
64.8528 
169.7056 
212.1320 


-0.0222 


+ 0.8315 


: 
4 
x 
= 
Cylinder at Junction Cone at Junction 

213 19763 0.8256 0.8778 2.2684 + 0.7126 
50.8007 0.5232 +0.4117 - 2.5828 + 1.1339 

: 2.278) -0.0120 + 3.9828 +0.7158 \ 
1.8236 - 1.5769 + 0.4207 - 4.9652 2.6500 
84.8528 3.0825 +2.4461 - 0.5572 + 5.9652 + 0.6291 
4.083 00 -2.3089 -2.1559 + 0.4350 6.2076 + 3.4607 
‘ +2.9334 - 0.8533 + 7.2076 + 0.5638 
~ 4.9637 76 -3.4604 -3.5658 + 0.4427 - 9.1675 + 5.4161 
~ 0.4312 +4.0924 - 1.5748 + 10.1675 + 0.3864 
«384.1406 9.4 7.0292 5094 2054 
+10.8 1.0116 4.556 3072 5) 
400.3580 .3937 - 11.5 8.4641 1934 
ation of Maxima 
= Mal Circum. 
520 

4 0.1622 

‘ 
= /T Shea 
4853 i 10 
2.4300 2.4310 +0.7105 
0.4974 2.7752 - 1.2376 
3.2259 3.7752 + 0.7276 
0.3181 5.2213 - 2.7456 
5.1508 6.2213 + 0.6872 
0.0362 6.5008 - 3.5499 
5.5289 7.5008 + 0.6506 
= - 0.1854 6.5532 - 5.4870 
7.2391 10.5532 + 0.6799 
0 4409 62662 | 
- 0.7281 — 4 
xima Max 
__in Cylinder 
; 
0.0256 — 0.3280 0.2232 0.3663 
0.2189 + 0.98% + 0.1685 + 0.9788 
0.0255 +0.9398 + 1.094 0221 + 0.9911 + 1.1054 0.2140 0.1477 0.2382 
+ 0.0602 + 0.97 + 0.0089 + 0.9686 
0.0269 + 1.2673 + 1.16 20 + 1.9082 +1.17395 0.1311 0.0910 0.1457 
- 0.2673 + 0.95 - 0.3082 + 0.9483 
0.0275 + 1.4463 + 1.20% 120 +1.4700 +1.2102 0.1088 0.0756 0.1209 
-0.4463 + 0.93% 0.4790 + 0.9374 
0.0284 + 1.8827 + 1.29 21 + 1.7921 + 1.2089 0.0771 0.0536 0.0856 
- 0.8827 +0.91 0.7921 +0.9110 
0.0286 + 2.0698 + 1.33 «2.0591 + 1.3347 0.0690 0.0480 0.0766 
-1,0598 + 0.90 - 1.0591 + 0.9003 
- 1.3587 + 0.88 
0.0293 +2.6901 + 1.47 (0.0654 fal 
- 1.6901 + 0.86 —- 
a 
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The asymptotic formulas for Mo, M,, 6, 6; are given by Mac- 
Lachlan.’ The functions ber: & and bei; & and their derivatives 
= can be found from the same reference.'® 
(28M, + Qo) The exponential factor common to the asymptotic expressions 
for My and M, can be omitted in the calculations because the 
quantities A, B, C, and G appear only as ratios in the definitions 


of az, and be. 


ET6 [ m?d 4 Maximum Srresses in CYLINDER 


2 pdt The ordinary theory of maxima and minima can be applied 
ET’ la M 1 @ \s determine the maximum stress index (of any type) in the eylin- 

= E der away from the junction. The expressions of Table 1 imply 
m*pd* t pd? 2 pd that the location and magnitude of the shear-stress index and 


pd? 


axial-stress index are determined by the value of the shear-stress 

index at the junction and by the ratio A = 8Mo/Qo. The remark 

a m? d 7 also applies to the circumferential-stress index. This index is 

a 21 omitted from Table | because its complete specification has 

» many possible forms depending upon the sign and magnitude of 
both and 


Comparing with Equations [1] and [2] 


Maximum Srresses 1n Conicat Heap 


: Analogous to the maximum stresses in the cylinder, there are 
maximum stresses in the conical head away from the junction. 
These could be determined by further computations. However, 
in contrast to the cylinder, it is not possible to establish simple 
expressions for the three stress indexes since it is quite tedious 

Influence numbers for the conical head are determined by a to compute the values of & which establish the location of these 
procedure identical to that just illustrated. The final results are indexes. 


InNeLueENCE NUMBERS FOR THE ContcaL Heap 


Discussion 


H. C. BoarpMan."? This paper is just what it purports to be, 
namely, an analysis based on the theory of elasticity, giving the 
reader a clear. mental picture of the elastic behavior of the 
cylinder-cone junction regions of originally ideal, isotropic, stress- 

a 3bA1 + p) free, and seamless pressure vessels, each consisting of a perfect 
3 sec a 4 tan @ + it sec cylindrical shell and two perfect conical heads directly joined 
: thereto. This analysis indicates that for many—perhaps for 
2G most—commercial pressure vessels, each made of one cylinder 
"Cs 2QuG 4 pogie Me - and two conical heads, the elastic action covered by the paper 
Poise fag - occurs only during the first part of the ordinary hydrostatic test 
A/2 to 1'/, times the design pressure, and is followed in the later 
C + 2u@ stages of the test by some plastic deformation which gives the 
: ; eylinder-head region a new form and sets up a system of residual 
= atts bese? a — btana 3 sec a ese a stresses such that the subsequent behavior of the vessel in service, 
&* 4 &* although wholly elastic, is not calculable from the theory of elas- 
ticity because the vessel shape and the pattern and intensity of 
the locked-up stresses are unknown. 

A = Eo(bers’ & bets beis’ bers For example, the sample problem presented by the authors 
B = (bers’ &)* + (beis' £)* records computed stresses varying from 107,000 psi to 163,000 
Cm Edibers b bers’ bo + beis & beis’ &) psi depending upon the 7'/t ratio, and explains them by stating 
. r that “the magnitude of these stresses indicates, of course, that 
G = (bers &)* + (beis §o)* some yielding and stress relief has occurred in the neighborhood 
of the junction between the body and head .”” From one point of 
view the term “‘stress relief” is a misnomer in this case since it 
implies that the calculated stress intensities were reached and 
then reduced; actually, plastic deformation prevents stresses of 
the calculated intensities and leaves residual stresses when the 

test pressure is reduced to zero. 


w here 


The formulas for the ber and bei functions are given by N. W. 
MacLachlan. Asymptotic expressions for these functions and 
their derivatives are accurate to four or more significant figures 
whenever & exceeds 8. 

The calculations are based on the relations 


ber = cos 6, beto & = sin 
ber, = M, cos 0, bei; = M;, sin 0, See footnote 8, equations [59] to [62], p. 133. 

” See footnote 8, equations [159] and (160), p. 168, equations [15} 
to [19], p. 158. 

3 ™ sign of quantities 8, Mo, Qo are changed, 8 is replaced by " Details of the results and procedure can be obtained from the 
m/Vdt, D by Et®/m4, h by t, a by d/2. second author.* 

* “Bessel Functions for Engineers,” by N. W. MacLachlan, Oxford % Director of Research, Chicago Bridge and Iron Company, 
University Press, London, England, 1934. Chicago, Il. Mem. ASME. 
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The sample problem and the foregoing quoted comment thereon 
constitute an acknowledgment by the authors that the theory 
of elasticity is unable to solve fully the basie problem of the 
cylinder-cone junction. If, perforce, wholly fictitious and really 
impossible calculated stresses must be involved as one link in a 
chain leading to the solution of this problem, then, eventually, 
they must in some usable way be related to the actual change of 
shape and residual-stress system and evaluated in terms of service 
performance and safety. 

The writer has a growing conviction that the Pressure Vessel 
Research Committee (PVRC) of the Welding Research Council 
should and must assume the task of and responsibility for inter- 
preting such papers as the authors’ in terms which will throw 
light on the major job of deciding how to arrive at safe but 
economical designs, taking into account the plastic deformation 
occurring during the hydrostatic test and the residual-stress 
system established thereby. This, the writer believes, is what 
the financial sponsors of the PVRC want, not only with reference 
to conical heads, without knuckles and compression rings, with 
compression rings but without knuckles, and with knuckles with- 
out compression rings; but also with reference to the shallower 
torispherical and ellipsoidal heads. 

The authors have done a splendid analytical job and their 
paper in conjunction with others of its kind and the results of the 
work of the PVRC Design Division at Purdue University, pro- 
vides a foundation upon which, by an exercise of combined ex- 
perience, experiment, analysis, and judgment, the PVRC must, 
if it attains its avowed objective, reach specific workable conclu- 
sions which, in effect, will confirm the ASME Code rules of de- 
sign as they are, or recommend revisions thereof, or advocate 
entirely new rules. 

The authors deserve commendation for preparing a very 
thought-provoking paper. Following are some of the questions 
which it raises in the writer's mind: 


1 Are not conclusions 1 and 2 self-evident? It appears axio- 
matie that a cylinder under interna) gas pressure expands; that 
the base of a cone suspended on a vertical canvas cylinder and 
under internal gas pressure contracts since the canvas cannot re- 
sist the components perpendicular to the axis, of the along-the- 
element stresses; and that the tendency of the cylinder to expand 
and of the cone base to contract must cause discontinuities at 
their junction. 

2. Are localized working stresses of high intensity just as dan- 
gerous to the vessel as general stresses of the same intensity 
would be? Put in another way, would a streamlined vessel with 
a general working stress intensity equal to the localized working 
stress intensity of a conventional vessel (such as that of the 
sample problem) be just as safe as the latter? 

If the answer is “yes,” then industry should simultaneously 
streamline its pressure vessels and raise the design stress, thus 
promoting both safety and economy in materials, 

3 What is the optimum test pressure in terms of the working 
pressure and nominal working stress? Otherwise expressed, what 
test pressure will establish the optimum residual stresses and how 
can it be determined? 

4 Should there be any design limit, short of that which will 
produce buckling, on the ring compressive stress at a cylinder- 
cone junction? Put in another way, are all of the stress factors 
of Table 3 of equal significance? Should they all be held to the 
same numerical value? 

5 The authors state, “Where it is not possible to have the 
thickness the same in both cone and cylinder, it is more desirable 
to make the cone thicker.” Under what conditions would it be 
“not possible”’ to have the cone and cylinder the same thickness? 


STRESSES IN A PRESSURE VESSEL WITH A CONICAL HEAD 


Do the words “not possible” imply an excessive ring stress in the 
cone when the apex angle is large? 

6 How does a weld at the cylinder-cone junction affect the 
strains and stresses in the junction regions? 


‘Such queries haunt and hound the thoughtful reader of this 
paper; perhaps its greatest value lies in this fact. 


AvurHors’ CLosuRE 

The authors wish to thank Mr. Boardman for his careful and 
thought-provoking review of the paper. They wish to offer a 
number of comments in answer to his points. 

Mr. Boardman’s first paragraph indicates that plastic flow 
will probably occur at some points of a pressure vessel during 
the hydrostatic test but that the subsequent behavior in service 
will be wholly elastic. Since the volume of material involved 
in plastic flow may be extremely small, it seems entirely possible 
that some plastic deformation may occur each time the vessel 
is loaded or unloaded due to elastic stress in the other parts of 
the vessel. Such a wringing action could eventually result in a 
crack. Thus the high stresses indicated by elastic analysis 
are valuable since they point out locations where trouble may be 
expected. 

In locations where it is possible for plastic flow to occur, 
the maximum stress will be limited to the flow stress and the high 
peaks indicated by elastic analysis will be redistributed by in- 
creasing the stress to the flow value at nearby points. The 
authors agree that the term “stress relief” for this effect is a mis- 
nomer and “‘stress redistribution” might be preferable. 

Continuing his discussion, Mr. Boardman points out that be- 
cause of the plastic flow which intervenes at points of stress con- 
centration, the results of elastic analysis must be “evaluated” 
or “interpreted” before being applied to practical vessels. The 
authors believe that this is an oversimplified view of the situa- 
tion. Having made an elastic analysis, as in this paper, it then 
becomes necessary to analyze those small areas of the vessel 
where plastic flow is indicated. To compute the plastic stresses 
and strains in such areas is another problem of considerable 
difficulty in itself. Although these phases of the over-all design 
problem are only beginning to be investigated by rational methods 
it will be necessary to have such solutions before conclusions on 
the safety of practical vessels can be drawn. 

Mr. Boardman concluded by asking six questions. The 
authors’ comments on these are as follows: 

1 The “obvious” conclusions 1 and 2 were drawn to call 
attention to a basic defect in any design having sharp corners 
It has been shown that severe stress concentrations are set up 
at such points. In many practical cases plastic flow permits a 
vessel to resist the loads without damage. However, there are 
also circumstances where plastic flow is impossible so that such 
a design is unsafe. Two examples may be mentioned: (a) 
Ordinary structural steel at low temperatures; (6) low-alloy 
steels which have a high yield point obtained at the expense of 
reduced ductility. 

2 The authors believe that a design with stresses of high 
intensity throughout the vessel would be much more likely to 
fail than one where high stresses are confined to small areas. 
The following comments may be made: (a) When the high stress 
is localized, the surrounding elastic region exerts restraint on the 
region of high stress and makes the vessel stronger than if the high 
stress were general. (b) If a single local crack developed in either 
case, the localized stress is safer because the surrounding elastic 
region has, at least potentially, strain energy available up to 
rupture to absorb the energy released by the crack. (c) A general 
high stress is likely to produce cracks at some weak point of a 
structure. On grounds of probability a localized high stress may 
not occur at a weak point. 
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3 The answer to this question requires analysis of the plas- 
tic regions as discussed above. Both the elastic and plastic analy- 
ses are easeritial for a complete solution to these problems. The 
elastic analysis is needed to define the areas where plastic flow 
may occur. If residual stresses are set up by plastic flow, the 
elastic analysis is still needed to compute the total stress at a 
point during cycles of loading and unloading. It seems obvious 
that approximate elastic theories would be of little use since 
precise values of stress at all points must be known if a combined 
elastic and plastic case is to be correctly analyzed. 

4 The authors agree that, in general, the significance of posi- 
tive and negative stresses will be different. The importance of 
ring compressive stresses was emphasized in the recent paper by 
Messrs. Wilkin and Wetterstrom." 


"Lateral Buckling of Circular Stiffening Rings in Compression,” 
by L. A. Wilkin and Edwin Wetterstrom. Presented at the Annual 
Meeting of Tue American Society of Mecuanicat ENGINeERS, 
Atlantic City. N. J., Nov 25-30, 1951. 
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It is mainly in recent years that rational methods have been 
applied in studying the flow of metals under biaxial or triaxial 
resses. Considerable progress has been made on problems of 
forming, drawing, rolling, etc., but much less attention has been 
given to the conditions under which failure of the material 
willoceur. This is certainly an area where future research work 
should make a concentrated attack. 

5 The authors had in mind the occasional assembly of small 
vessels from salvaged components, as might be necessary for emer- 
gency repairs or experimental work. It is also conceivable that 
it might be necessary to use a thicker head to provide sufficient 
metal for reinforcement around openings which might be neces- 
sary after the vessel is erected and which might be difficult to 
otherwise reinforce. 

6 A large amount of current research is devoted to weld- 
ing. Several years will probably elapse before firm conclusions 
= be drawn regarding the behavior of welds under structural 
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Turbine Lubricating Systems After Service 


Section I on Oil Systems of Turbines of Technical Com- 
mittee C of ASTM Committee D-2 on Petroleum Products 
and Lubricants sponsored the paper on “Recommended 
Practices for the Cleaning of Turbine Lubricating Systems 
Before Service’’ presented at the 1947 ASME Annual Meet- 
ing (ASME Trans. 1948, vol. 70, pp. 363-367). In 1950 it 
was agreed that Section I of Technical Committee C of 
ASTM Committee D-2 would function as a Joint ASTM- 
ASME Committee on Turbine Lubrication. The Joint 
Committee sponsored the paper on “Recommended 
Practices for the Cleaning of Turbine Lubricating Systems 
After Service” presented at the 1950 ASME Annual Meet- 
ing. Appendix I to this paper, prepared in March, 1951, 
by the Joint Committee, covers “Recommended Practice 
for the Purification of Turbine Oils.” 


lubricating systems of turbines after service should be ac- 

complished through the co-operative efforts of the turbine 
builder, the operator, and the oil supplier. No phase of this 
work should be undertaken without a thorough understanding of 
the possible effects on subsequent operation of the unit, nor 
should it be entrusted to persons lacking in experience without 
adequate supervision. 


] T SHOULD be emphasized that the procedure for cleaning 


Cieanine May Be Necessary 


Trouble-free operation of steam turbines depends to a large 
extent upon the cleanliness of the lubricating-oil system. After 
use, there may accumulate in such systems deposits as a result of 
contamination by impurities such as dust, dirt, lint, pulverized 
coal, fly ash, rust, welding beads, scale, water, emulsions, in- 
soluble oil degradation products, and combinations of these. 
In addition, there is always the possibility of other materials in 
the surrounding atmosphere getting into the oil system such as 
cement dust, chemicals, and so forth, as well as the possibility 
of other foreign materials such as rustproof or pipe-thread com- 
pounds, gasket or lagging materials, or cutting oil being left in 
the system after repairs or changes are made. These foreign 
meteciels may cause clogging of the oil lines with resultant bear- 
ing damage or failures, fouling of governors, deposit on coolers, 
aod the like. In addition, they may cause foaming, emulsifica- 
tion of the oil with water, and accelerate oil degradation. Blister- 
ing or flaking of permanent-type protective coatings in tanks may 
occur, and the loosened material may clog the lubricating system. 
It should be emphasized that mere draining of the oil from the 
system may remove only a small portion of the deposits described 
in the foregoing. 

Adequate oil purification during circulation, through the use 
of oil-purifying equipment of proper size and design, will go far 
to prevent build-up of insoluble foreign matter in the system. 
Periodic inspections of the lubricating system will indicate 


Contributed by the Joint ASTM-ASME Committee on Turbine 
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whether proper maintenance practices are being followed and 
should be supplemented by other inspections when serious varia- 
tions in operating data are observed. The following recom- 
mended practices cover normal procedures for checking on the 
extent of accumulation of deposits and for removing them from 
the system. 


Wuen Cuieanine May Be Necessary 


Turbine manufacturers usually recommend that within the 
first year of operation, a new turbine be taken down for complete 
general inspection. This offers an excellent opportunity also for 
inspecting the oil system for evidences of deposits, corrosion, 
and abnormal wear. 

When a turbine is placed in service, a close watch should be 
kept until operating conditions have stabilized. By this means, 
normal! oi! outlet and inlet temperatures to bearings, coolers, 
and other parts can be established. It is common practice to 
keep as a part of the log the temperature differentials across bear- 
ings and coolers. When this temperature differential at the 
coolers departs from the established norm, deposits may be ac- 
cumulating on either the oil or water side of the cooler. It is 
also common practice to take frequent samples of the oil for 
visual inspection for the presence of water, emulsions, or sus- 
pended matter. Laboratory tests made upon periodic samples 
will indicate whether any significant change in the oil is occurring 
which might lead to the accumulation of deposits. Frequent 
inspections of the oil-sump drain, and of the oil-purifying equip- 
ment also will help to indicate the rate of deposit accumulation. 

Any unusual conditions noted (increase in rate of deposit re- 
moval by the oil-purifying equipment, departure from normal 
oil pressure at any point in the system or oil-purifying equip- 
ment, presence of water in the oil, change in temperature dif- 
ferential, change in oil tests) will be a warning that some ab- 
normal condition is present in the turbine system. Through 
inspection, the source of the difficulty must be determined and 
any deposits which have accumulated must be removed. It is, 
of course, desirable to eliminate the causes as soon as possible, 
to hold formation of deposits to a minimum, and possibly avoid 
necessity for extensive cleaning of the lubricating system. 

Inspection of the turbine-lubricating system may show de- 
posits ranging from a viscous oil film to solids which completely 
choke oil passages. When an appreciable quantity of deposit is 
found in a turbine system, it must be removed. The method of 
cleaning will depend, of cou. se, on the amount and the nature of 
the insoluble material present. Laboratory examination of a 
representative sample of the deposit will assist in determining | 
the best means of removal. Obviously, it is impractical to make 
any all-inclusive statement on what should be considered an ap- 
preciable amount of deposit; only experience will serve as a 
guide to the evaluation of conditions. 

Final decision as to the means of removing the insoluble ma- 


CLEANING oF TURBINE Sysrems 


concerned, including the turbine manufacturer and oil supplier. 


Ou AND MARINE 


A marked change in the oil temperature differential across the 
cooler with no change in water flow or water temperature may 
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indicate an excessive build -up on the oil or water side 
of the cooler, or of both. On larger units, twin coolers are 
usually installed so that one of them can be removed from service 
for cleaning without interruption of turbine operation. Where 
the cooler tube bundle can be removed from the system, cleaning 
methods may be employed which would not be considered practi- 

cal for the turbine lubricating system proper. Hot water or 
steam washing, or petroleum flushing oi! usually are employed 
for cleaning the oil side of the coolers. 

If other cleaning agents are employed, they should be used only 
with full appreciation of the following: 

Regardless of the materials used, all traces of the cleaner 
should be removed thoroughly to prevent subsequent oil con- 
tamination. The cleaner employed should not attack the finish 
of the tubes, since such attack may lead to the formation of 
metallic soaps which can stabilize oil-water emulsions. In 
addition, cases have been reported where ac 


Ow Systems or Stationary Unirs 


The following methods have been used with success for the 
cleaning of stationary units of varying sizes. The particular 
method selected will depend to a large extent upon laboratory 
examination of the deposit and cleaning materials, facilities and 
time available. Regardless of the method selected, when ap- 


-_precinble quantities of deposit are present and accessible, the 


_ bulk of the deposit, of course, should be removed manually. 
Stream Hot-Water CLEANING—Stationary Units 


- Tarry matter from oil-degradation products and oil-water 
emulsions often can be removed from turbine parts by steam or 
hot-water washing. Individual cleaning of parts is desirable 
when using these methods. Care must be taken not to blow 
steam or hot water into bearings or governor mechanisms which 
usually are cleaned manually. Steam is preferable to hot water 
owing to the possibility of sealding. 

When using hot water, boiler feedwater at a temperature 
above 180 F usually is employed and is blown through the piping 
at high velocity. If the piping can be dismantled, this may be 
done to insure more thorough cleaning. Bearing pedestals and 
oil reservoirs are cleaned by directing a stream of hot water 
against the surface of the parts. Clean dry air should be used 
immediately after the hot water to dry the parts. 

Steam at high velocity has been used with good suecess under 
a variety of conditions. A flexible steam hose is used with the 
end covered with a cap tapped for the insertion of a short nipple 
with an opening approximately '/, in. diam. Pedestals, reser- 
voirs, and pipe are steamed out and dried with clean dry com- 
pressed air 

Since steam or hot-water washing will remove protective oily 


lubricating system should be protected as quickly as possible 
with a rust-inhibited turbine or flushing oil. Governor parts 
should be dipped in the rust-inhibited oil immediately after 
cleaning, and the unit should be assembled and a rust-inhibited 
_ turbine or flushing oil circulated through it, as soon as possible. 


Cieanine Wrra Fiusaime On.—Srationary Unrrs 


, The exact steps to be taken depend en- 
tirely the turbine construction. In some instances, 
maximum flow is steured by removing the upper halves of the 
_ bearings and any external orifices, if used; or by rolling the lower 
halves of the bearings about the shaft sufficiently to uncover the 


upon 
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oil-supply passages. The bearing-pedestal covers are then re- 
placed to prevent unnecessary oil leakage. In other cases, 
maximum oil flow is obtained easily by removing the internal 
connection pieces between the oil-supply-line and each bearing. 
The connection pieces are within the bearing housings and are 
accessible by removing inspection-opening covers placed there 
for that purpose. 

A sufficient charge for flushing (50-75 per cent normal oil 
charge) of rust-inhibited turbine or flushing oil is then placed in 
the turbine. The oil is heated in any convenient manner to be- 
tween 150 and 180 F, and maintained at this temperature while 
being circulated by the turbine auxiliary oi] pump for from 4 to 24 
hr or more, depending on the size of the turbine, or nature and 
amount of deposits. The oil may be heated by passing hot 
water through the water section of the cooler or by installing a 
temporary low-pressure (5 psi maximum) steam coil in the oil 
reservoir. Venting devices and continuous by-pass oil purifiers, 
available as part of the oiling system, should remain in operation 
during the entire flushing period. 

Oil piping, passages and parts in the governing system which 
come in contact with oil need to be cleaned. This should be 
done without danger of scoring the working parts of the governing 
mechanisms. During the flushing operation the pilot valves can 
be removed and the pistons either removed or blocked in their 
open position. 

In some instances the high-pressure oil passages to the governor 
and their control mechanisms are blanked off during the early 
stages of flushing so as to have relatively clean oil for flushing the 
governor system. Toward the end of the flushing period, the 
blanks should be removed so the flushing oil can clean the oil 
piping and passages of the governing system. 

After flushing, the governor parts, passages, and so forth should 
be cleaned manually with lintless cloths. 

A clue to the required duration of flushing may be obtained 
from a periodic check of the strainers and other oil-purifying 
equipment. When successive inspections reveal no noticeable 
increase in deposits, it is reasonably certain that all contaminants 
have been removed from the system. Clean lintless cloth bags 
are often placed inside the strainers, their appearance during 
flushing giving a ready check on the progress of cleaning. 

As soon as the flushing is completed, the oil should be drained 
from the tanks, coolers, and oil-purifying equipment while they are 
still hot, but venting should continue until the system returns 
approximately te room temperature. This will assure more com- 
plete drainage, as well as the removal of any impurities that may 
be oil-soluble at flushing temperatures, and will minimize conden- 
sation that could cause rusting. All low spots that could serve 
as traps must be drained and the accessible parts of the lubrica- 
tion system inspected as thoroughly as possible, any remaining 
deposits being removed manually with lint-free cloths. 

Then bearings and piping may be returned to their original 
locations, and assembly of the turbine completed. The turbine 
is then charged with a supply of clean lubricating oil of the grade 
to be used for regular operation, and given the customary opera- 
tional checks accorded every unit before it is placed in regular 
service. At the conclusion of this step, many operators con- 
sider it good practice to make a final investigation of the clean- 
liness of the oiling system. When conditions permit, the oi] may 
be removed temporarily from the system so that the latter can be 
given a thorough inspection. If this is impossible, or inadvisable, 
at least the strainers and oil-purifying equipment should be 
checked for the presence of excessive or unusual deposits. 


Cieantne Durtne Service—Srationary Unrrs 


In some instances, where a lightly sludged unit cannot be 
taken out of service for a sufficient time for thorough cleaning 
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prior to an oil change, continuous by-pass circulation of the oil 
in the system, through a clay filter, has been used to remove from 
the system solids and partially soluble oil degradation products. 
It should, of course, be appreciated that passing an inhibited oil 
through clay will remove the inhibitors—hence it is suggested 
that the oil supplier be consulted before employing this proce- 
dure. 

Because the unit is in operation when such a process is followed, 
governor operation and bearing temperatures should be watched 
carefully, since solid particles may be loosened which would be 
large enough to restrict oil flow and interfere with operation. 


CLEANING Marine Proputsion Unrrs 


It is not practical to use the same methods in cleaning dirty 
marine units that can be employed for stationary units because 
of the more extensive piping and the presence of gear sets with 
their lubricating devices, which make the marine oil system more 
complicated than those of stationary units. The inaccessibility 
of the oil piping in marine units makes it impractical to clean by 
flushing with hot water or steam. ‘The complex oiling systems of 
marine units may permit greater build-up of deposits in inac- 
cessible For such systems deposits can be removed 
most effectively by consecutive flushings with a rust-inhibited 
flushing oil, followed by turbine oil of the grade recommended 
for regular operation. The following procedure has been used 
in a number of cases: 

The used oil is drained from the system, which is then ar- 
ranged so as to secure maximum oil flow and velocity to all parts 
of the assembly. This is done by removing the upper halves of 
the bearings and any restricting orifices, if used; or, if necessary, 
by rolling the lower halves of the bearings about the shaft suffi- 
ciently to uncover the oil-supply passages. The bearing pedestal 
covers must be replaced to prevent leakage. At the same time, 
all tanks and sumps should be cleaned manually to remove as 
much of the deposits as possible, to avoid unnecessary circulation 
of such material while the actual flushing operation is under way. 

The flushing oil (50 to 75 per cent of normal oil charge) is then 
placed in the system and heated to a temperature of 150 to 
180 F by any of the means suggested previously. This improves 
the solvency of the oil and expands the piping and other parts, 
both of which contribute to the removal of the maximum amount 
of deposits 


locations 


During flushing, the dehumidifier system (if used), oil-purifying 
equipment, and strainers should be kept in continuous opera- 
tion. Near the end of the flushing operation, the turbine should 
be rotated by the turning gear a number of revolutions equivalent 
to about one revolution of the ship's propeller, in order to facili- 
tate complete flushing. In some cases, auxiliary filters, pumps 
and lines have been employed to assist in the removal of con- 
taminants. 

It is recommended that the hot flushing oil be circulated 
through the system for 2 hr, then stopped for 1 hr; and that this 
eycle then be repeated two more times. Following this three-cycle 
schedule, the oil coolers, bearing oi! header, and oil strainers 
should be cleaned, since this will permit later inspection of their 
condition to serve as an indication of the progress in cleaning. 
Circulation now should be resumed and continued until the 
system is clean. This will be determined by inspection each 
6 hr of the oil coolers, bearing oil header, and strainers. At more 
frequent intervals the pressure drop across the strainer should be 
observed, as a ready clue to the rate at which deposits are ac- 
cumulating. When deposits no longer accumulate on the in- 
spected parts, the system can be considered clean. Approxi- 
mately 48 hr over-all is usually sufficient for a thorough cleaning, 
even under extremely dirty conditions. The use of a lance has 
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been found effective for washing down interior parts of the gear 
casing and sides of the gears. Temporary fine-mesh strainers or 
lintless cloth bags may be inserted in lines during preliminary 
flushing. 

When the system is clean, the flushing oil should be drained 
immediately while still hot, to promote complete drainage and 
to prevent oil-soluble contaminants from again becoming in- 
soluble and precipitating out of the oil on the cleaned met: sur- 
faces. 

Immediately after draining, new rust-inhibited turbine oil of 
the grade to be used for regular operation should be put in the 
system and circulated for about 2 hr for displacement purposes. 
During this period, either the turbine should be rotated again by 
the turning gear as already described, or turned continuously 
by the turning gear during the flushing period. This will establish 
on all lubricated surfaces a film of the same oil which will be 
used normally. The turbine oil used for displacement must be 
drained completely, even from the low pockets that can serve as 
traps. 

During flushing with turbine oil or with flushing oi! and the 
displacement oil, as the case may be, the governing assembly 
should be cleaned in a similar manner to that recommended for 
stationary installations. Following the final flushing operation, 
the governor assembly should be cleaned manually with lintless 
cloths. 

Any flexible-shaft couplings should be inspected carefully for 
cleanliness. 

After completion of flushing, an inspection of tanks, sump, and 
accessible piping should be made. Remaining oil and deposits 
should be removed manually with lint-free wiping cloths. All 
parts previously altered to secure maximum oil flow should be re- 
turned to their proper condition, and the system charged with the 
correct grade of turbine oil. 

In exceptionally dirty marine turbine systems, it has been the 
practice of certain commercial turbine-cleaning companies to 
employ the use of powerful cleaning agents such as organic sol- 
vents or chemical solutions. In some instances certain of these 
materials are mixed with petroleum flushing oils prior to use. 
Such materials, while they may not dissolve the deposits, are 
often used since they will dissolve the materials which act as 
binders for the other solids such as rust, scale, dirt, and the like. 
The successful application of such materials requires highly 
specialized knowledge and equipment and should not be at- 
tempted by those not fully aware of the hazards involved. In 
the past, where suitable precautions have not been followed, 
serious damage has resulted owing to corrosion of certain com- 
ponent parts of the system or because of the fact that it was im- 
possible to remove completely from the system all of the cleaning 
agents used or the compounds formed by their use, and these had a 
serious effect on the performance and life of the equipment and /or 
the turbine oil subsequently placed in the system. 

net 
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Appendix 


In order to insure continuity of operation in the modern 
turbine station there are always provided duplicate auxiliaries 
such as pumps, coolers, motors, and even spare boiler and gener- 
ating capacity. These are purchased and installed to keep the 
station running so that there will be no unexpected shutdown and 
the resultant loss of income. An oil-purification system is in 
this same category in that it is insurance against lubrication 
failures. 

The purpose of an oil-purification system is lo keep the oil free 
from contamination by water, solid materials, and deterioration 
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a products. Such contaminants may interfere with the continuous 
and satisfactory operation of the turbine and/or shorten the 
useful life of the oil. 

Since it is difficult to determine when contamination is likely to 
occur and since it is desirable to remove it as quickly as possible, 
it is recommended that the purification system be operated con- 
tinuously while the turbine is running. In fact, it also might 
be advisable to operate the system when the turbine is not in 
operation, although this is not usually necessary. 

In current practice 10 to 20 per cent of the volume of oil in the 
turbine system is put through the purifying equipment every 
hour. This applies both to inhibited and noninhibited oils. 
This practice may be altered up or down as local conditions might 
indicate as being necessary 

There are four types of turbine-oil purification systems, i.e., 
gravity separation, centrifugal separation, pressure filtration, and 
vacuum vaporization. Currently available equipment may 
employ a single system or may combine two of these systems, the 
most common combination consisting of a pressure filter plus 
one of the other systems. The pressure filtration may follow 
gravity, or centrifugal separation to provide a polishing action, 
that is, the removal of colloidal particles of fly ash, dust, and 
so forth, to below 5 microns in size; and to provide for the removal 
of moisture haze. Pressure filtration may be with inert filtering 
media for either straight mineral or inhibited oils. Adsorbent 
earth may be preferred for straight mineral oil. 

The purification system usually includes its own pump or 
pumps for the recirculation of the oil, independent of the turbine 
circulation system. The purification system should not remove 
rust or oxidation inhibitors or other additives. 

The take-off point at which the oil that is thus by-passed for 
conditioning should be the lowest part of the turbine oil reservoir. 
On some turbines a built-in internally vented overflow is pro- 
vided. On those not so constructed by the turbine manufacturer, 
an external overflow should be provided to maintain the normal 
operating level of oil in the turbine. In the case of small tur- 
bines where there is no vacuum above the oil in the reservoir, 
this overflow may be vented to the atmosphere. Where the 
turbine is equipped with a vapor extractor for maintaining a 
vacuum above the oil in the turbine reservoir, this external over- 
flow must be vented back into the vacuum. 

After passing through the oil-conditioning equipment the re- 
entry of the clean oil should be at a point in the turbine oil reser- 
voir as remote from the take-off as possible. This re-entry point 
should be above the normal operating level of the oil in order to 
prevent flow-back to the filtering equipment, when the turbine 
is shut down and filtering equipment is below the oil reservoir. 
As a precautionary measure a check valve also should be placed 

i in this line 

It is considered desirable to install a by-pass with lock valve 
in the drain line around the overflow from the bottom of the 
reservoir direct to the purifying equipment. The purpose of 
this is to remove any water that may possibly have “pocketed” 
in the reservoir, and preferably should be done when the turbine 
is not running, or if necessary during operation, suitable (watch- 
ing) precaution should be taken not to drain any oil. 

As several types of oil-purifying or conditioning equipment, 
such as filters and conditioners, operate on either a low or a high 
"pressure, the level gage or the pressure gage would be the signal 
for inspecting the filtering or conditioning equipment. In 

a other words, when a predetermined high head or pressure has 

been reached in the filter or conditioner, or the bowl-cleaning 

schedule of a centrifugal purifier calls for it, the equipment should 

be cleaned or filter elements renewed, as called for by the supplier 
of this equipment. 

The factors which affect the life and lubrication qualities of 


APRIL, 1952 


THE OF, PESERVOR May BE ATTACHED TO TURBINE 

AS SHOWN OF May BE DETACHED LOCATED 
EQUIPMENT 


Firow Diacram or Torsine Or Purteication 


turbine oils are, in general, heat, moisture, contact with some 
metals, oxidation products, sludge, and solid particles. Effec- 
tive removal of water, sludge, and solid particles of contamination 
are important. The oil is often warm enough coming from the 
turbine oil reservoir for satisfactory conditioning, but sometimes 
it is necessary to increase the temperature. The heaters used for 
this purpose should be so designed that spot overheating will not 
occur. In the case of gravity filters, the oil should not be left in 
contact with the water that has been separated and all interior 
parts should be coated with a satisfactory corrosion-preventive 
sealer. 

As in the case of the oil reservoir in the turbine itself, it is 
also desirable to remove moisture above the oil surfaces in some 
types of filtering or conditioning equipment by means of a small 
vapor extractor. If insurance regulations demand it, this blower 
should exhaust to the outside of the building. Any tanks, special 
equipment, or piping used in connection with the oil-conditioning 
system should be cleansed thoroughly by approved methods in 
such cases where it is not possible to coat them with a sealer as 
described in the foregoing. 

As part of this report the committee at large requested that we 
include the following excerpts in regard to water washing and 
clay filters which were endorsed by the committee at its June 24, 
1946, meeting as follows: 


Water 


“The committee went on record against water-washing oils 
containing rust and oxidation inhibitors since experience indicates 
such practice may cause some reduction in inhibitor content. 
The only exception to the recommendation might be in the case 
of contamination of the rust and oxidation-inhibited turbine oil 
with corrosive materials which are water soluble. The committee 
sees no objection to water-washing straight mineral turbine oils 
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if such practice is desirable to remove corrosive materials, oil with rust and oxidation-inhibited turbine oils since experience — 

deterioration products, or potentially corrosive contaminants. indicates such filters will remove the rust inhibitor and some _ 

It is recommended that, where water washing is employed, the types of oxidation inhibitor from present-day rust and oxidation- _ 
water have a pH of 6.5-8, and a conductivity of 2-5 micromhos.” inhibited turbine oils.” 


Where straight mineral oil is used it is sometimes desirable to 
Cray Frivrers 


remove products of oxidation, corrosive and so forth 
“The committee went on record against the use of clay filters by the use of clay-type filters. | - 
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of Temperature of Gun Flash’ 
or Other 


A of the line-reversal 
nique has been utilized for the determination of the ie 
perature of an exploding gas mixture. A monochroma- 
tor, employing either a photomultiplier or lead-sulphide 
photoconductive cell as the detector, has been used to 
isolate characteristic sodium, potassium, and water-vapor 
radiation at 0.589, 0.77, and 0.942 microns, respectively. 
Peak temperature values determined for the external 


associated ‘with the firing 7 a gun. Values obtained by 
reversal of the characteristic radiation just mentioned did 
not agree even when corrected for the possible error due tq 
the variation in emissivity of the tungsten comparison 
source. This result was not unexpected and is discussed 
in terms of the reaction kinetics involved. A general dis- 
cussion of the significance of temperature of gaseous ex- 


plosions is also presented. It is believed that techniques 
such as those presented should be ful in combustion 
research. 


INTRODUCTION 


ECENT developments in the field of combustion research 
have led to the desirability of a technique for the deter- 
mination of the temperature of the reaction as a function of 
Many of these reactions are of relatively short time dura- 

tion of the order of 1 millisee or less. Conventional techniques 
such as the use of thermocouples, or other temperature-indicating 
devices having an appreciable mass, have proved inadequate for 
measurements of this type. The line-reversal method of deter- 
mining flame temperature, as postulated by Féry (1)* in 1903, 
represents a favorable possibility for the determination of the 
temperature of transient flames. Briefly the theory behind Féry’s 
method is as follows: As seen in Fig. 1, an image of an incandes- 
cent filament is focused in the position at which the temperature 
of a mass of gas is to be determined. The image is in turn focused 
on the entrance slit of a conventional spectroscope, and the com- 
bination spectra produced by the hot incandescent filament and 
the flame in the optical path are observed in the focal plane of the 
spectroscope. With no flame present in the optical path, the 
observed intensity at a particular wave length, usually that of 
sodium D-line radiation, can be expressed as 


time 


! Based on research performed for the Army Ordnance Corps. » 

* Professor of Mechanical Engineering, Purdue University. Mem. 
ASME. 

*? Numbers in parentheses refer to the Bibliography at the ena of 
the paper. 

Contributed by the Heat Transfer Division and presented at the 
Fall Meeting, Minneapolis, Minn., September 26-28, 1951, of Tue 
American Soctety or MecHANIcat ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
June 6, 1951. Paper No. 51—F-6. 
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known as secondary flash, 


Rapid Transient Phenomena 


COMPARISON SOURCE 
IMAGE FORMING LENS 
OF C 

2 FOCUSSING LENS 
MONOCHROMATOR SLIT 
REGION OF SECONDARY 
FLASH 

GUN MUZZLE 


Ss 
Fic. 1) Scnematic Diagram or ExpertMentTat ARRANGEMENT 
where C is a constant depending largely upon the apertures of 
the instrument, and £7 is the emissivity of the source (assumed a 
black body) at the wave length \, and the temperature 7. Witha 
flame containing dispersed sodium atoms (assumed for purpose of 
discussion to be a steady flame) the observed intensity can be ex- 
pressed as 


oe ‘ 
= CT* a + ( r ) ar| 


where C and £).7 are the same as before, a)_7” is the absorptiv- 
ity of the sodium flame at wave length A, and temperature 7”, and 
€ 7° is the corresponding emissivity of the sodium flame. By 
Kirchhoff’s law 


Ey r [3] 
and since 


Equation (2| can be written 


where 7’, is the apparent temperature of the image of the source. 
We can now consider the three cases for which the flame is 


either (a) at a higher temperature than, (b) at a lower temperature f; 


than, or (c) at the same temperature as the comparison source. 
For case (a), 7’ is greater than 7',; therefore 1 — (7’/T',)* is 
negative, and the observed intensity of the sodium D-line radia- 
tion will be greater than the intensity of radiation at this fre- 
quency from the comparison source, and the sodium lines will 
appear brighter than the background. 
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For case (6) 7” is less than 7, and | (7T"/T,)* ia positive. 
In this case the intensity of the sodium-line radiation will be less 
than that of the background radiation and the sodium D-lines 
_ will appear as dark lines. Absorption is taking place in this case 


_ due to the flame being at a lower temperature than the comparison 


4 
For case (c) 7’, = T’ and therefore (F) 


= 1. The observed 


_ intensity at. the sodium D-line frequency will then be the same as 


r In this case the tempera- 

ture of the flame is considered to be the same as that of the com- 
parison source. The temperature of the comparison source is 
usually determined by means of an optical pyrometer which has 
previously been calibrated with a black-body source and some 
other secondary temperature standard, such as a calibrated ther- 
mocouple. The operation of the pyrometer depends upon match- 
ing the brightness of the comparison source used in these experi- 
ments to the brightness of the black body at a known tempera- 
ture. A red filter is used in most pyrometers with the result that 
the brightness is actually matched in the spectral region near 
0.665 micron. The quantity measured by the line-reversal 
method is also the brightness of the flame at some particular 
wave length, usually that corresponding to the sodium D-line 
radiation at 0.5890 and 0.5896 micron. The fact that the 
pyrometer is calibrated at 0.665 micron and the line-reversal de- 
terminations are at other spectral positions is discussed later, 
and corrections are made to allow for the spectral emissivity 
characteristics of the comparison source. 


Sreapy APPLICATIONS 


In steady flame applications of the method, the detector utilized 
is the huraan eye which, of course, has a limited frequency re- 
sponse which is not rapid enough for determinations of transient 
phenomena such as described in this paper. In the present appli- 
cation, two types of detectors were used, depending upon the 
spectral region in which the determinations were made. For ob- 
servations of the reversal of the sodium-line radiation, a 1P21 
photomultiplier tube was used, and for observations of reversal 
of potassium-line radiation near 0.77 micron and the water-vapor 
band at 0.942 micron, a lead-sulphide photoconductive cell was 
used. The experimental setup for the rapid temperature deter- 
minations, which will be discussed, was essentially the same as is 
conventionally used in steady-state line-reversal experiments, 
with the exception that an exit slit was used to isolate the par- 
ticular spectral range being observed, and the detectors just 
mentioned were used in place of the human eye. The signals 

generated by the detectors were amplified through conventional 
electronic amplifiers and presented by a single sweep arrangement 
on an oscilloscope screen. The resulting trace was photographed 


asa simple time exposure with a 35-mm camera. 


The data presented in this paper are relative to a particular 
transient flame which is developed by the firing of a gun and is 
usually referred to as secondary flash. The muzzle gases which 
are released as the projectile leaves the barrel contain a large per- 
centage of two principal combustibles, carbon monoxide and 
hydrogen. The burning process which is in progress inside the 
barrel up to the time of projectile emergence, is extinguished as 
the muzzle gases expand by a practically adiabatic process. How- 
ever, the mixing of atmospheric oxygen with the muzzle gases 


produces a combustible mixture which can be ignited, and the re- 


sult is a secondary explosion which is initiated some distance 
ahead of the muzzle of the gun. As shown in Fig. 1, the image of 
the comparison source is focused some distance ahead of the 


ty a muzzle at a position where it has been determined previously 
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Fie. 2 Sequence or Events on Typicat Oscitvoscope Trace 
that ignition of this secondary explosion is likely to occur. 

Fig. 2 is a typical oscilloscope trace produced by the absorption 
of the sodium-line radiation which has occurred during the time 
of the secondary explosion. All subsequent traces will have this 
same general appearance so that a description of the events shown 
in Fig. 2 will serve as an introduction to the type of information 
which has been obtained. The beginning of the trace corresponds 
to the instant at which the firing pin makes contact with the 
primer. A time scale is indicated progressing from right to left, 
and the first event recorded is the passage of the projectile 
through the optical path. This results in an absorption of radia- 
tion from the comparison source which has been energized pre- 
viously and its temperature determined by means of the optical 
pyrometer. Approximately 2 millisec later the muzzle gases 
which have emerged from the barrel and have cooled adia- 
batically due to the sudden expansion, enter the region inter- 
cepted by the optical path. Since they are at that time much 
cooler than the comparison source, absorption of the radiation 
from the comparison source by the cold sodium atoms present as 
impurities in the muzzle gases results in a downward deflection of 
the oscilloscope trace. 

Ignition of the secondary explosion then occurs, a flame is 
established, and its temperature begins to increase. A maximum 
temperature is reached approximately 4 millisec after projectile 
emergence, following which the temperature of the flame de- 
creases, reaching a minimum in about 4 millisee after the maxi- 
mum. The cold sodium atoms present in the optical path are 
then dispersed, and the trace gradually rises back to the original 
level corresponding to no absorption. Thus we have represented 
in the entire trace a somewhat more complicated series of events 
than is ordinarily encountered with steady-state applications of 
the line-reversal technique. 

Initially, it was intended to obtain an indication of the peak 
temperature of the secondary-flash reaction according to the 
following reasoning: The initial absorption process is due to the 
fact that the comparison source is at a temperature considerably 
higher than the temperature of the cooled muzzle gases which 
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initially enter the optical path. The subsequent rise in tempera- 
ture due to the secondary-explosion results in the peak emission 
being at a level near the original base line. The peak of the emis- 
sion curve would be on an extension of the original base line if the 
peak temperature generated by the secondary flash were just that 
of the comparison source. If the peak flash temperature were 
higher than that of the comparison source, the trace would rise 
above the initial base line, and, if the peak flash temperature were 
below that of the comparison source, the maximum would be be- 
low the initial baseline. Traces of this type will be discussed later 
in connection with Figs. 4, 5, and 6. 

Fig. 3 is a plot of the relationship between the current passing 
through the incandescent tungsten filament being used as a com- 
parison source, and the temperature of this source as indicated by 
a Leeds & Northrup optical pyrometer. Actually, the tempera- 
ture indicated in Fig. 3 is the temperature of the image of the 
comparison source as it was formed ahead of the muzzle as shown 
in Fig. 1. This technique was used in order to avoid errors due to 
absorption by the lens used to form the image of the comparison 


source. 
| 
on} 
d 
CURRENT 


Temperature-Current TUNGSTEN 
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Discussion oF Resutts 


In general, it can be stated that the validity of the line-reversal 
method of determining temperature depends upon the establish- 
ment of the following types of equilibrium in the reaction zone 


(2): 

(a) Translational degrees of freedom. ; 

(b) Internal degrees of freedom. 

(c) Chemica] equilibrium. 

The theoretical flame temperature corresponds to the state of 
complete statistical equilibrium of items (a), (b), and (c), and, 
according to Lewis and von Elbe (3) “can be calculated for a 
given content of total energy of the gas from heat capacities 
and dissociation equilibriums obtained by statistical-mechanical 
methods from band-spectroscopic and other data.’’ Experimental 
flame temperature, on the other hand, corresponds to equilibrium 
of the translational degrees of freedom obtained by determining 
the parameters of the gas law, pressure, and molar volume. 

Concerning item (b), Lewis and von Elbe (3) found that “with 
monatomic gases argon and helium as diluents the experimental 
and theoretical temperatures are identical within narrow limits of 
error, but that with diatomic gases like excess oxygen or nitrogen 
the experimental temperatures are appreciably higher than the 
theoretical. This indicates that the latter gases are slow to absorb 
energy in the internal degrees of freedom which they possess in 
distinction to the monatomic gases, and that equilibrium (b) is not 
established in the burned gas behind the flame front. The 
phenomenon has been referred to as excitation lag (3), implying 
that the collisional excitation of the internal degrees of freedom, 
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particularly those of vibration, is lagging behind the chemical | 
reaction.” 

Lewis and von Elbe made the following comment (2) concerning — 
Bauer's (4) work relative to the determination of the temperature ae 
of Mekker-burner flames by reversal of sodium and other charac- a a 
teristic lines in the visible spectrum, wherein identical tempera- 
tures were found in every case: “ It does not seem possible to in- — aa 
terpret this result in any other way than that statistical equilib- = rl 
rium is established in all cases, either completely or at least —__ 
between the electronic degrees of freedom of the metal atoms and 
the translational degrees of freedom of the gas.” 

The phenomenon of excitation lag and the question of whether 
or not complete equilibrium has been established are pertinent to eo 
the present experiments since the atomic “thermometers,” ; 
sodium and potassium atoms are used’ as well as the molecular aii 
thermometer H,O for the temperature determinations. “oo 


Reversat or Soprum-Line Rapiation f 


Fig. 4 is a series of traces similar to the one shown in Fig. 2 for 
comparison source temperatures as indicated, and for reversal of 
sodium-line radiation. The technique used to obtain this series of 
traces and those shown in Figs. 5 and 6 was as follows: The 
monochromator was adjusted so that radiation of the desired fre- 
quency passed through the exit slit. The image of the comparison 
source was adjusted for a particular temperature, according to the 
curve shown in Fig. 3, and formed ahead of the muzzle of the gun 
in the position indicated in Fig. 1. This image of the comparison 
source was then focused on the entrance slit of the monochroma- 
tor. The gun was fired and the sequence of the events previously 
discussed, and shown in Fig. 2, took place. 

The comparison source was then adjusted for a different tem- 
perature and the process repeated until a temperature was found 
for which the position of peak emission would lie on an extension 
of the initial base line. In Fig. 4 curve (a) is an oscilloscope trace 
showing the time variation of intensity from the secondary ex- 
plosion with no current flowing through the comparison source. 
The passage of time proceeds from right to left at a rate indicated 
by the calibration shown in (b). Trace (c) was obtained with 10 
amperes flowing through the comparison source, giving a bright- 
ness temperature of i785 K. The peak temperature of the flash 
is obviously greater than 1785 K, since very little initial absorption 
has taken place, and the peak intensity from the explosion lies 
considerably above the initial base line. In traces (d) and (e) the 
temperature of the comparison source was increased to 1890 K 
and 1990 K, respectively, with the indication that the peak tem- 
perature was still higher than 1990 K. 

Traces (f), (g), and (h) are repeat runs at 2065 K, showing that 
the maximum temperature is being approached. It will be 3 
noticed that the peak intensity for these three traces is con- 
sistently slightly above the original base line. With a comparisor 
temperature of 2120 K as indicated by traces (i), (j), and (k), the | 
peak intensity is very close to the level of the original base line 
and, finally, in traces (1) and (m), a compar/son temperature has — 
been reached which is definitely higher than the temperature ie 
corresponding to the maximum intensity from the reaction zone. ae a. 
A consideration of all the traces shown in this figure would indi- se 9 a 
cate that the peak temperature of the reaction was approximately Cys lag 
2130 K. 

The sharp downward spike due to the passage of the projectile 
through the optical path is readily seen in traces (c), (d), and (e). 
The variation in depth of this initial sharp spike is due to the 
change in intensity of radiation from the comparison source. It a 


tiny 
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will also be noticed that the “grass” on the base line increases in 
magnitude as the current through the comparison source is in- 
creased. This is due to the increased intensity of the random 
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10 AMP — |1785°K AMP — 1890°K 12 AMP —1990°K 


3 AMP 165°K 


4 


(m), 
14 AMP — 2160°K 


Temperarure Determination BY Means or Reversat or Na-Line Raptation at 0.589 Micron 


4 
% 
(i) (j) (k) 
13.5 AMP — 2120°K 


fluctuations inherent in the photomultiplier tube at the higher 
light levels. 

It is known that potassium is effective in the suppression of the 
secondary explosion when added in sufficient quantity as some 
salt such as potassium sulphate. This would indicate that potas- 
sium takes part in a chemical reaction, either as the atom or as the 
oxide, probably in connection with intermediate products formed 
during the secondary reaction. 

If no potassium salts are added intentionally, the potassium 
atoms present as impurities but not in sufficient quantity to 
suppress the secondary reaction, might still take part in the reac- 
tion and thus perhaps not be in chemical equilibrium with the 
system. This could, of course, result in obtaining a value of tem- 
perature different from that indicated by sodium-line reversal, 
since establishment of chemical! equilibrium was one of the neces- 
sary postulates for the validity of the line-reversal technique. 
Therefore the experiment was repeated with the spectroscope ad- 
justed to pass the strong potassium doublet near 0.77 micron 
through the exit slit. A lead-sulphide photoconductive cell was 
used as the detector in this case since the photomultiplier does not 
have sufficient sensitivity in this region of the spectrum. 


Temperature Determination BY Porasstum-Line Reversat 


Fig. 5 is a group of traces showing the results of temperature de- 
termination by potassium-line reversal, and the following com- 
ments are relative to this figure: Traces (a) and (b) have the 
same significance as in Fig. 4. ‘The remaining traces shown [(c) to 
(k) inclusive] cover a relatively narrow temperature region since 
it was indicated by the sodium line-reversal experiments that the 
temperature was probably above 2000 K. Traces (c), (d), and 
(e), with the comparison source at 2160 K, indicate that the peak 
temperature is somewhat higher than this value. Traces (f), (g), 
and (h) at 2200 K indicate that this value is near but just slightly 
below the correct value. Traces (i), (j), and (k) indicate that the 
value is somewhat less than 2240 K. An averaging technique 
based upon the distance of the peak intensity for each trace above 
or below an extension of the base line results in a value of 2215 K 
for the peak temperature of the flash as determined by potassium- 
line reversal. It is believed that this value is significantly higher 
than the value of 2130 K determined by sodium-line reversal. 

This is discussed in more detail later. 


Reversat or Warer-Vapor Banp 


i order to compare temperature values as determined by a 


polyatomic thermometer, reversal of the water-vapor band at 
0.942 micron was studied. The results are shown in Fig. 6 and 
the following comments are relative to this figure: 

Traces (a) and (b) have the same significance as previously, 
with the exception that increasing time is from left to right. A 
wide range of temperatures is shown because of the fact that con- 
siderably more variation in results at any particular temperature 
was found with this series of determinations. Traces (c), (d), and 
(e) at 2065 K indicate that the peak temperature is greater than 
this value. All three of these traces are consistently above the 
base line at the peak intensity. With the comparison source at 
2160 K [traces (f), (g), and (h)], the temperature at the peak-in- 
tensity position is consistently above the base line except on trace 
(f). However, the shape of this trace at the peak is flat, a condi- 
tion which was not usually encountered. The flat top on trace 
(f) is not felt to be due to an electronic difficulty but to a peculiar- 
ity in the emission of the characteristic radiation from the radiat- 
ing water-vapor molecules. 

Traces (i), (j), and (k) are a good illustration of the degree of 
inconsistency encountered in the determination of temperature 
with the water-vapor molecule, the value of 2240 K being ap- 


AGNEW—LINE-REVERSAL TECHNIQUES IN DETERMINATION OF TEMPERATURE OF GUN FLASH 


337 


parently too high in trace (i), and too low in traces (j) and (k). 
The inconsistency is also apparent, relative to the value of 2320 K, 
as shown in traces (1), (m), and (n). Only at a temperature of 
2390 K was the position of peak intensity consistently below the 
initial base line. 

The same averaging process used in connection with Fig. 5 
was used for the water-vapor determination with the resulting 
value for the peak temperature of the flash being 2230 K. It will 
be noted that this figure is close to the value of 2215 K determimd 
by potassium-line reversal but still considerably higher than the 
value of 2130 K as determined by sodium-line reversal. It will be 
noticed in most of the traces shown in Figs. 5 and 6 that the 
initial downward deflection caused by the passage of the projec- 
tile through the optical path is very sharp on the downward por- 
tion but rises slowly toward the initial base line, in most cases just — 
reaching the initial base line before the second rapid downward 
deflection due to absorption by the cold muzzle gases. This is 
particularly noticeable in frame (f), Fig. 5. The spreading out of 
the deflection due to the projectile in Figs. 5 and 6, as compared 
to the very sharp spike in the traces in Fig. 4, is due to the poor 
frequency response of the lead-sulphide photoconductive cell. 


PosstsLe Source or Error 


One possible source of error in the present determinations is 
that due to the variation of emissivity of the comparison source 
as a function of wave length. The emissivity of tungsten 
decreases at longer wave lengths and, therefore, the spectral 
brightness is lower. A lower brightness means that the tempera- 
ture of the filament must be raised to give a reversal temperature 
equivalent to that obtained in a wave-length region of greater 
brightness. Thus consider reversal at the wave lengths used in the 
present determinations, that is, at 0.589, 0.77, and 0.942 microns. 
The pyrometer is calibrated at 0.665 micron with reference to a 
black body whose emissivity is unity at all wave lengths. The 
emissivity of tungsten at the wave lengths being considered is 
given in Table 1. 


TABLE 1 SPECTRAL EMISSIVITY OF TUNGSTEN AT 2200 K 
Wave 
length. Emissivity 

0. 589 446 


For example, if the peak temperature of the flash were actually 
2200 K, as determined by the reversal of a hypothetical spectral 
line at 0.665 micron (the wave length for which the pyrometer is 
calibrated) the height of the oscilloscope trace at a peak flash in- 
tensity would just reach the level of the original base line, if the 
image of the comparison source was adjusted for a temperature of 
2200 K. If now the temperature were determined by reversal of 
the sodium line at 0.589 micron, since the brightness of the com- 
parison source is greater at this wave length, the intensity of the 
flash would not match the comparison radiation and the false __ 
conclusion would be that the flash temperature was below 2200 K. — 

If the potassium line at 0.77 micron were used, the reverse 
would be true due to the lower value of emissivity of tungsten at — 
this wave length, and an excessively high value of temperature 
would be obtained. The magnitude of the error to be expected 
due to this phenomenon can be calculated readily. It can be seen 
in Table 1 that the percentage change in emissivity from 0.589 
micron to 0.77 micron is 


0.446 — 0.416 


= approximately 7 per cent 
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In order to evaluate the error in temperature introduced by a 
change in emissivity of 7 per cent, consider the expression for the 
monochromatic brightness in the visible spectrum of a nonblack 
body 

he 
The problem is: How much of a temperature change corresponds 
to a 7 per cent change in € for a constant B,,,,? Thus 


Buy = & 


d /dt(e*/>T) 
007 
or 


Consider the temperature range near 2200 K and a wave length 
of 0.77 micron 


0.07 x 0.77 (2200) 
14,320 


aT = 20 deg (approx) 


and 


T = 22000— 20 = 2180K 


This would be the value of temperature obtained by reversal of 
the sodium line at 0.589 micron as compared to the value of 2200 
K determined at the wave length of 0.77 micron by potassium-line 
reversal. 

The actual values of temperature determined were 2130 K with 
sodium-line reversal and 2215 K with potassium-line reversal, a 
difference of 85 deg. This is, of course, considerably greater than 
the possible error just calculated, owing to the change in emis- 
sivity of the comparison source. The situation with regard to re- 
versal of the water-vapor band is somewhat more serious. As 
shown in Tabie 1, the change in emissivity from 0.589 micron to 
0.942 micron is 


0.446 — 0.387 
be 0.416 


A calculation similar to the previous calculation would indicate 
that a value of 2200 K, as determined by reversal of the water- 
vapor band at 0.942 micron, would correspond to a value of 
2160 K, as indicated by sodium-line reversal, a difference of 40 
deg. The experimental values found were 2130 K with sodium- 
line reversal and 2230 K by water-vapor reversal, a difference of 
100 deg. From these calculations the peak temperature of gun 
flash as determined by the three different methods and corrected 
for the change in emissivity of the comparison source is as 
follows: 


By sodium-line reversal........... 2130 K 
By potassium-line reversal... . 2215 — 20 = 2195 K 
By H,0 band reversal... .... 2230 — 40 = 2190 K 


The temperature as determined by sodium-line reversal was left 
uncorrected. 


Consistency or Soprum-Line-Reversat Resuuts 


Attention is again called to the consistency of the results ob- 
tained with sodium-line reversal, as shown in Fig. 4. This is 
taken as an indication of the establishment of equilibrium between 
the electronic degrees of freedom of the metal sodium atoms and 
the translational degrees of freedom of the gas. Also, it is believed 


that these results would indicate the establishment of chemical 
equilibrium between the sodium atoms and the remainder of the _ 
system. 

The higher values of temperature indicated by potassium-line = 
and water-vapor-band reversal are believed to be due to the fol- 
lowing: In the case of potassium, since it is believed that the . 
potassium atoms take part in the chemical reactions, they 
are probably not in chemical equilibrium with the system and are 
probably excited to a level corresponding to a temperature greater 
than the equilibrium temperature for the system. The less con- 
sistent results with potassium-line reversal could be due to varia- 
tions in the extent to which the potassium atoms have taken part 
in the reaction. 

The situation with respect to water vapor is somewhat different 
for two principal reasons, as follows: 


(a) The thermometer in this case is a polyatomic molecule, 
and the establishment of temperature equilibrium with respect to 
this molecule might be much more complex than is the case with 
the metal atoms. 

(b) Water vapor is an actual end product of the chemical reac- 
tion, and the phenomenon of self-absorption due to cooler layers 
of water vapor near the outside of the reaction zone could be 
present in various degrees. 


It is known that the use of totally colored flames in line- 
reversal determinations leads to values of temperature which are 
probably intermediate between the maximum temperature at the 
center of the reaction zone and the minimum temperature in the 
outer layers. However, in connection with secondary gun flash it 
is not necessarily true that a large degree of temperature inhomo- 
geneity exists. 

Because of the nature of the occurrence of the flame, it is possi- 
ble that the entire zone being observed is essentially homogeneous 
in temperature. 


Comparison With Work or Orner Investigators 


Assuming that the value of 2130 K, as determined by sodium- 
line reversal, is the most nearly correct value of the three values ob- 
tained, it is of interest to compare this value with the values 
found by other investigators for other fast combustion flames. 
For example, Rassweiler and Withrow (5) determined a tempera- 
ture of 2333 K at the firing end of an Otto-cycle engine using line- 
reversal method. Later, Hottel and Eberhardt (6) calculated this 
temperature to be 2344 K on the basis of adiabatic combustion. 
El Wakil, et al. (7), using a technique similar to that described in 
this paper, obtained a value of 2900 K for the flame temperature 
in an internal-combustion engine. The lower values reported in 
this paper could be due to a number of possibilities, the most 
pertinent of which are probably as follows: 


(a) The use of totally colored flames, possibly net serious as 
mentioned previously. 
(b) A high degree of excitation leg due to the speed of the reac- 

tion. 

(c) An actual difference in the maximum flame temperature for 
the flames referred to in references (5, 6, and 7), and the flames 
studied in the present investigation. 


CONCLUSION 


In conclusion it should be noted that with proper regard for the 
phenomenon of excitation lag, the method should prove useful for 
the determination of the variation of temperature with time for 
rapid transient flames. The technique described should prove 
useful in reaction-kinetics studies, since components, which have == 
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1000 CYCLE /SEC 
TIMING WAVE 


13 AMP —2065°K 


(g) 


I4AMP —2160°K 


Fra. 6 (Above and right on facing page) Temperature Determination sy Means or Reversat or HO Banp Raptation at 0.942 Micron 


characteristic emission lines and which take part in the reaction, 
should give varying temperature values, and these values should 
be capable of interpretation in terms of the particular system of 
reactions being studied. 
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Discussion 

J. H. Porrer.‘ The photocell technique, initiated by Graff,* 
has been used in a number of internal-combustion-engine tests 
with apparently satisfactory results. At the present time the 
writer is working on an application of the Graff method, using 
sodium-line reversal as a temperature-calibrating device. 

It is unfortunate that the author gave so brief an account of 
his experimental apparatus. The data in such a test could be 
accumulated in a relatively short time, but the details of the in- 
strumentation and the methods for mounting the test equipment 
would have been a most welcome addition. Experience has 
shown that the tungsten lamp and the method for injecting the 
alkali salt may constitute auxiliary research problems in them- 
selves. The author has indicated to the writer that the sodium 
and potassium salts, which produced the characteristic oscillo- 
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*“Messung des Gastemperaturverlaufes in Verbrennungskraft- 
maschinen,”’ by H. Graff, Zeitschrift des Vereines deutscher Ingenieure 
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scope patterns, were present as impurities in the propellant 
charge. 

With both sodium and potassium salts present in each explo- 
sion, it occurs to the writer that it might have been possible to use 
a spectroscope with two photocells set for the two respective wave 
lengths, as used by Uyehara, et al. This would have established 
an average value of the flame temperature by two simultaneous 
line reversals on the identical gun flash. It is possible that some 
of the spread of the flame-temperature values could have been 
reduced in such a method. In fact, it is not clear as to the exact 

*“Flame-Temperature Measurements in Internal-Combustion 


Engines,’ by O. A. Uyehara, P. 8. Myers, K. M. Watson, and L. A 
Wilson, Trans. ASME, vol. 68, 1946, pp. 17-30. 


—2390°K 


method by which the flame temperatures were established from — 
the oscillograms. 
Although it is perhaps a trivial matter, it might be well to shift 
the line following Equation [5] of the paper so that it follows im- 
mediately after Equation [4] in the final printed version of the — 


paper. This would make the development of the equation read 
more smoothly. 

In the section comparing the present work with that of other aa 
vestigators, there is no need for concern over a lack of ae 
It is probable that the present work dealt with a more nearly 
homogeneous flame temperature than any of the tests run on in- iY, 
ternal-combustion engines. 
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Avutuor’s CLosuRE former associates, relative to the preparation of an additional 
The comments of Professor Potter are appreciated and, due paper which will contain details of the experimental tech- 
to the fact that several other people have expressed a desire for _ niques. 
a a more complete description of the experimenta]l methods, the Professor Potter is correct in assuming that the apparatus 
AY author has communicated with Mr. Robert Benn,’ one of his could be rather easily adapted to the method of simultaneous 


? Research Engineer, The Franklin Institute Laboratories for Re- intensity determination at two or more wave lengths. The 
search and Development, Philadelphia, Pa. author intends to do this in the near future. 
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Circular in Crossflow 


at Reynolds Numbers From 20 to 500 — 


An experimental investigation using the Zehnder Mach 
interferometer reveals the temperature field around heated 
cylinders in an air stream normal to the axis. From the 
temperature distribution the local distribution of the 
heat-transfer coefficient around the cylinder circumfer- 
ence is obtained. The thermal boundary layers are quite 
thick, especially for the lower Reynolds numbers investi- 
gated and the separation occurs farther downstream than 
at high Reynolds numbers. Accordingly, the contribution 
of the stagnant region at the downstream side of the 
cylinder to the over-all heat transfer is low (approximately 
15 per cent), and the heat flow into the upstream side is 

larger than into the downstream 


Test 


The investigations were carried out in a rectangular tunnel as 
shown in Fig. 1. The tunnel consists of an inlet nozzle, a rectangu- 
lar channel, a duct which changes the rectangular cross section 
to a circular one, a cylindrical piece with by-pass louvers, and a 
conical duct at the end of which a fan is arranged. The fan sucks 


INTRODUCTION 


olds numbers is valuable for the development of instru- 

ments using wires, such as thermoelements and hot-wire 
anemometers. It is also of interest for investigations on heat- 
transfer at low pressures (1).* These investigations are by their 
nature usually confined to smal] Reynolds numbers. 

There exists considerable literature on average heat-transfer 
coefficients of cylinders in crossflow (2, 3). Investigations are 
also known on the local distribution of the heat-transfer coeffici- 
ents at high Reynolds numbers (3, 4,5). This paper deals with an 
experimental determination of the local Nusselt numbers on 
cylinders in the low Reynolds-number range. 

The investigations were carried out at the Power Plant Labora- 
tory of the Air Materiel Command, Wright Patterson Air Force 
Base, Dayton, Ohio, using an interferometer which was built at 
this laboratory (6). The experiments were not very extensive in 
nature and some basic difficulties which are connected with low 
Reynolds-number investigations and which will be discussed 
later on could not be overcome completely. Because of these 
facts the results were not published immediately. There seems to 
exist, however, a widespread interest in data in the low Reynolds- 
number range justifying that ihe results of our investigations are 
made available to the public. Permission by Wright Field to 
publish the results of the investigation is gratefully acknowledged. 

! Both authors worked on the investigations covered in this paper 
when affiliated with the Power Plant Laboratory, AMC Wright 
Patterson Air Force Base, Dayton, Ohio. The senior author is now 
with the National Advisory Committee for Aeronautics. Lewis Flight 
Propulsion Laboratory, Cleveland, Ohio. Mem. ASME. 

*U. 8. Air Force, Office of Air Research, Dayton, Ohio. 

*? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Heat Transfer Division and presented at the 
Fall Meeting, Mi Pp Minn., Se ber 26-28, 1951, of Tue 
Society oF MECHANICAL ENGINEERS. 
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of the Society. Manuscript received at ASME Headquarters, June 6, 
1951. Paper No. 51—F-9. 
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air with velocities up to 25 fps through the channel. The tunnel 
was designed by T. J. Keating and used for a study on the tran- 
sition from laminar to turbulent flow within the boundary layer 
on 4 flat plate (7). The studies were carried out with a Zehnder 
Mach interferometer. Therefore two rectangular windows were 
arranged in the walls of the rectangular channel consisting of 
optically ground glass plates with a thickness of 0.1 in.‘ 

During the experiments it was found that the air flow continued 
for a considerable time after the electric power was cut off from 
the fan. It decelerated only gradually. This, together with the 
fact that the interferometer obtains the whole field in one photo- 
graph, made it possible to conduct with the duct investigations at 
very low velocities. By arranging cylinders with different 
diameters in the cross section A-A of the duct, the experiments at 
low Reynolds numbers to be described were carried out. The 
cylinders were made out of solid copper and heated prior to the 
tests. Their heat capacity was sufficient to assure a slow tem- 
perature decrease. Three cylinders with 0.5, 1, 1.5 in. diam and 9 
in. lengths were used. By order-of-magnitude calculations it was 
found that the deceleration of the flow was sufficiently small to 
cause only minor deviations of the flow field around the cylinders 
from a steady-flow condition. 

There is an inherent difficulty connected with low Reynolds- 
number investigations in a duct. The boundary layers along the 
walls of the duct build up so fast that they have already met in the 
center when the air leaves the entrance nozzle. Therefore it 
seems impossible to obtain in any cross section a field with prac- 
tically uniform velocity. Therefore it was thought more favora- 


ble to have at least a well-defined velocity field. Such a field Rides 


exists in cross sections where the flow is already fully developed. 
The shape of this field is identical with the shape which a thin — 
membrane assumes when it is stretched over the cross section 
considered and when a constant pressure is supplied to one side oo 


the membrane. The velocity field determined in this way along ~~ 


‘ «Manufactured by the Optron Laboratory, Dayton, Ohio. 
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the two center lines of the rectangular cross section is shown in 
Fig. 2. Also indicated in the figure is the size of the largest cylin- 
der used in the investigations. 


Fic. 2) Vevocrry Fretp tn Cross Section A-A or TUNNEL 


At the time the investigations were made, no instrument was 
available to the authors with which the low air velocities of some 
inches per second could be measured. In addition there exists 
a basic difficulty in measuring velocities at very low Reynolds 
numbers. The ordinary Pitot-tube formulas do not apply at 
very low velocities, as was first pointed out by M. Barker (8). 
Therefore the Reynolds number was determined from the aver- 
age Nusselt number obtained from the evaluation of the inter- 
ferograms. The temperature field around the cylinder was 
obtained from the same interference photogranhs. 


EVALUATION 


The interferometer was adjusted in such a way that the inter- 
ference lines are lines of constant density. At the low velocities 
the pressure variation in the flow field around the cylinders can be 
neglected as compared to the temperature variation. Therefore 
the interference lines are at the same time lines of constant tem- 
perature (isotherms). The evaluation of the interferograms was 
handled in the same way as in reference (9). 

Fig. 2 shows that the air velocity decreases toward the ends of 
the cylinder which spans the whole tunnel. No attempt was 
made to correct the interferogram which integrates the air 
density along the light path for the thermal end effects caused by 
this deviation from the two-dimensional flow. The small bound- 
ary-laver thickness obtained, however, made a correction neces- 
sary which takes into account the refraction of the light rays in 
traveling through the test section. As indicated in Fig. 3, a light 
ray A is bent in traveling through a region where a density 
gradient exists normal to the light-ray direction. 


Fic. 3) Liowt-Ray Rerraction Heateo Bounpary Laver 


In the case under consideration, the density gradient is caused 
by the temperature gradients through the heated boundary layer 
around the cylinders, In the tests the variation of the tempera- 
ture throughout the boundary layer was small as compared to the 
absolute temperature 7’. As a consequence, the angle 8 under 
which the light ray leaves the heated boundary layer along the ob- 
.< with the length lis small. With this assumption and neglect- 
ing temperature variations in the direction parallel to the cylinder 

axis, the angle § is expressed by the following equation 


« dy 
ae which n is the refraction coefficient, and z and y are the co- 
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ordinates along and normal to the investigated object. Assuming 
the gradient of the refraction coefficient On/dy to be constant 
along the light ray the expression simplifies to 


n 


For the small displacement 6 occurring in the experiments the 
foregoing assumption is justified. The refraction coefficient n is 
for gases determined by the expression 


in which p is the density and C a constant. From this equation 
the gradient of the refraction coefficient is found 


Expressing the density p by the equation of state of an ideal gas 
with the pressure p and the gas constant R, the angle 8 finally be- 
comes 

cl 


B= 


Since the shape of the light path as determined from Equation [2] 
is a parabola, the transverse displacement b of the light path on 
the side where the light ray leaves the boundary layer is 

C 2 

2n RT? dy 
At this place the temperature is lower by the amount (dt/dy)b 
than on the spot where the light ray enters the test section. The 
average amount by which the temperature along the bent light- 
ray path is lower than at the spot where the light ray enters can be 
found easily by an integration to be (dt/dy)b/3. The screen on 
which the interference lines appeared was focused on the center 
plane of the channel. At this adjustment the optical system 
compensates to a first approximation half the above value (10). 
Therefore the temperature correction is 


cep {dt 

In the experiments described here the maximum amount of the 
temperature correction determined from Equation [7] was 2 deg 
F or 10 per cent of the temperature variation throughout the 
boundary layer. 

The loca! Nusselt number Nu for the heated cylinder based on 
the diameter D of the cylinder is (9) 


when 6,’ is the subtangent on the temperature profile as shown in 
stg nas Fig. 4. This temperature profile along 
Lf, aie a normal to the surface is found for 
ene any position around the cylinder from 
ie Gig the evaluation of the interferograms. 
The Reynolds number for the tests 
was determined from the average 
Nusselt number Nu which was found 
by an integration of the local Nusselt 
ber around the cylinder circum- 
ference. For such a procedure a rela- 
tionship between the average Nusselt 
number and the Reynolds number is 


= 
Fic.4 Derermination 
or SUBTANGENT 


THE ASME 
| 


necessary. The Reynolds number as used in this paper is the 
product of the cylinder diameter and the onstream velocity, di- 
vided by the kinematic viscosity of the air. McAdams (2) gives 
for the Reynolds-number range under consideration the empiri- 
cal expression 


Nu = 0.32 + 0.43 Re*-*. {9} 


A similar expression which contains the square root of the 
Reynolds number instead of the power 0.52 was derived theoreti- 
cally in reference (1). It is known generally that the Nusselt num- 
ber for any two-dimensional lamina? boundary-layer region is 
proportional to the square root of the Reynolds number as long as 
the boundary-layer thickness may be regarded as small. There- 
fore the constant term in Equation [9] takes care of the fact 
that at low Reynolds numbers, the boundary-layer thickness 
becomes considerable as compared to the cylinder diameter. A 
qualitative understanding of this mechanism may be obtained 
from a very simple calculation introduced by I. Langmuir and 
applied to the heat-transfer on cylinders. Replacing the 
boundary layer by a stationary film of uniform thickness and cal- 
culating the heat transfer by the heat conduction through this 
film leads to the expression 


2 
4 in (1 + 2B/D) 


in which B is the thickness of this film, and D the cylinder di- 
ameter. The thickness B is now determined in such a way that 
Equation [10] changes to a relationship 


when the ratio of the film thickness to the cylinder diameter goes 
toward zero. In this way the equation 


2 


2 
cv Re 


In order to simplify this unhandy expression, it is de- 
velopedin to a series in V Re around Re = 10. Retaining only the 
first two terms of the series and introducing the value 0.451, de- 
termined from test results at higher Re number for the constant (, 
results in the expression 


Nu = 


is obtained. 


Nu = 0.765 + 0.480 Re 


A better agreement with the existing experimental values is ob- 
tained by a correction of the first constant in the equation. The 
formula 


Nu = 0.43 + 0.48 [14] 


represents in the Reynolds-number range from 1 to 4000 within 4 
per cent Hilpert’s experimental values (11) which seem to be 
especially reliable. This formula was used for the determination 
of the Reynolds number from the measured average Nusselt 
number. The calculation in reference (1) gave values for the con- 
stants which are only slightly different. 


REsvu.ts 


_ Figs. 5 to 10, inclusive, show interference illustrations on 


<—e at low Reynolds numbers. Three cylinder diameters 
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Around CYLINDERS 


Its thickness decreases with increasing Reynolds number. The 
point on the cylinder where the flow separates from the surface 
is considerably farther downstream than at high Reynolds num- 
bers. The region behind the place of separation is fairly steady at 
low Reynolds numbers and starts to become turbulent at the high- 
est Reynolds number shown in Fig. 10. Some asymmetry toward 
the flow direction which is from left to right may be observed, es- 
pecially at the smaller Reynolds numbers. This asymmetry is 
caused by free convection effects. These temperature fields have 
to be compared with the corresponding flow field. 

Fig. 11 shows the flow field around cylinders in the interesting 
Reynolds-number range, as observed by Homann (12) by flow 
visualization. It is seen that for 
Reynolds numbers smaller than 1, 
no separated region exists on the 
downstream side of the cylinder. 
However, bec ause of the Viscous 


RE<! 


behind the cylinder than 
they departed ahead of the cylinder. 
At a Reynolds number around 20, — 
a stagnant region with a slow inter- 
nal circulation can be observed. At 
Reynolds numbers larger than 100, 
vortexes separate alternately on the 


der and are carried downstream 


upper and lower sides of the cylin- > 


forming von vortex street. 
Evaluations of the interferograms a 

are presented in Figs. 12 and 13 in a Z 

rectangular co-ordinate system, and 


were used in the investigations. From the figures it can be seen 
that a thermal boundary layer develops around the cylinder. 
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in Fig. 14 in a polar co-ordinate system. The stagnation point 
indicated by a = 0 in the figures was determined so that the 
curves are symmetrical on both sides of this point. Two facts 
are again obvious in these figures. The point of separation is 
considerably farther downstream than at high Reynolds num- 
bers, especially at the lowest Reynolds numbers investigated. 
a the range of the stagnant region and its contribu- 


Fro. 12. Disrrisution or Loca. Nu Numper Arounp Crrcum- 
FERENCE OF CIRCULAR CYLINDERS 


(a = angular distance from stagnation point.) 


T pes224 


° 
Fie. 13° Disrrisvtion or Locat Nu Numper Arounp Crircum- 
FERENCE OF CirncULAR CYLINDERS 
(a@ = angular distance from stagnation point.) 


tion to the over-all heat transfer to the cylinder is small. It 
was found to be smaller than 15 per cent. Therefore the cool- 
ing effect of an air stream on a heated cylinder is in this Reyn- 
olds-number range quite ununiform. 
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Discussion 


R. M. Drake, Jr. The paper presents for the first time some 
experimental evidence of the distribution of the local heat-transfer 
coefficients around horizontal circular cylinders in flows at low 
Reynolds numbers. The value of the experimental data would 
have been enhanced if an independent determination of the Reyn- 
olds number could have been made rather than relying upon the 
experimental correlation given by Hilpert for its determination. 
Such an independently determined Reynolds number together 
with the Nusselt number as determined optically would have 
given a check on the validity of the Hilpert and King data in the 
low Reynolds-numbers range as well as upon the optical method 
for determining the Nusselt number. The writer appreciates the 
fact that these omissions are easier to point out than to rectify. 

The analysis referred to in reference (1) of the paper, which 
was based on the idea of pure radial conduction from the 
cylinder to an infinite medium, predicts a local heat-transfer co- 
efficient distribution of the form 


hus 
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where @ is the angle from stagnation, and r, the radius of the correspondence. The experimental local values are considered — 
cylinder, which when integrated around the cylinder for an aver- to be more representative than the analytical values. 


age Nusselt number for Reynolds numbers greater than 300, yields A a bOiininien 


‘oun Nu = 0.50 + 0.44 V/Re The authors are aware of the fact that additional measure-_ os ; 


‘This result compares well with Equation [14] of the paper 
which the author used, as he has indicated. Local values of 
Nusselt number as predicted by the analysis in reference (1) do es 
not correspond with the local experimental values as determined A way of determining the Reynolds number independently would _ 
optically. This is not surprising as pointed out by the assump- have been to measure under steady conditions the volume flow = 
tions made in the analysis, and on such bases it is probably fortui- eA 
tous that the integrated average values ind indicate the demonstrated _ 
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Loads 


Inelastic deformation in metals is known to be a time- 
dependent phenomenon; however, the theoretical rela- 
tions between load and deformation do not, in general, 
include the effect of time. Most of the experimental data, 
confirming these theoretical relations, have been obtained 
using screw-powered or hydraulic testing machines in 
which the load “falls off” as inelastic deformation occurs. 
Furthermore, these tests have been made without regard 
to the length of time -y for inelastic deformation 
to cease at any given load. This investigation was under- 
taken to determine the effect of testing members under 
dead load where each increment of load could be main- 
tained on the member a sufficient length of time until 
equilibrium was attained. Five statically determinate 
beams, four mild-steel beams of various cross sections, and 
one rail-steel rectangular beam were tested in a dead-load 
testing machine. The load-deformation diagrams were 
found to have a stairstep appearance, unlike the smooth 
continuous curves usually reported. The ultimate load- 
carrying capacity of the mild-steel beams was found to be 
considerably below that predicted by theory, and time 
delays of appreciable magnitude were observed for the 
initiation of inelastic deformation at a given load. A 
more stable behavior was observed for the rail-steel beam 
under dead load, and the experimental results were found 
to correlate well with theory. 


INTRODUCTION 
Te literature of today contains much experimental and 


theoretical work on the nature of inelastic deformation in 

steel members and its influence on the load-carrying ca- 
pacity. The theoretical relations, in general, are based upon the 
stress-strain diagram of the material as obtained from the stand 
ard tension test and a suitable assumption as regards the 
stress distribution in the member. These theoretical relations have 
been confirmed by sufficient test data (at least for the bending o 
beams) so that they have become accepted as valid. Attention 
must be called, however, to the fact that most of the confirming 
test data have been obtained using screw-powered or hydraulic 
testing machines. This type of testing machine is not well suited 
to investigate the time-sensitive inelastic behavior of load-carrying 
members since it is a deformation-producing machine, not a load- 
producing one. When the machine applies a given deformation 
to a member (and presumably a given load) and the inelastic 
deformation proceeds with time, the actual load on the member 
decreases or “falls off." Therefore data obtained using such a 
machine give an inaccurate representation of the inelastic load- 

' Instructors in Theoretical and Applied Mechanics, University of 
Illinois. 
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Peculiar Bak avi ior of S Steel Be Dead 
That Produce Inelastic Strains 


By H. T. CORTEN,' M. E. CLARK,' anv O. M. SIDEBOTTOM,? URBANA, ILL. 


carrying capacity of the member. Since in many applications it is 
required that a load must be carried for long periods of time, it 
was deemed advisable to conduct a series of tests in which the 
load was applied and maintained constant until deformationn 
ceased for each load during the test. 

The dead-load machine, shown in Fig. 1, was built so that the 
loads could be applied directly to the test member. Such loads 
were applied by adding dead weights to the weight rack con- f 


nected to the main loading rod. Any increment of load could be 


Capacity D Loat 


Testina M 


applied up to a total capacity of about 25,000 Ib. Use of this dead- 
load type of testing machine eliminated the disadvantage of the 
deformation type of machine since any load that was applied re- 
mained constant in magnitude regardless of the desormation 
which took place at that load. 

Tests were run at room temperature on straight annealed 
mild-steel beams of rectangular, circular, and I cross sections and 
on a straight annealed rail-steel beam of rectangular cross section. 
Each load which produced inelastic deformation was maintained 
until such deformation ceased. The initiation of this inelastic — 
deformation or yielding was found to have an appreciable time 
delay in the mild-steel-beam tests, and its duration was found to 
be several hours in most instances. The resulting moment-strain — 
relation was found to resemble a stair-step diagram. Further- 
more the “fully plastic’’ resisting moment or the ultimate load- 
carrying capacity for all mild-steel beams was appreciably below 
that predicted by theory. 
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that herein reported. 


This behavior was typical of three different mild steels that 
were investigated and may be expected to occur in service applica- 


tions where the load is essentially constant and large enough to 


produce inelastic deformation. The phenomenon may explain 


the loosening of shrink fits and other peculiarities which occur in 


stee] members and should be considered in the formulation of more 


rational procedures for the design of structural elements. 


Since all the tests were performed at room temperature, the 
variable of temperature was not considered in this investigation. 
Undoubtedly, in some service applications, the temperature may 


vary considerably from ordinary room temperature; this may 


cause the behavior of a member to be significantly different from 
Additional work is contemplated to study 
further the effect of this important variable. 


Tueory 


Jaa) discussion of the experimental test results. These theoretical rela- 


tions are based on the assumptions that (a) the material making 
up the beam is homogeneous and isotropic with identical proper- 
ties in tension and compression; (6) the materia! has stress-strain 
diagrams which can be represented by two straight lines, such as 
is indicated in Fig. 2; (c) inelastic deformations which occur are 
of the same order of magnitude as the elastic-limit deformations; 
(d) plane sections of the beam remain plane even after inelastic 
deformation; and (e) the inelastic deformation is initiated in each 
fiber of the beam at the same stress level as in the standard ten- 
sion specimen. 


~ 
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Fic. 2) Ipeatizep Tenstce on Compressive Stress-Srramn D1a- 


GRAM FOR MATERIAL 


The moment-strain diagram for a beam is a function of the 
shape of the cross section, and since experimental results were 
obtained for beams having three different shapes, the correspond- 
ing relations for these cross sections will be given. For a straight 
beam of rectangular cross section, the theoretical moment-strain 
relation (1)* in dimensionless form is 


1 af «,\* € 


_ where M is the resisting moment corresponding to a strain € in the 


most strained fibers, M, is the maximum elastic resisting moment 
(computed by the ordinary flexure formula M, = o,J/c, where o, 
is the yield stress corresponding to the yield strain €,), and @ is a 


factor (see Fig. 2) which gives a measure of the strain-hardening 


of the material. 


Equation [1], if @ is set equal to zero, gives the 


* Numbers in parentheses refer to the Bibliography at the end of 
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relation for a beam of rectangular cross section made of a mild 
steel having a definite yield point. 

The theoretical relations for the circular (1) and I cross sections 
(2) will be presented for mild-steel beams, that is, for a equal to 
zero. The relation for the circular cross section is 


M, é 


+2— are cin 
€ € 


Two expressions are required for the I cross section, the first being 


M 3 1 € 
M. AB* E 2 | (3) 


which is valid for inelastic deformation or yielding confined to the 
flanges of the I beam. The second expression is 


M, ~ i—B* + AB [3a 
which applies when yielding penetrates through the flanges into 
the web. In Equations [3] and [4], A is the ratio of web thickness 
to flange width, and B is the ratio of depth of the beam to distance 
between the inner surfaces of the flanges. 

Equations [1] through [4] are plotted in Fig. 3 where it can be 
seen that the theoretical load-carrying capacity, that is, the extent 


Fic. 3 Tueoretica, Diwensiontess Moment-Strrain Diacrams 
Errecr or Beam Cross Section 


to which the load must be increased in order to produce a given 
deformation, is greatly affected by the shape of the cross section. 
To illustrate this effect further, the dimensionless moment-strain 
relation for a diamond cross section is also shown. It should be 
noted that the theoretical moment-deflection relation for a 
straight beam can be obtained by replacing the ratio €/e, in 
Equations [{1],[2],[3],[4] by the ratio A/A, if the deflection 
A is measured over a length of the beam which is subjected to a 
constant bending moment. 


Description oF Test BeaMs AND Meruops oF TESTING 


Tests were made on four mild-steel straight beams with rec- 
tangular, circular, and I cross sections (two I-beams were tested) 
and on one rail-steel beam with rectangular cross section. Mild 
steels from three different sources were used in the beam tests; one 
source was used for the rectangular beam, another for the circular 
beam, and still another for the two I beams. The rail-steel ma- 
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terial had a carbon content of approximately 0.8 per cent. All of T 
the steels were tested in the annealed condition. Leeex 

All five beams were tested in the dead-load testing machine |. == EXPERIMENTAL RESULTS 
shown in Fig. 1. The beams were loaded by four-point loading a 
as shown in Figs. 4, 5, 6, and 7, so as to have the center length sub- 
jected to a constant bending moment. Each beam is listed in 
Table 1 where the dimensions of the cross section, the span length 


Fie. Moment-Derormation DiaGRAMS FOR A 
Raw-Sreet Beam Wire Recraneu tar Cross Section 


i, and the length a, subjected to constant moment, are given along 
with other pertinent data which will be discussed subsequently. 

Yielding in mild-steel beams is known to be heterogeneous 

(1, 4), but the average strain is known to have a linear distribu- 

tion across the depth of the beam (1). Since the theoretical rela- 

Fic. 4 Dimensiontess Moment-DerormatTion Diacrams ror a tions were based on a linear strain distribution, the average 

Mivp-Sreet Beam Wits RectanGutak Cross Section strains in the most strained fibers of each of the mild-steel beams 

were measured by SR-4 type A-9 electrical-resistance gages having 

\ | if 6-in. gage lengths. The strain in the rail steel was known to be 

LEGENO | | reasonably homogeneous so the strains were measured by type 

A-11 SR-4 gages having 1-in. gage lengths. The deflection of each 

beam was measured by a pair of 0.0001-in. dial gages, one mounted 

ree ee . ; ; on each side of the beam to obtain an average reading as well as to 

} check for unsymmetrical bending. As indicated in Figs. 4 through 

7, or in Table 1, the length 6 over which the deflection was 


TABLE 1 DIMENSIONS OF BEAMS AND PROPERTIES OF 
MATERIALS 


. 5 Dimenstontess Moment-Derormation DiaGRams FOR A 
Mitp-Steet Beam Wirn Cross Section 


| | 


LEGEND 


|. SIS EXPERIMENTAL RESULTS (TWO TESTS) 
THEORETICAL CURVES 


measured was slightly longer than the constant-moment section. | 
A comparison of the measured SR-4 strains with those computed 
from the deflection measurements indicated that SR-4 cement- 
bonded gages are reliable for measuring strains 10 to 15 times the _ 
elastic-limit strains that are held for extended periods of time. 

In the beam tests in the dead-load machine, the loads were ap- 
plied in increments. At the beginning of each test several loads 
were applied which resulted in elastic response, and from the data 
recorded, the elastic behavior of each beam was obtained. In 
adding increments of load in the inelastic range, the nuts on the __ 
safety rods (labeled A in Fig. 1) were first tightened so that the | 
increment of load was carried by these safety rods. This proce- 
Fic. 6 Diwensioniess Momext-Derormavion vor ‘ure reduced the inertial effect in the specimen of applying the 

Mutp-Sreet Beam Wits I Cross Section sudden increment of load. After the proper load increment had 


4 
ay 
| 
MOMENT STRAIN : 
—— THEORETICAL CURVES 
MOMENT - DEFLECTION __|_ LOADING SETUP 
° 
roo 
4 | 
|Z) | | | 
MATERIAL 020 | STEEL | Stef | STEEL 
«- | ° ° 0.08: 
MATERIALS | 230 | 140 268 | 259 
THE LENGTH OF SPAN. THE LENGTH OF CONSTANT MOMENT SECTION, AND THE LENGTH 
ast OVER THE DEFLECTION WAS MEASURED 
we | 


at 


TRANSACTIONS OF THE ASME APRIL, 1952 


manner the increment of load was applied to the beam during the 
time interval necessary to loosen the safety-rod nuts, a period of 
some 5 to 30 sec depending on the magnitude of the load incre- 
ment. The strain and deflection readings were taken immediately 
upon the application of each load and at time intervals until 
equilibrium was reached, that is, until no further increase in strain 
occurred. In general, the inelastic deformation ceased in less than 


6 hr, but observations were continued, and another increment of 
joad was not applied until 12 to 72 hr had elapsed. . 


Properties OF MATERIALS 


In order to determine the experimental moment-strain and 
moment-deflection relation for each beam, the stress-strain dia- 
gram of each material was required for inelastic strains up to 10 or 
15 times the maximum elastic strain. In each case tension and 
compression specimens were machined from the same bar of 
material as was the beam specimen. The tension specimens were 
standard '/;-in-diam round specimens with a 2-in. gage length, and 
the compression specimens were standard */,in-diam round 
specimens with a l-in. gage length. The strains were measured by 
mechanical gages and standard testing procedures were followed 
throughout. 

Appreciable variation was observed in the properties of the 
materials as found from these tension and compression tests. 
Therefore, in order to obtain additional stress-strain diagrams for 
the material near the test section of each beam, the sections near 
the ends of the beam which had not been inelastically deformed 
were cut up into tension and compression specimens after the 
beam had been tested. Since standard specimens could not be 


-4 machined from the I-beams, two plate tension specimens having 
cross section of '/, in. 4/, in. were machined from the flanges 


at each end of the beam. In Table 1 the quantities ¢,, €,, and a 

(strain-hardening factor, see Fig. 2), are listed for the material in 

each beam along with the number of specimens tested. An indi- 
cation of the seatter of the material properties is given by the 
quantity Ag, which is the range of variation of the yield stress 
_ obtained from all specimens in each group. 


Discussion Or Resuts 


The theoretical dimensionless moment-strain curves, which are 
shown as solid lines in Figs. 4 through 7, were obtained using the 
equations previously presented. The curve, as plotted in Fig. 4 
for the mild-steel beam, having a rectangular cross section, was 

obtained using Equation [1] with a set equal to zero. In Fig. 5 

Equation [2] was used to obtain the curve for the mild-steel beam 

_with the circular cross section. The theoretical curve, see Fig. 6, 
for the mild-steel I beam was obtained by using Equations [3] and 
{4] with constants A and B having values of 0.166 and 1.336, re- 
spectively. Equation [1] with a value of a equal to 0.081 was 
used to obtain the theoretical curve for the rectangular rail-steel 
beam as plotted in Fig. 7. In obtaining the theoretical dimension- 
less moment-deflection curves, the assumption was made that 
A/A, was equal to €/e, so that the curves are identical to the 
theoretical moment-strain curves. This assumption is valid only 
in case the deflection is computed for a length of the beam sub- 
jected to constant bending moment. Although in the test beams 
the deflection was measured over a length slightly longer than the 
constant-moment section, the maximum error involved was calcu- 
lated to be approximately 1 per cent. It will be noted that the 
moment-deflection diagram in each of Figs. 4 through 7 is shifted 
upward a distance of 0.5 (M/M,) above the moment-strain dia- 
gram. 

Readings of deflection and strain were taken at each of the 
various increments of load in all of the beam tests. For loads 
which produced inelastic deformation, these readings were taken 


immediately after the load was applied and at various time inter- 
vals until the deformation ceased. For each load the bending 
moment was calculated and divided by the maximum elastic 
moment M,, and the average strain and deflection for the be- 
ginning and end of each deformation period were divided by ¢€, and 
A,, respectively, the maximum elastic strain and deflection. 
These test points are plotted in Figs. 4 through 7 for the various 
beams and are connected by dashed lines. 

For all beams tested, regardless of the shape of cross section or 
type of steel, the experimental moment-strain or moment-deflec- 
tion diagrams were not found to be continuous. The diagrams 
were found to have a stair-step appearance, a fact that has not 
been brought out by investigators (5, 6), using either deforma- 
tion-type or load-type testing machines. Each of the experimental 
curves for all of the mild-stee] beams fell considerably below the 
theoretical curves for large inelastic strains. It will be noted 
that Equation [1] (for a equal to zero) (2, 4) indicates that the 
theoretical curves would have a horizontal asymptote for large in- 
elastic strains. The resisting moment corresponding to this 
asymptote is generally referred to as the fully plastic moment or 
the moment corresponding to the plastic hinge. In Figs. 4, 5, and 
6 the fully plastic moments for the mild-steel beams are shown as 
horizontal lines. The upper horizontal dashed line for each of the 
experimental curves shown in these figures is the experimentally 
determined fully plastic moment, the numbers listed at the ends 
of these lines gives the magnitude of the strain ratio €/e,, and the 
deflection-ratio A/A, when yielding ceased at the fully plastic 
moment. 

In contrast to the mild-steel beams, the experimental points for 
the rail-steel beam were found to lie either on the theoretical 
curves or slightly above them (see Fig. 7). The rail-steel beam, 
which strain-hardened throughout the inelastic range, did not 
exhibit a fully plastic moment since any additional strain resulted 
in an increase in resisting moment. This is in agreement with the 
theoretical moment-strain and moment-deflection relations as 
given by Equation [1] since this equation does not have a hori- 
zontal asymptote if a does not equal zero. 

Consider the data for the mild-steel beam in terms of the dif- 
ference between the fully plastic and maximum elastic resisting 
moments. Theoretically, these values should be 0.70 M/M,, 
0.50 M/M,, and 0.23 M/M, for the beams of circular, rectangular, 
and I cross sections, respectively. Experimentally, these values 
were found to be 0.52 M/M,, 0.33 M/M,, and 0.16 M/M,, or only 
77, 65, and 58 per cent of their theoretical values, respectively. As 
stated in the Introduction, the theoretical values can be sub- 
stantiated by experimental tests if the tests are conducted without 
regard to the effect of time. Since many service applications in- 
volve constant loads of long duration, it would seem necessary to 
account for the fact that the experimental values of load-carrying 
capacity are appreciably lower than the theoretical values under 
such circumstances. This lower load-carrying capacity cannot 
be explained by the upper yield-point phenomenon, since only 
the lower yield-point values were obtained and used. Further- 
more, it cannot be explained by possible variation in the 
observed values of the yield-point stress in the tension and 
compression tests. In Table 1 it is seen that the percentage varia- 
tions in yield stress ¢, are 5.8, 3.0, and 4.0 for the materials in the 
beams of rectangular, circular, and I cross section, respectively. 
Calculations indicate that corresponding percentage variations of 
8.8, 12.0, and 8.2 would be required to account for the observed 
reductions in the load-carrying capacities. 

The fact that the experimental data for the mild-steel and rail- 
steel beams fall below and above the theoretical curves, respec- 
tively, can be attributed to the different types of inelastic defor- 
mation exhibited by the two steels. As is well known, the inelastic 
deformation in mild-steel members is very nonhomogeneous (1, 
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3, 4). On polished surfaces this nonhomogeneity can be seen in 
the form of the well-known Liiders’ bands. The material within 
the boundaries of the Liiders’ bands may be strained to a value 
several times the yield strain of the material while the surrounding 
material will be strained to approximately the yield strain of the 
material. In mild-steel beams the Liiders’ bands appear as 
wedges extending from the most strained fibers inward toward 
the neutral surface. Since the point of the wedge forms a = 
tinuity in the material, it can be thought of as a stress ao 
Therefore, if given a sufficient amount of time, yielding will pene- 
trate to a depth greater than that predicted by the theoretical re- 
lations which are based on the assumption of homogeneous yield- _ 
ing. Once the yield wedges have penetrated to a point near the 
neutral surface, the yielding spreads longitudinally along the 
beam from each of the wedges. Since the fully plastic moment is 
less than its theoretical value, it would seem logical that discon- 
tinuities similar to that existing at the point of the wedge are 
present in or along the boundary of the Liders’ bands which act 
as stress raisers to initiate wedges which branch from the original 
ones. Thus, if given sufficient time, the yielding at these stress 
raisers proceeds and spreads along the length of the beam under an 
applied moment less than the theoretical fully plastic one. 

Whereas the mild steel deforms heterogeneously, the rail-steel 
material strain-hardens even for small inelastic strains so that the 
deformation is reasonably homogeneous. In view of this, Lii- 
ders’ bands were not observed to occur in the rail-steel-beam test. 
The load-deformation characteristics of the beam were found to 
be more stable than the mild-steel beam for inelastic strains 10 to 
15 times €, and the moment-strain and moment-deflection curves 
were not lowered by testing under dead loads. 

It is interesting to note that the I beam is very efficient in re- 
sisting forces in the elastic range, if laterally supported, because of 
the effectual distribution of the material; however, it is practically 
useless in offering additional load-carrying capacity by allowing 
smal! inelastic strains to occur. The reason for this fact is that 
yielding progresses rather rapidly through the flanges of the 
beam and then only the small amount of material in the web is left 
to add any increase in the load-carrying capacity. Theoretically, 
yielding had penetrated only to one half the depth of the flanges in 
the two I beam tests when actually the strain readings indicated 
that the whole cross section was fully plastic. 

Another of the peculiarities of dead-load testing is the time delay 
(7) required for the initiation of inelastic deformation at a given 
load. This was observed particularly in the mild-steel-beam 
tests. If the beam was allowed to reach a state of static equilib- 
rium at any load which had produced inelastic deformation, a 
small increment of load was not found to initiate inelastic defor- 
mation until after an appreciable time delay. Typical time- 
deformation diagrams are shown in Fig. 8 for the mild and rail- 
steel beams of rectangular cross section. The two curves for the 
mild-steel beam were obtained for the last two load increments 
corresponding to the last two stair levels shown in Fig. 4. Al- 
though the load represented in Fig. 4 by an M/M, ratio of 1.33 
was the fully plastic load, inelastic deformation did not begin at 
this load until after 30 min had elapsed. The time delay for yield- 
ing at the lower load was approximately 15 min, the shorter delay 
being attributed to the fact that the previous load had been main- 
tained on the beam for only a period of 4 hr. This time was 
probably not long enough for the beam to reach a position of 
static equilibrium, since, in general, this condition was not 
reached until at least a period of 6 hr had elapsed. The time delay 
of inelastic deformation in mild-steel beams also depends upon the 
magnitude of the increase in stress caused by the increment of 
load. The time delay has been observed for increases in stress of 
1009 to 1800 psi, while other tests indicate that the time delay was 
eliminated when the increase in stress was 3000 psi. The curves 


AVIOR OF STEEL BEAMS UNDER DEAD LOADS = 353 


for the rail-steel beam in Fig. 8 do not indicate any measurable 
time delay for initiation of yielding. However, the time required 
to reach static equilibrium was approximately the same as for the 
mild-steel beams. 
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Summary AND CONCLUSIONS 


The theoretical load-deformation relations which have been de- 
veloped for members made of ductile materials, in general, do not 
include the effect of time on the inelastic behavior. The experi- 
mental tests performed in view of checking these relations have 
usually disregarded time effects since the applied loads were not 
maintained long enough for the member to reach a state of static 
equilibrium at each load. The express purpose of this investiga- 
tion was to study the behavior of steel members subjected to dead 
loads which were maintained constant until inelastic deformation 
ceased before additional increments of load were applied. Four 
mild-steel beams with various cross sections and one rail-steel 
rectangular beam were tested in a dead-load testing machine. The 
results of the investigation are believed to be sufficient to justify 
the following conclusions: 


1 The moment-strain and moment-deflection diagrams, 
Figs. 4 through 7, were found to be discontinuous and not smooth 
curves such as those usually reported. The diagrams were found 
to have a stairstep form. 

2 For the mild-stee] beams, the experimental moment-strain 
and moment-deflection diagrams were found to lie below the 
theoretical curves that were based upon the conventional tension 
and compression stress-strain diagrams. This phenomenon is 


attributed to nonhomogeneous yielding as is exhibited by : 


Liiders’ bands. The experimental moment-deformation dia- 
grams for the rail-steel beam were found to be located on or above 
the theoretical curves; this was attributed to the fact that rail 
steel yields in a more homogeneous manner and does not exhibit _ 
Liiders’ bands. i 

3 For the mild-steel beams of circular, rectangular, and I cross 
sections reported herein the difference between theoretical values 
of the fully plastic and maximum elastic moments are 0.70 M/M,, 
0.50 M/M,, and 0.23 M/M,, respectively. Experimentally, these 
values were found to be 0.52 M/M,, 0.33 M/M,, and 0.16 M/M,, 
or only 77, 65, and 58 per cent, respectively, of their theoretical 
values. These results clearly indicate that the so-called fully 


plastic moment, based on the assumption of homogeneous yield- = 
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ing, gives an unsafe estimate of the ultimate load-carrying 
capacity of a beam. 
4 When a load which has produced inelastic deformation is 


is added. For increments of load which produced an increase of 

_ stress of 1000 to 1800 psi in the most strained fibers, inelastic 

deformation was delayed as much as 30 min. In contrast to the 

mild-steel beam, the time delay for the initiation of inelastic 

_ deformation in the rail-steel beam was not observed in these tests. 

_ & In general, the load-deformation behavior of the rail-steel 

material was found to be more stable than the mild-steel material 

when subjected to dead loads which produced inelastic strains up 

to 10 to 15 times ¢,. This may be attributed to the strain-harden- 
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oes By M. C. STEELE! ann JOHN YOUNG," URBANA, ILL. 


‘The purpose of this paper is to study the mechanism 
of yielding and to compare with plastic theories strains 
observed at the bore and outside surfaces of mild-steel 
cylinders of 2:1 diameter ratio under internal fluid pres- 
sure. Observations disagree with theoretical assump- 
tions concerning the progression of yielding; wedge 
regions of overstrained material, occupying a small frac- 
tion of the total volume, characterize the yielding process. 
Discrepancies with theory are observed in the measured 
strains. The fully plastic’ load-carrying capacities pre- 
dicted from theory are higher than those observed in the 
experiments. Stability of deformation (creep) 
maintained constant loads is discussed. 


under 
INTRODUCTION 
HEORETICAL analysesof thick-walled cylinders subjected 
I to interna] uniform pressure have been presented by several 
prominent investigators (1 to 5).‘ 
the all-elastic, elastic-plastic, and fully plastic cylinders are well 
known. Differences in treatment lie in the assumptions regard- 
ing the plastic stress-strain relations and flow condition of the 
plastic material. In all cases the elastic-plastic boundary is taken 
to be circular and the cylinder to be comprised of two regions, an 
inner plastic and an outer elastic one, both of homogeneous ma- 
terial. The yielding of mild steel is characterized by the forma- 
tion of wedge-shaped veins of overstrained material, and it is 
doubtful whether the theories, so far presented, can describe 
adequately the stresses and deformations in a mild-steel cylinder. 
The purpose of this paper is twofold: (a) To investigate by ex- 
periment the mechanism of yielding in mild-steel cylinders and to 
compare it with the conventional assumptions of the theories of 
plasticity; (6) to measure strains at the bore and outside sur- 
faces and estimate the nature and extent of deviations from theo- 
retical values. In addition, the highly important problem to the 
engineer, of stability of deformations (creep) under maintained 
loads, is brought to the fore. 


Accurate solutions for 


Work or Previous ExperRIMENTAL INVESTIGATIONS 


Prof. G. Cook (4) of the University of Glasgow, has contributed 


1 Research Assistant Professor, Department of Theoretical and 
Applied Mechanics, University of 

? Research Assistant, Department of Theoretical and Applied 
Mechanics. University of Illinois. 

* “Fully plastic” pressure for a mild-steel cylinder is defined as that 
pressure causing one or two wedge regions to reach the outside sur- 
face. At this value, the pressure versus circumferential strain curves 
become parallel to the strain axis. 

‘Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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American Society or Mecuanicat ENGINEERS. 

Nore: Stat ts and opi advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received at ASME Headquarters, June 14, 
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outstanding work in this field. He ccbjected mild-steel cylinders 
of varying wall ratios to internal fluid pressure and observed the 


changes in outside diameter, circumferentially and axially. Ten- 


sile tests of the materia] were made on carefully prepared speci- 
mens and tested on a special machine which recorded upper and 
lower yield points. His cylinders were also prepared carefully 
and the results showed the counterpart of upper and lower yield 
stress in a tension test. Discrepancies from theory were noted, 
and their cause was attributed to the existence of this latter 
phenomenon. 

The existence of an upper and lower yield point for mild-steel 
material is well established. It is unreasonable, however, to ex- 
pect close correlation to occur between a tension test and a thick- 
walled cylinder. The magnitude of the upper yield point in a 
tension test is dependent upon many factors (e.g., testing ma- 
chine, surface finish, specimen shape), and such conditions are 
difficult to reproduce in the testing of a cylinder. In addition, the 
stress distributions are different, and these must have a bearing on 
the stability of the sudden deformation. The authors feel that, 
by the careful preparation of Cook's specimens, the true nature 
of the mechanism of yielding was masked. Muir (6) pointed out, 
and the authors believe quite rightly, that an overstrained 
cylinder of mild steel is composed mostly of elastic material with 
only a smal] volume of plastic material in the form of wedges. 
His argument was qualitative at the time, as the extent and 
number of wedges were not known. Thus one would expect that 
the records of changes at the outside diameter, a pesition remote 
from the yielded material, would disagree with a theory based 
upon homogeneous yielding. The measurement of changes at 
the bore surface, where yielding initiates, would help to clarify the 
situation, and such observations are recorded in the experimental 
work of this paper. 


EXPERIMENTAL EQuripMENT 


Pressure Apparatus. The apparatus is designed to apply inter- 
nal fluid pressures to open-ended thick-walled cylinders, In 
principle, a fluid is confined inside the test cylinder and com- 
pressed by means of a plunger and loading machine. 

Fig. 1 shows the assembled arrangement in section. It con- — 
sists of a central core A which fits inside the test cylinder. The _ 
core is built in two parts which enable it to be fitted without inter- 
ference to electrical strain gages on the bore surface of the 
cylinder. Synthetic rubber O-ring seals B prevent leakage at the — 
ends. A plunger C operates in a fitted hole, and connecting 
holes D allow the system to be filled with fluid. A load on the 
plunger compresses the fluid which transmits a pressure to the in- 
side of the test cylinder. An O-ring seal on the plunger and a 
neoprene washer E at the screw thread insure a leakage-free sys- 
tem. F is a pressure-gage pipe connection of the Bridgman 
“unsupported-area” type. At G, two of eight units are shown 
(two per flat). They are set in the core to convey electrical leads 
out of the pressure area, and are shown in an adjoining detail. 
The load is transmitted from a compression machine to the — 
plunger via a spherical head H. 


Experimental Investigation of — 

Straining in Mild-Steel Thick-Walled 

Cylinders by Internal Fluid Pressure 
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Sectionat ARRANGEMENT oF Pressure APPARATUS 

The test cylinder moves axially against a small amount of fric- 
tion at the O-rings; nevertheless, the open-ended condition of 
testing is closely assimilated. The ratio of cylinder length under 
pressure to total cylinder length is 0.9375. The system is leakage- 
free, and sensitive control of the application of pressure is a 
feature of the apparatus. 

Measuring Devices. A 25,000-psi Bourdon gage measures pres- 
sure, Its smallest division reads 100 psi, and an estimation cor- 
rect to 20 psi is obtainable. The gage is calibrated against a dead- 
weight calibrator before and after each test. 

Electrical resistance gages were used in the measurement of 
strain. Records were made on a standard Young bridge unit. 
Paper-backed gages of 1-in. gage length were used on the outside 
diameter of the test cylinder. Preliminary work on paper gages 
under fluid pressure gave unreliable results, hence bakelite 
gages of '/-in. gage length were used on the bore surface. 
Standard procedures were adopted for the mounting of all gages. 

It was found that no protection was necessary for the internal 
gages from the fluid pressure. The effect of pressure on them was 
studied in preliminary work and is given in the Appendix. This 
work consisted of mounting gages on a rectangular strip and im- 
mersing it in the fluid under pressure. The effect of pressure was 
found to be small and may be allowed for by assuming Lamé'’s 
theory for the elastic strains to be correct. 

Mounting of the bakelite 
gages requires a curing sequence 
consisting of a temperature 
treatment under a normal) pres- 
sure of from 100 to 200 psi. 
This pressure was effected by 
the spring-loaded device shown 
in Fig. 2. Neoprene pads 
fastened to metal shoes contain- 
ing a spring insure the necessary 
uniform normal pressure. This 
device assisted also in the ac- 
curate positioning of the gages 
in the cylinder. 

In three of the cylinders the 
end faces were polished for the 
observation of Liiders’ lines. 


Fie. 2 Symmerricat Sec- 
TION-—-PERPENDICULAR TO 
Cyunper Axis—or Sprino- 
Loapep Device ror Mount- 
ING AND Cuaine BAKELITE 


One of the cylinders was polished on the outside surface 
also. 

Specimens. Tests were performed on four cylinders, Fig. 3. 
The materia! was mild steel and specimens were rough-machined 
from a hot-rolled billet, annealed at 1630 F, and cooled in the fur- 
nace. They were finish-machined to size by a sharp tool and ade- 
quate lubrieant 
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Fie.3 Test Crutinper SHowrne Gace Locations 


Fig. 4(@) shows the position of cylinders taken from the billet 
and the materia] for tension tests. Tensile specimens were taken 
from positions, Fig. 4(6), corresponding to the bore layers in the 
test cylinders. They were given the same annealing treatment. 
Average material characteristics are shown in Table 1 for four 
positions in the billet. The stress-strain diagrams in tension have 
a sharply defined yield point as shown in Fig. 4(c). 

Polishing of the cylinders for the observation of Liiders’ 
lines consisted of grinding, followed by finishing with 00 emery 
cloth. 


Test Procepures 


Readings of strain were recorded every 500 psi in the early part 
of elastic straining, and 200 psi close to the initiation of yield, and 
in the subsequent progression of yield wedges to the outside sur- 
face. Each pressure was held for at least 15 min and longer in 
some cases when creep was found to be operative. For examp!e, 
in cylinder No. 4 the maximum pressure was held for 100 min to 
study more fully the effect of creep. 

Cylinder No. 1. Four circumferential gages were placed sym- 
metrically around the central] surface of the bore. Four pairs of 
circumferential and axial gages were placed in corresponding 
positions on the outside. This cylinder was the first to be tested 
and the end faces were not polished for the observation of 
Liiders’ lines. The fully plastic value of pressure was reached in 
one loading cycle. 

Cylinders Nos. 2, 3, and 4. Gages were affixed at six sym- 
metrical positions as shown in Fig. 3. The end faces were 
polished and, in the case of cylinder No. 4, the outside surface 
also. Cylinder No. 2 was loaded, unloaded, and then reloaded 
three times, each loading reaching a higher pressure and causing 
more yielding before the wedges reach the outside. No. 3 was 
taken to the fully plastic value in one cycle of loading. No. 4 
cylinder was loaded to give a theoretical depth of yield corre- 
sponding to slightly more than one half the wall thickness. The 
apparatus was then disassembled and the Liiders’ lines ob- 
served. Subsequently, the cylinder was reloaded to cause the 
Yield wedges to penetrate to the outside and the Liiders’ lines 
again observed. 

Cylinder No. 3 had additional gages placed at the quarter 
points, see Fig. 3. This was to decide if the cylinder length-to- 
diameter ratio was large enough to eliminate end effects at the 
measuring sections. 
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Fig. 5 presents the results for all the gages on cylinder No. 2. 
Similar variations in strain were recorded but are not shown for 
the remaining cylinders. Bore gage No. 5 failed near the end of a oe ate 
the test. Outside axial gage No. 4 was found to be faulty. owe} oe 
In Fig. 6 the wedges observed on the polished surfaces are ; e ey 
shown. The corresponding positions of gages marked on cylinder " 
No. 2, apply to cylinders Nos. 3 and 4 also. é CYLINDER WO. 3 — FULLY PLASTIC 
Fig. 7 is designed to show the variation in circumferential Pee he 
strains corresponding to the wedge regions. The dotted lines in Biehretedog 
cylinder No. 4 refer to the increase in observations made on the eas ate 
Figs. 8, 9, and 10 show nondimensiona] plots of the averages for 
the bore, outside circumferential and axial strains, respectively. 
The bore gages for cylinders Nos. 3 and 4 failed at comparatively E Sy CYLINDER WO.4— PARTLY PLASTIC 
low pressures. This is attributed to a loosening of the bond due to ‘ 
using a faulty cement. The bakelite cement deteriorates with 


Fig. 11 illustrates the effect of creep at maintained constant 
pressures. 


Discussion or Resutts 


Measurement Techniques. A technique was developed for the 
measurement of bore strains in thick-walled cylinders. The effect 
of pressure on the gages was deduced by assuming Lamé’s theory 
to be correct. This effect is found to be so small that it may be 
ignored. Consequently, all the graphs are plotted without any 
correction for pressure. The technique is further verified by the 
consistent behavior of gages on subsequent reloadings. In general, 
the gages fail at large strains at the bore surface in a decisive 
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manner at a value of pressure causing approximately the full 
yielding of the cylinder. As is pointed out in a previous section, 
however, this failure was premature for cylinders Nos. 3 and 4 
owing to the use of a deteriorated cement. 

The nondimensiona! theoretical plot for the theories assumes 
the cylinder boundaries to remain circular and, consequently, 
provide a pressure versus change-in-length relationship. The 
question arises, therefore, whether the average of the several 
strain recordings adequately describes the average change in a 
length dimension. This is pertinent only for a material such as 
mild steel where adjacent regions carry widely different strains 
due to the occurrence of Liiders’ bands. Load-deformation tests 
have been performed in the Department of Theoretical and 
Applied Mechanics, University of Illinois, on mild-steel beams (7) 
with gages of different gage lengths, yet covering the same over- 
all dimension. It has been shown that the average of several 
gages of small length agree with observations made over the over- 
all dimension, even though wide variations exist among the 
smaller gages. It is desirable, of course, to obtain a true statistical 
mean, to place as many gages as possible around the circumference 
of the test cylinder. Space limitations allow six ('/-in. gage 
length) at the most for the size of cylinders used. It is considered 
that four gages are on the lower limit for obtaining a true statisti- 
cal mean but six are adequate. Cook (4) measured outside-diame- 
ter changes in two positions at right angles and considered this 
to be satisfactory. One of the authors in some previous work (8) 
compared the average results from four electrical gages on the 
outside with mechanical measurements made at two positions at 
right angles. Good agreement was found and hence the measure- 
ment of average strains by four electrical gages placed equidis- 
tantly around the circumference was assumed to be sound. 

In cylinder No. 3 gages were located at the quarter sections 
along the length, Fig. 3. The results for these gages are not pre- 
sented, but they showed exactly the same strain readings (within 
the limits of experimental error) as the corresponding ones at the 
central section. It is deduced therefore that the cylinder length- 
to-diameter ratios are large enough to eliminate end effects at the 
measured sections. 

The Mechanism of Yielding. It is seen from Fig. 5 that large 
variations in strains occur circumferentially. This is due, un- 
doubtedly, to the existence of an asymmetrical distribution of 
wedge regions of overstrain. They may be studied from Fig. 6 
and several] important features are recognizable. 

It is of practical and theoretical interest that a fully plastic* 
condition for the cylinders is obtained with only a smal] volume of 
the materia] actually in the overstrained condition. This is con- 
sidered important because it would be unreasonable to suggest 
that conventional plastic theories, based on isotropic material 
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properties, can describe adequately the stresses and strains exist- 


ing in the cylinders. It is customary in theoretical treatments to a 


assume a Prandtl-Reuss material (flat-topped tensile stress-strain 


curve) for mild steel, at least for small strains. The very exist- 


ence, however, of the flat-topped curve leads to the formation of _ 
wedge regions of overstrain (Liders’ bands), and then the stress- 
strain relations based on isotropy beeome invalid. 

The distribution of wedges is asymmetrical. Hence it may be 
deduced that the onset of ,rielding at the weakest point will de- 
stroy the symmetry of the arrangement and effect the yielding at 
other positions. If symmetry of shape and material were possible 
then initial yield would commence at all places round the inner 
boundary, and the wedges would take the form of a symmetrical — 


orthogonal family of logarithmic spirals. It is seen that the 
wedges do form logarithmic spirals since the tangent to them at f a 
any point is at a constant angle to the radius to that point. The __ 


constant angle is approximately 45 deg and the wedges obviously 
progress along planes of maximum shear stress. 

It is noticed that the position of the wedges on the top and 
bottom faces of the cylinders correspond. This is not too obvious 
from cylinder No. 2 since, as can be seen from the position from 
which it is taken in the billet, Fig. 4(a), a variation in yield stress 
must be presumed along its length, Table 1. In general, how- 


TABLE 1 AVERAGE MATERIAL PROPERTIES FOR FOUR POSI- 
TIONS IN THE BILLET 
Billet position numbers 
left 


from Young's modulus 


(= 2 X yield shear 
stress) 


(see Fig. 4a) 
Ore 
28. 
20.6 
5) 


+ ) 


ever, the wedges extend along the length of the test cylinder from 
face to face. In cylinder No. 4 the wedges can actually be seen, 
Fig. 6, extending along the length on the outside surface in 
three places. 

Fig. 7 illustrates the comparison of wedge regions with the 
measured strains. It is seen that the inner and outer boundaries 
take on a complex shape due to the asymmetrical nature of the 
straining. In addition, an important feature is shown in cylinder 
No. 4. There is preference for the straining due to additional] load 
to be taken up by the propagation of originally formed wedges 
rather than the formation of new ones. This would not neces- 
sarily be the case if a constant pressure is maintained for hours or 
days on end. It is reasoned that an increase in pressure is neces- 
sary to cause further propagation of the wedges once they have 
stopped. The formation of new wedges, however, under constant 
load have been observed in mild-steel beams by Sidebottom, 
Corten, and Clark (9) several hours after the steady load was 
applied. It is concluded that the important problem of stability 
under a maintained load requires further investigation. 
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Comparison With Plastic Theories. The plastic theories shown 


by full lines in Figs. 8, 9, and 10 are due to MacGregor, Coffin, and 
Fisher (2), based upon maximum shear - strain energy flow con- 
dition and to Sopwith (3), using maximum shear stress. Both 
assume rotationally symmetric elastic-plastic boundaries, Prandtl __ 
Reuss material, and isotropy in the two regions. In plotting the 
curves, Poisson's ratio of 0.3 is used. : 
Good agreement is shown for the bore circumferential strains in — 
the elastic region and the early regions of overstrain. Cylinders 
Nos. 1 and 2 yield initially at a value of pressure computed on the — 
basis of Tresca’s theory of failure (maximum shear stress). This 
is not the case for cylinder No. 3. It is reasoned that the very 
nature of the yielding mechanism precludes the accurate deter- 
mination of the pressure at which yield commences. The over-all 
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results, however, seem to favor a yield condition based on Tresca. 
However, if reference is made to the outside circumferential ob- 
servations, Fig. 9, one is misled by an apparent linearity up to 
pressures even exceeding the yield condition proposed by von 
Mises (maximum shear - strain energy). This is especially true of 
cylinder No, 1 where the strains continue to lie on the curve of 
MacGregor, Coffin, and Fisher until the wedge regions pre- 
dominate and, finally, on reaching the outside of the cylinder, con- 
form more to the theoretical] stiffness given by Sopwith. 

The maximum values of pressure fall short of those predicted in 
Sopwith’s theory and considerably more so when compared with 
the theory of MacGregor, Coffin, and Fisher. Thus it must be 
concluded that invalid theoretical assumptions do not describe 
adequate)y the behavior of mild-steel cylinders. It is of practical 
importance that deviations from theory are on the unsafe side. 

It is seen from Fig. 10 that axial strains show large discrepan- 
cies with theory. This is to be expected in a cylinder com- 
posed largely of elastic material with only a small volume plastic 
in the form of wedges. The elastic strains lie to the left of the 
Lamé line and this may be attributed to a small amount of friction 
at the O-ring seals. The magnitude of the axial strains is small 
and the maximum deviation from Lamé is of the order of 14 
microinches per in. 

Time Effects. Creep of the strains under constant pressure is an 
important feature of the tests. After each pressure increment the 
load was maintained constant until creep was not apparent. The 
time on the average was 15 min but in some cases, especially near 
the fully plastic value, this time was longer. Once the wedges 
reach the outside surface of the cylinder, the creep persists over 
comparatively large periods of time. This is exemplified in Fig. 
11 where it is seen that at the largest pressure (P/S = 1.315) in 
cylinder No. 4, the outside strains were still increasing after 100 
Plots are also shown for a cylinder No. 1 gage (P/S = 
1.36), indicating increases with time of 20 per cent and 23 per cent 
for bore and outside circumferential strains, respectively. In so 
far as can be gathered from this observation over a period of 30 
min, the deformations are stabilized, but additional tests are an 
urgent necessity to estimate these effects over larger periods of 
time, even days or weeks. It may also be observed from the 
strain figures that at the lower pressures small creeps occur at the 
bore with little effect on the outside measurements. This is im- 
portant in an interference-fit assembly in which the interference 
pressure is dependent upon the deformations of the scantling. 


CONCLUSIONS 


1 Techniques have been developed in this investigation to 
measure strains at the bore surface of thick-walled cylinders and 
to observe the formation and propagation of Liiders’ lines on the 
end faces and outside surfaces. They are applied to an experi- 
mental investigation of mild-steel cylinders of 2:1 wall ratio. 

2 The mechanism of yielding in mild steel is characterized by 
the formation of wedge regions of overstrain. The plastic ma- 
terial occupies a very small volume of the total. This conflicts 
with the conventional theoretical assumptions which predict 
regions of elastic and plastic isotropic material connected by a 
rotationally symmetric boundary. As a consequence, measured 
bore, outside circumferential and axial strains show discrepancies 
with theory. 

3 Bore strain measurements predict initial yield to commence 
at a pressure calculated using Tresca’s maximum shear-stress 
theory of failure. This is not observed on the outside-diameter 
circumferential measurements because of the afore-mentioned 
mechanism of yielding in mild steel. 

Fully plastic (ie., where the pressure versus strain curves be- 
come parallel to the strain axis, which corresponds to one or two 
wedges reaching the outside surface) values of pressure are lower 
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than those predicted from Sopwith’s theory and considerably in 
error when compared with that of MacGregor, Coffin, and 
Fisher. Thus it must be concluded that theory predicts unsafe 
values for the load-carrying capacity of mild-steel cylinders. 

4 There are marked time effects (creep) which require further 
investigation. They are observed over periods up to 100 min, but 
the authors believe they should be investigated over much longer 
periods of time. 
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Appendix 


Preliminary tests were performed to estimate the effect of fluid 
pressure on the bakelite gages used to measure bore strains. They 
consisted of cementing three gages onto a rectangular strip and 
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subjecting the whole to pressures up to 25,000 psi (maximum 
cylinder pressure used was 21,350 psi). 

Results are presented in Figs. 12 and 13. Fig. 12 shows com- 
parative results from two test runs for the three gages. Fig. 13 
shows results from several test runs for one gage, in order to in- 
vestigate the effect of repeating the pressure cycle. Four factors 
emerge as follows: 


1 There is a small pressure effect causing a compressive strain 
from 2 to 5 microinches per in. per 1000 psi. 

2 Small variations in pressure effect exist among gages. These 
differences and also the total pressure effects are smal] compared 
to the circumferential] bore strains in a cylinder of 2:1 wall ratio 

3 In all cases the gages show linear response over most of the 
pressure range. This factor enables the pressure effect to be de- 
duced accurately in the elastic range of the straining of a cylinder 
and by extrapolation for pressures causing overstraining 

4 There is a marked consistency for any one gage which is 
subjected several times to the pressure cycle. No permanent set 
or creep was noticed and it may be concluded that a gage 
behaves in a stable and consistent fashion under the fluid pres- 
sure, 

. . 
Discussion 

A M. Frevupentua.* This paper represents an important 
contribution to the theory of plasticity and merits the attention 
particularly of those workers in the field who tend to confuse the 
inelastic behavior of metals, in particular of mild steel, with that 
of the isotropic, homogeneous, ideal plastic body. Its results sup- 
port the engineering point of view that the progress being made 
in developing the incremental mathematical theories of the ideal 
plastic body (flow theories) has relatively little bearing on prob- 
lems of elastically contained plastic deformation, as exemplified 
by the thick-walled cylinder. It is fairly obvious that the sharp 
break in the stress-strain diagram characteristic of the ideal 
elastic-plastic body is, in reality, closely associated with a pro- 
nounced anisotropy of the insetting plastic deformation (glide 
wedges). Hence, instead of the theoretically assumed radially 
spreading plastically deformed isotropic regions, the deformation 
proceeds along spiral-shaped wedges, a number of which reach 
the surface far in advance of any quasi-isotropic region that might 
be formed by the coalescence of a large number of short wedges. 
Therefore it is not surprising that the limiting pressures at 


Professor of Civil Engineering, Columbia University, New York, 


which the elastically contained plastic deformation is transformed 
into plastic flow is, in al! cases, lower than the pressure values 
predicted by the theories of the isotropic plastic body. It is also 
characteristic that the discrepancies are much higher along 
the bore where the strains are essentially plastic, than along the 
outside circumference where deformations are averages of elastic 
and plastic components, and the discrepancies become signifi- 
cant only when the plastic wedges have almost reached the 
surface. 

The conclusions reached in the paper support the view that the 
design of mild-steel parts and structures on the basis of the so- 
called “theory of limit design,” based on the ideal plastic body, 
results in an overestimate of the total carrying capacity. This 
carrying capacity represents one extreme (maximum), while 
the carrying capacity, based on the conventional elastic theory, 
represents the other (minimum). The actual carrying capacity 
will be somewhere between the extremes; previous investigations,* 
as well as the results of this paper suggest that the mid-point be- 
tween the extremes might be a reasonable engineering value. 


A. 8. T. Tuomson.’? The writer has read this paper with very 
particular interest since Mr. Steele is a member of the staff of 
this department on two years’ leave of absence in the United 
States, and Mr. Young is a former member of staff. The experi- 
mental work described in the paper is an important contribution 
to the subject of plastic flow, and the authors are to be congratu- 
lated on their fine achievement. 

It may be of interest to record how this advance in quite 
fundamental knowledge has developed from what was essen- 
tially a very practical problem. Some years ago the British 
Shipbuilding Research Association asked this department to 
carry out an investigation into the causes of failure in the shrink 
fits of built-up marine-engine crankshafts. Before facing the task 
of dealing with full-scale shafts, various series of small-scale 
experiments with simple fitted rings and plugs were undertaken. 
These covered a wide range of fit allowances and it was assumed 
that the grip could be related to the fit—other factors constant 
through the medium of the usual theoretical relations, such as 
those of Sopwith, which the authors use for comparison with 
their results. But correlation on these lines proved quite im- 
possible and it was soon realized that these shrink-fit experiments 
were either producing new evidence or involved new factors. 

Assemblies of this type form a self-straining arrangement and 
neither internal pressure nor internal strain can be measured 
directly. It was obvious that the system had to be broken down 
into less complex elements. The departmental research team, 
under the leadership of Prof. A. W. Scott and Dr. C. M. Moir, 
decided, therefore, to investigate bore strains in cylinders sub- 
jected to internal fluid pressure. This problem was delegated to 
Mr. Steele who was then a member of the team, and an apparatus 
similar to the one described in the paper was designed and con- 
structed. Mr. Steele continued the work in the United States 
and it is gratifying to note that the early difficulties have been 
overcome so successfully. 

There are many aspects of these results that will doubtless 
arouse interest and discussion. The divergences from accepted 
theory are rather surprising in nature and extent and the demon- 
strations of measurable creep effects in yield are both new and 
significant. But the features of most interest to the authors’ 
previous associates in this department lie in the observation of 
Liiders’ lines and the discussion of their characteristics. This 


*“The Inelastic Behavior of Engineering Materials,”” by A. M. 
Freudenthal, John Wiley & Sons, Inc., New York, N. Y., 1950, pp 
496-500. 

’ Professor and Head of the Department of Civil and Mechanical 
Engineering, The Royal Technical College, Glasgow, 1., Scotland. 
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carefully prepared specimens. 


immediately brings into the forefront of this subject the concep- 
tion of the mechanism of yield originally propounded by the late 
Professor Muir who occupied the Chair of Natural Philosophy in 
this college until 1938. As a consequence of close study of pro- 
gressive yield in bending he advanced the explanation of yield in 
fine wedge formations with the main body of the material behay- 
ing elastically." On the appearance of Professor Cook’s paper, 
authors’ bibliography (4,, he extended this conception to the case 
_ of the cylinder, without having specific experimental evidence to 
quote in support. It was then he made three statements that 
may now be considered prophetic although then classed as opin- 
ionative. In effect, these statements amounted to (a) the asser- 
tion that plasticity was initiated by the formation, and pro- 
greased by the extension, of fine wedges of fully yielded material; 
_ (b) that the amount so affected was very small and so the cyl- 
inder was mainly composed of elastic material; (c) that the 
chance that decided the wedge positions implied nonsymmetrical 
straining of the wall. These may require qualification or modi- 
fication but in the light of the authors’ observations they would 
appear to be fundamentally sound. The theory of the partially 
overstrained thick cylinder will require that some attention be 
given to these ideas. As it stands at present, it is incapable of in- 
corporating any one of them. But it is not the least of the 
authors’ achievements that they have by their new experimental 
work justified and substantiated the ideas of one whose knowl- 
edge in this field was impressive and whose physical insight was 
always sound. 


C. M. Mom.’ The relationship between bore strain and inter- 
nal fluid pressure has never been obtained experimentally. The 
production of such evidence is an achievement of supreme impor- 
tance. The authors are to be congratulated in presenting these 
results. 


In addition to the gage records, diagrammatic sketches of 
Liiders’ lines on the ends of the cylinders are shown. The ap- 
pearance of these lines is perhaps surprising, especially on a plane 


where there is neither bore pressure nor axial pressure. It is 
doubtful whether these observed effects at this section are repre- 
sentative of what is occurring at the center where there are both 
axial and radial pressures on a plane section. 

The phenomenon is not, of course, new, It is referred to both 
by Cook and Muir in the former's paper (4). The fact is, how- 
ever, that it has not received the degree of attention which it de- 
mands. The formation of these wedges, together with the idea of 
elastic behavior incorporating a shear-stress condition for the 
body of the material in which flow has taken place, are the par- 
ticular assumptions required in developing a theory. 

The authors appear unwilling to accept the upper yield in steel 
against the evidence of their own results. The suggestion that it 
is more difficult to obtain the upper yield in steel in the testing of 
a cylinder than it is in testing a simple tensile specimen is defi- 
nitely not correct. One cannot agree that the careful preparation 
given to his specimens by the late Professor Cook of Glasgow 
University masked the mechanism of yielding. 

If the authors study their bore-gage results carefully, they will 
notice that the break in the initial linear variation comes on at a 
ratio of internal pressure/initial yield stress = unity. This is 
1-33 times greater than that given by Tresca, which the authors 
appear to favor. The break is also reproduced faintly in the ex- 
ternal gage readings. 

Professor Cook obtained similar results in all his six tests of 
Perhaps the authors might com- 
7 * “Overstraining of Steel by Bending,’ by J. Muir and D. Binnie, 

Engineering, Dec. 19, 1926, p. 743. 

* The Royal Technical College, Glasgow, Scotland. 
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ment on the fact that No. 1 tensile coupon gives such a low-yield- 
stress value and why this value was used for cylinder No. 1 and 
not also for cylinder No. 2. 

In comparing results with plastic theories, the authors stress 
the fact that “rotationally symmetric elastic-plastic boundaries 
are assumed.” 

The reasons why theory fails to correspond with experimental 
values lie more in the other assumptions made. It is expected 
that results will correspond with experiment when a single ra- 
tional assumption is incorporated in a theory. It is most im- 
probable that agreement wil] obtain when two or three assump- 
tions are thrown in together, especially when one is selected be- 
cause of its suitability for mathematical gymnastics. See Sop- 
with’s paper, reference (3). 

If the authors consider the axial strain after plastic flow has 
commenced at P/sy = 1, they will notice that it remains at a 
practically constant value—an effect of plasticity. If they ex- 
amine the axial gages in cylinder No. 2, they will observe that the 
second and third loadings give smaller readings than those during 
the first loading, due, of course, to the elastic reversion obtained 
from the first unloading. All this is due to the fact that after 
plastic flow is initiated at P/sy = 1, the axial strain remains un- 
changed, an experimental fact on which the authors make no 
comment. The corresponding feature is shown in Professor 
Cook’s experiments in which the cylinders had closed ends. 

The use of the term “slow yielding” is preferable to that of 
creep, and “slip planes in elastic material’’ gives a better picture 
of what is taking place in the materia] which is not strictly in 
plastic condition. 

It is surely not permissible to use the word “creep” except to 
bodies which are completely plastic. In a partly plastic cylinder, 
where the outer material is elastic, there can be no creep and the 
“time”’ effect is simply the slow yielding of the inner plastic mate- 
rial which will continue until conditions of equilibrium are at- 
tained. 

The outstanding merit of this paper lies in its suggestion that 
all established analytical developments, which are based on uncer- 
tain premises, cannot be readily applied to mild steel. This is a 
very important challenge to make and may perhaps be the first 
step in giving a physical explanation of plastic flow with the possi- 
bility of the theory being presented to engineers stripped of elabo- 
rate mathematical symbolism. 


AuTHors’ CLosuRE 

The authors are grateful to Professors Freudenthal and 
Thomson for their interesting comments. The main feature 
emerging from the paper and the discussion lies in the diserep- 
ancies existing between the ideally plastic theories and experi- 
ment, resulting from the mechanism of yielding in mild steel. 
The authors do not claim this as being a new discovery, but rather 
an old phenomenon brought to the fore. 

The question arises as to the steps which should be taken to 
provide the practicing engineer with a theory, which, by taking, 
account of the physical aspects of wedge initiation and propaga- 
tion in a nonuniform stress field, more closely represents the be- 
havior of an overstrained part. Presumably this could be attacked 
in two ways. First, by including in the theory the observed 
mechanism of yielding. Thus an analysis for wedge regions of 
overstrain embedded in an elastic medium would have to be con- 
sidered, and, so far, this problem has proved exceedingly difficult. 
Second, by a modification of existing theories to correct for the 
false assumptions concerning the mechanism of flow. The latter 
approach would be, of course, empirical but may be successful for 
problems in “limit design,” since the methods employed are us- 
ually independent of the “limiting force actions,” the values of 
which could easily be corrected to agree more closely with ob- 
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Professor Freudenthal has indicated such an 


The authors welcome most cordially Professor Thomson’s re- 
marks on the origin of the work, since mention of the preliminary 
studies, carried out at the Royal Technical College in Glasgow, 
was regrettably omitted in the paper. 

Dr. Moir’s comments are greatly appreciated in view of his 
close association with the problem of thick-walled cylinders over 
the last few years. Several controversial issues have been raised 
and although space does not permit a complete discussion of all 
the points, an attempt will be made to support the interpretations 
given in the paper. 

With regard to the query raised concerning the wedges on the 
two ends of the cylinder not being representative of conditions at 
the center, Dr. Moir is referred to the lower diagram of Fig. 6. 
Here it is seen that three Liiders’ lines appear on the polished 
outside surface of cylinder No. 4. Two of them extend the 
length of the cylinder to match up with wedges appearing on the 
end faces. The third extends (shown dotted in Fig. 6) slightly 
over three quarters of the cylinder length, and it too is seen to 
agree with a wedge appearing on each of the end faces. If 
Liiders’ lines on the two ends were not representative of conditions 
at the center of the cylinder, it would be expected to find many 
more axial lines of varying length near the center on the outside 
surface. Fig. 6 shows that this is not the case. It is recalled 
that 94 per cent of the cylinder length was under pressure and 
this undoubtedly has a bearing on the question under discussion. 
It is agreed that the end planes may not show exactly what hap- 
pens at the center, but they certainly are representative. 

The authors regret that Dr. Moir misread their remarks con- 
cerning the upper yield point of mild steel. They merely stated 
that it was considered unreasonable to expect close correlation to 
obtain between the upper yield point in a tension test and its 
counterpart in a thick-walled cylinder. It is well-known” that 
the upper yield point in a tension test is dependent on certain 
factors (e.g., testing machine, surface finish, specimen shape, speed 
of loading) and these factors are not likely to be reproduced 
closely in the testing of a cylinder. The authors maintain that 
the careful preparation of Cook’s specimens threw emphasis on 
the upper-yield-point phenomenon rather than the mechanism of 
flow and in this respect they either “masked the mechanism 
of yielding” or the investigator chose to ignore it. 

The bore gage results, when plotted out to a larger scale, indi- 
cate deviation from linearity at a value of P/S (ratio internal 
pressure to yield shear stress) less than unity, the figure Dr. Moir 


has selected. However, the very nature of yielding in a cylinder 
which has a commercial finish (i.e., chance distribution of stress 
raisers—see Professor Thomson's discussion) is such that the ini- 
tial deviation from the elastic line is slight. At some stage (con- 
stant pressure, following an increment of load), which the authors 
believe is dependent on the chance formation of previous wedges, 
a minor “chain reaction” occurs which is defined by the formation 
of new wedges (and possibly extension of old ones) and is due to 


‘the highly unsymmetrical stress distribution within the cylinder. 


The chain reaction ceases when the redistribution of stress is suffi- 
cient to produce equilibrium. This is noticed at various values of 
P/S, Fig. 8, and it should be emphasized that attainment of the 
equilibrium condition requires at least fifteen minutes and that no 
sudden process is envisaged. The argument is a consequence of 
the observed mechanism of flow, and the effects of wedges in a 
nonuniform elastic stress field would have to be taken into account 
if any correspondence to upper yield in a tension test were sought. 

Tensile coupons removed from the billet, Fig. 4, showed a varia- 
tien of yield stress to exist near the ends of the billet. Conse- 
quently, the yield stress varied along the lengths of the first two 
cylinders as observed by the authors, and tensile coupon No. 1 
does not give a representative yield stress for all the material in 
cylinder No. 2. 

Dr. Moir’s remarks on the various theoretical assumptions are 
not fully understood. The mathematical theory of plasticity 
predicts closely, observations made on specimens with uniform 
stress fields (e.g., thin-wall cylinder under combined stress), The 
observed discrepancies between theory and experiment for non- 
uniform stress fields must be attributed to an invalid extension of 
one or more of the assumptions used for members which have no 
stress gradient. In view of the completely different conception, 
between theory and experiment, of the mechanism of flow for the 
ideally plastic material, it seems reasonable to conclude that this 
may be an important factor in the interpretation of discrepancies. 

The authors believe that the important conclusion regarding 
the axial-strain results is that straining in the axial direction is es- 
sentially elastic and does not resemble even closely the plastic 
theory. It is agreed that the observed axial strains remain ap- 
proximately constant after the wedges have penetrated the cylin- 
der wall so far, but the experimental evidence was considered in- 
sufficient to draw any general conclusions. 

Dr. Moir’s exception to the term “creep’’ is understandable in 
that it is not used in accordance with its usual technical meaning. 
It is not agreed, however, that the term creep can be used only for 
bodies that are completely plastic. Clearly, creep within wedges 
is a plastic phenomenon even though the outer restraining ma- 
terial is elastic. 
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Dynamic Properties of Nodular C 


Part | 


This paper presents the experimental results of an in- 
vestigation on the mechanical properties of magnesium- 
treated nodular cast iron in the annealed and as-cast 
condition. The dynamic stress-concentration factors are 
compared with Neuber’s theoretical factors for hyperbolic 
notches, with Peterson’s results on steel, with Frocht’s 
photoelastic results, and with Grant’s data on flake cast 
iron and cerium-treated nodular iron. Fatigue results 
are shown for square and 45-deg V-shaped notches at 
speeds of 200 and 6000 rpm, as well as for various notch 
depths. The trend in size effect is indicated. Static 
damping capacities obtained from hysteresis loops in 
tension and compression are compared with torsional 
damping capacities and static damping capacities from 
bending. 


INTRODUCTION 


HEN any new engineering material enters into wide- 

spread application, a number of properties are necessary 

for use in design, as well as being of scientific interest. 
In all probability (1)* nodular iron will be produced at a rate of 
2,000,000 to 5,000,000 tons annually within the next few years, 
taking an important place in the industrial economy. Among 
the many physical properties that must be obtained for a material 
in order to ascertain its engineering usefulness, the dynamic 
properties are the most difficult. Even though there has been 
much work on the effect of notches on the endurance limit of 
steels, very little systematic information is available on the effect 
of notch depth, notch radius, and notch angle on the dynamic 
stress-concentration factor. Peterson (2) was one of the earliest 
to present some of this information for steels. Of course, none of 
these are known for nodular iron, although Grant (3) reported 
some results for flake and acicular cast iron; and cerium-treated 
nodular iron for a 45-deg-notched fatigue specimen with a 0.03-in. 
root radius, and for a grooved fatigue specimen with a 0.05-in 
radius, both notches having the same depth and shank diameter. 
No results were tabulated for notched magnesium-treated nodular 
iron. In the several conclusions that were stated by Grant, the 
following are of interest fer comparison: 


(a) The endurance ratio of unnotched flake-graphite irons de- 
creased from 0.46 to 0.34 as the nominal tensile strength increased 
from 36,000 to 68,000 psi. 

(b) The endurance ratios of cerium-treated 


nodular irons 


' This investigation was started in December. 1949, under the 
sponsorship of the University of Alabama Research Committee. 

2 Director, Engineering Experiment Station, University of Ala- 
bama. Mem. ASME. 

*’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Metals Engineering Division and presented 
at the Fall Meeting, Minneapolis, Minn., September 25-28, 1951, of 
Tue American Society or Mecuanicat ENGIneers. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, May 3, 
1951. Paper No. 51—F-5 
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(c) The endurance ratios of magnesium-treated irons varied 
from 0.45 to 0.38 for tensile strengths of 54,000 to 90,000 psi. 

(d) There was almost no notch sensitivity in the 36,000-psi 
tensile flake-graphite iron, but the notch-sensitivity factor in- 
creased with the higher-strength irons. The dynamic stress- 
concentration factor for the 68,000-psi (ensile acicular iron with a 
45-deg V-notch, 0.03-in. root radius was 1.35, 

(e) Nodular irons were much more notch-sensitive than flake- 
graphite irons, 


Similar ratios of endurance limit at 10,000,000 evcles to the 
nominal tensile strength were reported by other investigators, 
Table 1, for untreated cast irons having diameters about 0.35 
in. 


TABLE | RATIOS OF BANC E LIMIT TO TENSILE 


TRENGTH 

Endurance limit 

Tensile strength 
35 to 0.46 


35 to 0.45 
38 to 0.57 


Ratio 
Investigator 


Moore and Lyon 4) 
Thum and Ude (5) 


41 to 0 47 
38 to 0.44 


Kommers (10) presents the trend in the stress-concentration 
factor with increasing tensile strength as indicated in Table 2 
for flake cast iron having square notches. 

STRESS.CONCENTRATION FACTORS 


Endurance limit 
plain specimens, 


TABLE 2 


Nominal 
tensile 
strength, psi 


Dynamic stress- 
concentration 
factor, 
1 


3 

The size effect of the endurance limit of magnesium-treated 
nodular iron was reported by Eagen and James (11), who ob- 
tained low endurance ratios of 0.32 to 0.34 for 1I-in-diam test 
pieces machined from 2-in-thick walls. There is no size effect on 
the endurance limit of ordinary cast iron as reported by Peterson 
(25). 

Recently, attention has been directed to low-speed effects upon 
the fracture line of laboratory fatigue tests (12), namely, speeds 
under 200 rpm. Smith, Brueggeman, and Harwell conducted 
axial fatigue tests on 0.032-in-thick flat-sheet specimens of bare 


and Alclad 248-T3 aluminum alloy where the frequency was 12 oe 


and 1000 cycles per min (epm). The tests showed that the fatigue 
strengths were slightly less when tested at 12 cpm, the data tend- __ 
ing to fall to the left edge of the scatter of those made at 1000 
epm. 

When tests are conducted in the range 1000 to 10,000 cpm, only 
a negligible difference is observed (13). Freudenthal and Dolan 
(14) point out that on metals possessing a low melting point some 
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observations show an appreciable reduction in endurance limit 
under very slow repetition of load. 

No data showing the speed effect have been reported for mag- 
nesium-treated iron. 

Damping capacity first acquired prominence in German litera- 
ture a little over 25 years ago, when the term “Dampfungsfahig- 
keit” in reference to metals wa made popular by O. Féppl (15), 
and correlations of this property with fatigue endurance were 
attempted. American technical literature contains no reference 
to damping capacity until about 1928 (16), and the bibliography 
furnished in Brophy’s (18) paper shows a limited research activity 
Severa! investigators (17) have shown that the damping charac- 
teristics for a material do not become stable until it has been sub- 
jected to a cyclic stress of several million stress reversals. The 
author (19) has subjected low-carbon-steel torsion rods to cycles 
of plastic torsion and found that the loops rapidly stabilized after 
four cycles into a constant area and shape. 

All new engineering materials should be tested for damping 
capacity at high and low stresses, as well as for the static proper- 
ties and dynamic properties of notch sensitivity. Damping- 
capacity values are a direct measure of the ability of a material to 
dissipate vibrational energy (20). Evidence is beginning to 
wccumulate on the relation of damping capacity to other well- 
known physical properties, and many workers are aware that 


_ damping capacity is structure-sensitive (21, 22, 23, 24). 


Test Program 


In the light of this literature review, a series of tests were 
planned to determine the following effects on magnesium-treated 


(a) Comparison of static tensile properties in the as-cast con- 
dition with the annealed condition. 

(b) The effect of rotating fatigue specimens at 200 and 6000 
rpm upon the fracture line of stress versus cycles of stress re- 
versal, 

(c) Effeet of notch depth with constant notch angle and radius 
upon the endurance limit for a square notch and 45-deg notch 
angle. 

(d) Effect of size of test specimen upon the endurance limit. 

(e) Comparison of specific damping capacity by various 
methods. 


or Cast Iron Testep 


The magnesium-treated iron used in these experiments was pro- 
vided by the American Cast Iron Pipe Company. It was cast on 
1-21-49 (ladle 2) in the form of plates 5 in. X 10 in. X * 5 in., 
having the following analysis: 


Total carbon 
Sulphur 

Phosphorus 

Magnesium 

1.33 per cent Cu-Mg (70-30) added to ladle 


Per cent 
3.80 
2.79 
0.37 
0 022 
0.07 
0.039 


Fig. 1 shows the structure of the magnesium-treated iron in the 
as-cast condition and annealed condition. The following heat- 
treatment was used to obtain the annealed condition with a 
Brinell hardness of 170 yielding a ferritic structure: 


15 br at 1400 F 
Cooled from 1400 F to 1000 F in 3 hr 
Air cooled J 
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Fic. 1 Piates, 6 In. X 10 In. 
In. 


N. 


(a, graphite nodules in an almost entirely pearlitic matrix; as-cast. 5 
matrix entirely ferritic; annealed. Nital etch; 100.) 


TestinG PrRocepuRE FOR 


The fatigue tests were carried out on a 140-in-lb Krouse, rotat- 
ing cantilever fatigue testing machine at zero mean stress per 
cycle. Two speeds of testing were used: 6000 rpm for the 
majority of the tests, and 200 rpm to determine the speed effect on 
the fracture line for specimens having 0.25 in. shank diameter. 
Specimens having shank diameters of */s in. and '/; in. were used 
only to note the size-effect trend. Part 2 will consider further the 
effect of size on the plane and notched specimens. 

Figs. 2 and 3 show the general shape of specimens used in deter- 
mining the physical properties and size effects. Figs. 4 and 5 show 
the static stress-strain curves in tension and torsion, respec- 
tively. 

(+08; 
Test Resutts on Faricue 

Speed effects are shown for plane and square notched specimens 

(d/D = 0.60) in the annealed and as-cast condition in Figs. 6 and 
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TORSION SPECIMEN 


DAMPING CAPACITY SPECIMEN 


Fic. Seectmens Usep vor Static Tension Torsion Paor- 
or Torstonat Dampino-Capacity Specimen 


SHEAR STRESS DIAGRAM 


AS _casT OF MAGNESIUM TREATED IRON 

INITIAL DIAMETER 0.1900" | ANNEALED CONDITION 
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PROPORTIONAL LIMIT IN SHEAR 15,000 
YIELD STRENGTH IN SHEAR. OFFSET 33,300 
SHEAR MODULUS OF RUPTURE 70,000) 
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Fic. 4 Tree Srress-Strai~n Diacram in Static Tension or 
Nopvutar Cast Iron THe As-Cast ConpiTION AND ANNEALED 004 006 008 
CONDITION ° J 2 3 4 


As-cast condition specimen was obtained from keel block No. 2804 (AC1PO) " " 
(fonts ‘specimen obtained from plate material (see page 366 and Fig. 35 Fre. 5 Static SuHear-Srress Diacram or ANNEALED Macnestum- 
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tended to 10,000 cycles. 
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7, for speeds of 6000 rpm and 200 rpm, respectively. These results 
indicate that the fatigue strength fracture lines are lower at a 
testing speed of 200 rpm than when tested at 6000 rpm except for 
the notched as-cast condition. Where the S-N diagram becomes 
horizontal, the two fracture lines tend to merge as one. The test 
results for the notched specimens in the as-cast condition indi- 
cated that the fracture line (S-N diagram) for a speed of 200 rpm 
was above that at 6000 rpm, just the reverse for the other three 
conditions, It is not certain in the light of these meager tests 
how large an effect of speed is present. Smith, Brueggeman, and 
Harwell (25) found a similar effect for bare and Alclad 248-T3 
aluminum-alloy sheet specimens “in which the results for 12 
cycles per minute tend to fall toward the left edge of the scatter 
of those made at 1000 cycles per minute."’ Tests were carried to 
100 cycles whereas the results for magnesium-treated iron are ex- 
It appears at very low cycles (high 
stresses) to failure, the fracture lines for the two speeds merge 
just as they do at about 200,000 cycles for aluminum and 
2,000,000 cycles (low stresses) for nodular iron. 

Another series of results is shown in Figs. 8 and 9 summarizing 
the experimental work to determine the notch-depth effect for 
constant shank diameter, notch radius, and notch angle for two 
different types of notches at 6000 rpm. Fig. 10 is a concise sum- 
mary of the fatigue testing in which the dynamic stress-concen- 


hire. 9 Brrector Norcen Dertn on Expurance Limit, ANNEALED 


Convition 45-Dec V-Notcn, Root Raprus 0.012 Ix. 


tration factor is plotted against the ratio of root diameter to shank 
diameter. The trend is clear from a ratio of 1.0 to about 0.65. 
Two seatter points make it uncertain as to the effect of ratios 
from 0.5 to 0.2. Itis not clear for extremely deep notches whether 
the dynamic stress-concentration factor goes toward 1.00 or tends 
to become constant. According to Neuber’s (26) analysis for 
deep circumferential external notches under bending, having a 
hyperbolic notch contour, the static stress-concentration factor 
tends toward 1.00 as the ratio of d/r approaches 1 (see Table 6 in 
the Appendix also). 

Tables 3, 4, and 5 provide another basis for comparing square 
notches in nodular iron with those in steel and a comparison 
of the dynamic stress-concentration factor with the static value. 
It appears that the values for magnesium-treated iron are of the 
same order of magnitude as those for steels. In every case the 
theoretical values are higher than the dynamic values. Fig. 11 is 
a plot of the endurance ratio versus the dynamic stress-concentra- 
tion factor. 

Fig. 12 summarizes the trend in size of test specimen upon the 
endurance limit for sizes from 0.19 in. to 0.45 in. diam which is 
similar to that observed for steels. A further comparison with 
other types of cast iron is made in Fig. 13. In Part 2 of the 
paper the size effect will be explored further for the magnitude 
of its effect. 
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BLE 3_ COMPARISON 


Root 
diam, in. 


diam, 
in. 


Fie. 10 Vartation or Dynamic Srress-ConcenTrRaTION Factor 
Versus Notcu Depru 


OF DYNAMIC 


Endur- Dy- 
ance namic 
Ratio, limit stress- 
as concen- 
diam, diam, Notehdiam og tration 
in. in. Shankdiam notch psi factor Material 


iron, as-cast 
0.40 0.275 0.69 90-deg 18000 2.67 0.49 per cent 
V-notch C steel 
0.25 0.173 0.69 45-deg 19000 1.84 Magnesium- ‘ 
V-notch ted . 


MAJORS—DYNAMIC PROPERTIES OF NODULAR CAST IRON—PART 1 


TABLE 5 COMPARISON OF NOTCH SENSITIVITY OF MAGNE- 
SIUM-TREATED me STEEL, NOTCH RADIUS APPROXI- 


The purpose of this phase of the investigation was to determine 
the variation of damping capacity with stress, using the following 


methods: 


(a) By obtaining static stress-strain curves in direct tension 
and compression with a closed loop. 
(6) By obtaining static stress-strain curves in bending with a 


closed loop 


ston. 


Ratio. root Ratio, notch Ratio, notch 
to shank depth 
i te 


aes 


to 


E 4 COMPARISON OF DYNAMIC 


eosocse 
2888982 


radius to 
root 


(c) By obtaining dynamic stress-strain curves in bending. 
(d) By performing the torsional damping test. 


(a) Static Stress-Strain Curves in Direct Tension and Compres- 
Fig. 14 shows the t i ompr specimen made 
from annealed magnesium-treated iron to which were attached 
four SR-4 type A-8 wire strain gages in the longitudinal direction. 
These gages were connected in series and used in conjunction with 
an SR-4 strain indicxtor. Suitable increments of load were 
chosen in advancing from zero load to some maximum in tension, 


STRESS-CONCENTRATION FACTOR FOR MAG- 
NESIUM-TREATED mon WITH STATIC FACTORS AND WITH DYNAMIC FACTORS FOR 
STEEL—SQUARE NOTCHES OR SHOULDERS 


factor from factor on factor, 
steels, iron, 

elasticity, Peterson square notch, 

Froeht (37) (28) annealed 


STRESS-CONCENTRATION FACTOR FOR_MAG- 
NESIUM-TREATED IRONS WITH OTHER AND STATIC FACTORS—V-SHAPED 


steels (29) Great (3) Grant (3) annealed 


tom 


0.275 
0.173 


0.150 


ATELY 0.01 IN. (30) 


Damptne Capacity 
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stress- stress- 


Ky Ky Ky 
1.00 Tal 
1.12 
1.35 


: 
4 
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att 
0.69 3.9 0.058 2.15 1.31 es 
0.40 7.5 0.100 1.80 1.16 1.60 ‘ 
hyperbolic concen- concen- tration factor, 
notch tration tration factor, magne- i 
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from the maximum tension back to zero, from zero load to some 
maximum in compression and finally, from a maximum in com- 
pression back to zero load. Thus a closed-loop stress-strain 
curve was determined for a stress level. All tests were conducted 
at succeeding higher stress levels. 

A typical static stress-strain plot at a stress level of 50,000 psi 
in direct tension and compression appears in Fig. 15. The method 
of computing the specific damping ratio is indicated in Fig. 16, 
where the area A is called the work of deformation at maximum 
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strain per unit volume for a particular cycle, and the area d is the 
area of the hysteresis loop. If units are used, then 


‘ in-lb per cu in. 


d/A, dimensionless 


in-lb per cu in. 


Potter (20) in a review of the seven methods for determining the 
damping capacity of materials, comments that the use of static 
stress-strain curves is applicable only to high stresses where siza- 
ble loops can be planimetered and is unsatisfactory on a low damp- 
ing material. The test results appear in Fig. 17 and it is seen 
that the lower limit is about 20,000 psi. 


(b) Static Stress-Strain Curves in Bending. A Krouse cantilever 
fatigue specimen was mounted in the fatigue machine, Fig. 18, 
and one type A-8 strain gage was mounted longitudinally on the 
surface. With the fatigue specimen rotated to a position where the 


sod 370 TRANSACTIONS OF THE ASME Se APRIL, 1952 
¢ 
— 
| 
| | | 
| 
eds | | 
ALLOYED CAST 2 
PND 0 | 


1000 PSi 


DIRECT TENSION, 


STRAIN IN 
MICRO- INCHES 


15 


Hysteresis Loop tx Direct Tenston-Compression at 
50,000-Ps1 Stress Lever 


MAJORS—DYNAMIC PROPERTIES OF NODULAR CAST IRON—PART 1 


° 


° 


CAMPING CAPACITY 


STRESS 
20,000 60000 


Fic. 17 


40,000 


Comparison or Damptne Capacity 
Taree Meruops 


DeTeRMINED BY 


Fie. 18 Equirement ro Determine Static Dampine Capac- 
1n BenpiInG 


for a stress level of 40,000 psi. The damping capacity results for 


ai this test appear in Fig. 17. 


(c) Dynamic Hysteresis Loops in Bending. No quantitative re- 
sults were obtained using this method, but the oscillographic 
record gave a visual pattern that offers some promise. It was not 


sure whether the equipment in Fig. 20, as represented in Fig. 21, 


with the resulting typical hysteresis loop shown in Fig. 22, gave 
specific damping capacities for the system or the test specimen. 
Fig. 20 shows a Sonntag fatigue-testing machine type SF-2 with 
the cantilever beam of annealed magnesium iron upon which 


were mounted two type A-8 strain gages; one gage was used to 


Fic. 16 Diagram ILtvstratine How Seeciric Damprne Capacity 
Is Dertnep as Ratio or Area d To Area A 


wire strain gage was on top measuring maximum static strains, 
increasing static loads were applied and corresponding strains 
measured up to some maximum load and down to zero load. 
Then the specimen was rotated 180 deg with the strain gage on the 
bottom side to measure maximum compression strains up to the 
same stress level as before and back to zero again. Fig 19 showsa 
typical stress-strain loop obtained under static bending conditions 


- measure dynamic strain and the other gage was used to meas- 
ure dynamic load. The resulting signals were amplified in 


the strain circuit through a Baldwin type BA-1 amplifier and 
through a Packard-Hewlett amplifier in the stress circuit. Re- 
sulting signals were connected to the y and z axes of an oscillo- 
scope. A 35-mm camera attached to the oscilloscope gave a 
permanent record as shown in Fig. 22. 

(d) Torsional Damping Test. Fig. 23 shows the arrangement of 
the equipment and electronic apparatus for obtaining a perman- 
ent record of the torsional damped vibrations of a test specimen. 
A type A-19 wire strain gage ('/1-in. gage length) was mounted at 
45 deg to the longitudinal axis of the damping specimen in Fig. 3. 
The strain-gage signals were amplified through a Brush amplifier 
before feeding into a Brush recording-pen machine. A sector 
mounted on the upper fixed frame permitted the angle of twist 
to be measured. A typical record appears in Fig. 24. To the 
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knowledge of the author, this is the first time that wire strain 
gages have been used for determining damping capacities from a 
torsional pendulum. The usual method is to follow the path of 
reflected light from mirrors mounted on the torsional crossarm. 
Fig. 24 shows a uniform decay record. A close examination of 
other records reveals that there is not precisely a uniform de- 
crease in height of each succeeding cycle. The torsional damping- 
capacity ratio is plotted against the shear stress in Fig. 17 which 


enables one to form a comparison with the other methods. 
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Summary or Dampina-Capacity Resuuts 


It can be seen from Fig. 17 that the static direct tension-com- 
pression method produces hysteresis loops that are too small to 
planimeter below 20,000 psi normal stress; thus no values of 
specific damping capacity were determined below this stress. 
This was found true for the static bending tests, but the lower 
stress value is about 40,000 psi. The torsional-pendulum method, 
using the described electronic instruments, permits the determina- 
tion of damping capacity from plastic strains to very small 
elastic strains with a slight disadvantage in measuring successive 
heights of the decay curve. Dynamic-bending tests gave higher 
values of specific damping than the static bending. 

Higher damping values were found for static direct tension- 
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compression than for static-bending tests because all of the fibers 
are stressed in the former method whereas there is a distribution 
of stress in bending. Damping capacity is defined in terms of 
energy ratios. In the torsional-pendulum test, the fibers are 
under a state of combined stress as well as varying from zero stress 
at the center to some value at the outside fiber. If stress intensity 
is defined as follows 


1 
Stress intensity = V (a; — @:)*? + (0; — a5)? + — 
2 
02, 0; = principal stresses 
= shear stress in torsion test 


then for a tension test 


= direct normal 
60, = 0 


stressintensity 


=r = —o,ando, = 0 

bel 

then the stress intensity is 1.73 0; or 1.73 r. ait 


The results from the torsional-pendulum test in Fig. 17 have 
been replotted for comparison with SAE 1020 steel annealed and 
cast iron melted in a cupola as shown in Fig. 25. Magnesium- 
treated iron has lower damping values than cast iron or annealed 
SAE 1020 steel. 


whereas for a torsion test 
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Appendix 
Tables 6, 7, 8, 9, and 10 provide additional material for com- 


parison of the static and dynamic stress concentrations of steels 
with those for nodular cast iron. 


TABLE 6 FORMULAS FOR STRESS AND STRAIN,* ELASTIC 


STATIC BENDING (27) 
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Damrtneo Capacity 
- The amplitude of the oscillations produced in this torsional 
damping test is given by the equation 
A = Ao cos wt e~*# 
A = amplitude at time ¢ 
A» = initial amplitude at time & 
t = time, sec 
f = frequency of oscillations 
w = 2nf 
6 = logarithmic decrement 
A,, = maximum amplitude of cycle 
Am+n= maximum amplitude, n cycles after m 
p = specific damping capacity, or P as defined by Fépp! 
which is the ratio of the energy loss per cycle to the 
potential energy at maximum stress 
Energy loss percycle 
Potential energy at maximum m stress 
area d 


(see Fig. 16 in text) 
area A 


specific damping capacity at surface — 
mean specific damping capacity 
shearing stress at surface 
26 
d 
where cos wt = Reh 


Ay cos wte 
+ n) 
Ao cos wil 


logarithmic decrement 


_An 


Approximate equation 


_ 2 An A, — Amin 


error is less than 1 per cent if A/Am-+-, is less than 1.40. 
A more correct expression is 


Sas 1 (A,, — Am+n) 

n A,Am +n 

error less than 1 per cent for values of A,,/Am+n up to 1.65. 
For the case that values of decrement change rapidly, another 

method is used 


Ao 


A max 


d Amax he In. (e) 


| 
‘ 
Am+n 
n 
3 
1.61 1.39 1.34 1.22 1.07 = Aus (—df) 
: 1.91 1.48 1.38 1.22 1.08 dt ( 


LE 8 TWO. AND THREE-DIMENSIONAL CASES OF STRESS 
CONCENTRATION, AND COMPARISON WITH FATIGUE TESTS (2) 


A r 
Material d D r r d Ky 
0.45 per cent C steel 025 0530 0.125 20 0.250 1.16 
0.45 per cent C steel 0.41 0.82 0.205 20 0250 119 
0.45 per cent C steel 1.50 3.00 0.750 20 0.250 1 22 
0.45 per cent C steel....... 0.25 0.50 0.125 7.48 0.067 1.44 
0.45 per cent C steel 0.41 0.82 0.205 7.45 0.067 1.525 
0.45 per cent C steel 1.60 3.20 0.80 7.48 0.067 1.845 
Ni-Mo steel 0.25 0.50 0.125 2.94 0.170 1.320 
0.41 0.82 0.205 3.33 0.150 1.44 
2.13 3.19 053 1.66 0.150 1.51 
Ni-Cr steel 04 O08 O.20 7.13 0.070 1.71 
Ni-Cr steel 10 2.0 0.50 6.25 0.080 1.74 
Ni-Cr stee 03 .. 0065 2.16 
0.33 per cent C, 1.97 Mo 06 0.095 1.78 
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TABLE 7 NOTCHED AND UNNORCHED 


Iron D 4 D 
27 A 0.600 0.331 0.05 O552 O11 0 1.06 Flake pearlitic 
135A 0.600 0.331 O01 0.859 OOF 4° 100 | 
13.5 0.600 0.331 0.01 0552 0.063 45° 1.12 Flake pearlitic 
0.600 0.331. 901 0.552 003 45° 1.35 Flake acicular 
13.5 NOD67 0.600 0.331 0.05 0.552 0 151 141 ular cerium treated 
0.600 0.331 0.05 0.552 0 151 0 1.59 Nodular cerium treated 
W105 0.600 0.331 005 0.552 0.15! 0 1.48 lar cerium treated 
NOD67T «600.600 «0.331 0 01 0.552 0.03 45° 1.72 Nodular cerium treated 
Pee 0.600 0331 0.01 0.552 0.03 45° 2.19 Nodular cerium trea 
13-5 W105 0.600 0331 OO: 0552 003 45° 2192 Nedalarcerium treated 
a 9 ~@ See Bibliography (3), by J. W. Grant, Journal of Research on Development, vol. 3. British Cast Iron Chin ty al 
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E TESTS On FLAKE AND NODULAR CAST 


TABLE 10 FORMULAS FOR STRESS AND STRAIN*—-REPEATED 
STRESS BENDING 
uy r 

Material D d A r da Ky 
0.49 per cent C Steel (ht) 0.40 0.275 0.063 = 0 2.04 d 
0.46 per cent C Steel (ht).... 2.00 1.000 0.500 2.66 0.188 1.35 
Steel A, low alloy ts 78400 psi 0.50 0.25 0.125 6.25 0.08 2.20 
Steel B, low alloy ts 70800 psi 0.50 025 0.125 6.25 008 2.08 
Steel C, low alloy ors 0.50 0.25 0.125 6.25 0.08 2.10 
= 1.42 per cent C 

3.530 160 0.950 - 0 2.30 
steel 1.42 per ‘cent C ts 73800 

1.94 1.60 0.170 1.90 
Steel 1.44 per cont © ts #7000 

psi 


Material 4 D d Ky 
0.45 per cent C steel. ..... 0.47 0.94 o 1.00 
0.45 per cent C steel 0.25 050 0.25 1.16 
0.45 per cent C steel....... 0.41 0.82 0.25 1.19 
0.45 per cent C steel. . 1.50 3.00 0.25 1.22 
0.45 per cent C steel 0.25 0.50 0.067 1.44 
0.45 per cent C steel....... 0.41 0.82 0.067 1.525 
0.45 per cent C steel....... 1.60 3.20 0.067 1.845 
Ni-Mo Steel 0.47 0.94 @ 1.00 
Oat 0.82 O15 144 S670 
Ni-Mo Stee 
Ni-Mo Gteal...........- 2.13 3.19 0.15 1.83 350000 
Ni-Cr Bteel...... 04 08 O07 1.71 35000 
Ce-Ni-W............ 1.18 01 2.1 ad? 
TABLE 9 DYNAMIC STRES8S-CONCENTRATION FACTORS; V-NOTCH IN CIRCULAR 
wit Formulas for Stress and Strain* eer 
fa wire Material d D D r d Ky ind: 
0. 33 per cent C steel 0445 0.45 0.990 100 06 
«0. BB per cent C steel 45 0.45 0.990 400 0.001 72° 1.31 
Fi 0.33 per cent C steel 0.445 0.45 0.990 7.00 0 0007 72° 1.45 
0.33 per cent C steel 0.440 0.45 0.990 1.00 0.011 1.45 
0. 33 per cent C steel 0400 045 0890 400 0.014 63'/, 1.90 } 
0.33 per cent C steel 0.360 045 0.800 7.00 0.018 63'/, 2.20 
Formulas for Stress and Strain® eure? 
Steel 0. 84C ht, 360 Bhn. 0.25 0.3 0.833 40.45 0.003 55 1.60 
0191 per cent C, 225000 ‘te 020 025 0.800 833 0.015 60 
1.04 per cent C, 23700 ts 0.20 0.25 0.800 833 0.015 60 2.04 

-Cr-Van steel, 2371 0 20 0.25 0800 833 0.015 60 3.70 
PT he 309 Bho 0.25 0.30 0833 3.20 0.003 55 2.66 
$i Steel 0. 84C, ht 360 Bhan... 0.25 030 0833 640 0.003 55 2.65 


The author indicates that in low-carbon steel 
under torsion hysteresis “loops rapidly stabilized after four 
cycles (of stress) into constant area and shape.” Furthermore, he 
diagramed his damping-capacity data as a function of stress 
magnitude only, implying that “stress history” is not a signifi- 
cant variable. Work now in progress at the University of 
Minnesota shows that stress history is a very significant variable 
for most materials as will be discussed for mild steel. 

With recently developed equipment now in use at the Univer- 
sity, it is possible to measure damping capacity continuously 
under rotating cantilever stress during the course of a reversed- 
bending fatigue test.’ Fig. 26, herewith, shows the variation in 
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Means Test Stopped 
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hia. 26 D-N-S Diagram SHowine Errect or Sustainep Reversep 


Srress or Severat Maonirupes on Damptne Enerey or Stress- 
Revievep Mico Sree 


damping energy during a reversed constant-bending stress-fatigue 
test. The relationship between the damping energy shown in 
this curve and the author's specific damping ratio has been given 
by the writer.©. The uppermost curve, for example, shows that 
at the above-fatigue-limit stress of +42,000 psi, the virgin speci- 
men (or more accurately, a specimen with only 10 cycles of stress) 
has a damping energy of 2 in-lb per cu in. per cycle; after 100 
cycles of +42,000 psi fatigue stress, the damping is 10, after 
1000 cycles the damping is 60, and, finally, after 50,000 cycles the 
damping attains an ultimate value of 80 as the specimen fails in 
fatigue. The below-fatigue-limit stress of +32,000 psi may be 
considered as a second example. Here the damping does not in- 
crease signifieantly until after 10,000 cycles of stress, then changes 
from approximately 0.5 to 3.0 at 107 cycles (point R), beyond 
which the damping does not change under additional reversed 
stress. This point, R, at which the damping becomes stable with 
respect to additional cyclic stress shall be defined as the ‘“‘stabi- 
lized damping point.”’ At the relatively low stresses of 28,000 
and 20,000 psi, the damping capacity is not affected by sustained 
reversed stress. For the particular series of specimens diagramed 
in Fig. 26 it may be observed that either a specimen fails 
in fatigue (see points F) or it attains a condition of stabilized 
damping (see points R) after which fatigue failure appears to be 
extremely unlikely. 

The significance of the stabilized damping point and the gen- 
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at present. Early investigators have implied that stabilized 
damping is attained in a fatigue test. Bairstow’ reported that — 
for axle steel (55,000-psi yield strength and 85,000-psi tensile 
strength) the “cyclical permanent set” (which corresponds to the 
width of the hysteresis loop) attains a definite constant value 


after approximately 10,000 stress cycles at stresses both below BY 5 ; 


and above the fatigue limit. However, in Bairstow’s experiments, 


mens not used at each different stress level). Furthermore — 
relatively few cycles of stress were used and, although the linear 

plots may indicate impending stabilization at 10,000 cycles, — 
logarithmic plots such as Fig. 26 of this discussion may indicate 
an entirely different situation. Gough* has observed a similar 


the stress on each specimen was increased stepwise (virgin more — 


iron, which he identifies by the controversial term “elastic hys- 
teresis.”’ However, none of the early investigators apparently 


covered a wide range of stress on virgin specimens subjected to a 


large number of cycles. 

Therefore it appears unlikely that long-term tests with 
sufficiently sensitive instruments would reveal a stabilized damp- _ 
ing region beyond 4 cycles as reported in the paper. The author 
refers to torsional stress, whereas the data reported in this dis-— 
cussion are for bending stress. However, in earlier work by the 
writer,® hollow tubes in torsion displayed gradually changing 


damping under sustained cyclic stress even after thousands of _ 


cycles. 

At low stress, usually significantly below the fatigue strength, 
many materials display stabilized damping properties, that is, 
damping which is independent of stress history. In the case of 
the mild steel shown in Fig. 26, the stress, which may be defined 
as “cyclic stress sensitivity limit,’’ above which damping is sensi- 
tive to stress history is about 29,000 psi, approximately 20 per 
cent below the fatigue limit. 

The effect of both stress magnitude and stress history on 
damping may be diagramed in two ways, as shown in Figs. 27 and 
28, herewith. In Fig. 27 the damping is represented as the 
height to the surface above the S-N base plane. The slope of 
this surface indicates the rate of change of damping, either with 
respect to changing stress magnitude S, or changing stress history 
N. This surface ends abruptly, of course, at the S-N fatigue- 
failure abyss, defined by fracture line A’-D’. In the below-fatigue 
limit tests, damping becomes constant beyond the stabilized 
damping line D’-F’, and the surface becomes a surface having 
zero slope in the horizontal N-direction, but one that goes uphill 
with increasing stress. Below the cyclic-stress sensitivity limit 
G'-F’, the surface is also level in the horizontal N-direction, and 
it slopes downward toward zero stress. 

The S-N-D surface in Fig. 27 of this discussion may be shown 
in a form involving use of iso-damping contour lines, or lines of 
equal damping, as illustrated in Fig. 28. These iso-damping 
lines, which are similar in nature to contour lines on a map for 
showing points of equal elevation, indicate trends and rapidity 
of change (uphill and downhill) in damping. The horizontal 
contour lines to the right of the stabilized damping line and below 
the cyclic stress sensitivity limit indicate the insensitivity of 
damping to additional cyclic stress in these regions. This diagram 
also permits quantitative determination of damping as a function 
of stress and number of cycles and, consequently, can be con- 
sidered useful as a design chart. 

The type of data shown in Figs. 26, 27, and 28 has been pro- 

7 “The Elastic Limits of Iron and Steel Under Cyclical Variation in 
Stress,"" by L. Bairstow, Philosophical Transactions of the Royal 
Society of London, vol. A, 1910, p. 210. 


**“The Fatigue of Metals,”’ by H. J. Gough, D. Van Nostrand 
Company, Inc., New York, N. Y., 1926. 
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cured for a wide variety of materials, and recently, studies have 
been completed on nodular iron and cast iron of the general type 
discussed in the paper. To date, cast iron is the only material 
which does not display significant stress-history effects. So far 
it has been impossible to generalize the stress-history patterns; 
some materials display increasing damping under sustained 
eyclie stress like mild steel, others decrease, others decrease and 
then increase, and stil] others increase and then decrease. In one 
case,’ a decrease of 99 per cent has been observed. 

Comments by the author on any indication of the foregoing 
changes in damping under sustained cyclic stress that he has 
observed in his work would be appreciated. 

A comparison of his damping data, as shown in Fig. 25 of the 
paper, with data recently procured at the University of Minne- 
sota, reveals the following: There is reasonably good agreement 
for nodular iron whereas the Minnesota measurements indicate 

**Damping, Elasticity and Fatigue Properties of Temperature 


Resistant Materials,” by B. J. Lazan and L. Demer, Proceedings 
of the American Society for Testing Materials, vol. 51, 1951. 


significantly lower damping for mild steel (even for a wide range 
of stress histories) and substantially higher damping for cast 
iron. 

In fatigue-notch-sensitivity work now in progress at the Univer- 
sity of Minnesota, specimen-preparation techniques were found to 
exert a pronounced influence on fatigue properties, It would 
be appreciated if the author would indicate how his notched 
and unnotched fatigue specimens were machined and polished. 


J. W. Grant."® It is most interesting to study the results of 
notch-sensitivity tests on what the author describes as “a new 
engineering material.” One must realize, however, that nodular 
cast iron represents a family of materials varying in strengths 
from 55,000-110,000 psi, with elongations from 1 to 30 per cent, 
according to composition and heat-treatment. Damping proper- _ 
ties and the response to notches in fatigue likewise vary appre-_ 
ciably according to the type of iron. 


* British Cast Iron Research Association, Birmingham, England. 
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While the stress-concentration factors of magnesium-treated 
nodular irons are of the same order as those of steel, these factors 
can vary over a wide range, and it is misleading to compare the 
materials unless they are both tested under the same conditions, 
i.e., same test-piece size and surface-finish limits, and the same 
machine and care in carrying out the tests. Small variations in 
any of these factors can affect the value of the comparison. 
Accordingly, it is difficult to see what importance can be at- 
tached to the comparison of notch sensitivity of magnesium- 
treated iron and steel in Table 5 of the paper, owing to the 
variation in notch diameters, notch shape, and presumably the 
type of machine used. In this table the annealed magnesium 
nodular iron has a higher dynamic stress-concentration factor 
than the as-cast material. The notch diameters, however, are 
different. If the figures for the 0.15-in-diam annealed bars are 
substituted, Fig. 8 of the paper, so that the test pieces for as-cast 
and annealed iron are identical, we find that the dynamic stress- 
concentration factor is 1.38, that is, less than for the as-cast ma- 
terial. 

The nodular iron used in these tests has an exceptionally high 
tensile strength for the stated chemical composition. Is this an 
average figure, and to what extent is the high value due to the 
smallness of the tensile specimens? Based upon the fatigue 
strength of the 0.19-in-diam test pieces, the endurance ratio of 
the as-cast material is only 0.37. In tests carried out at the 
British Cast Iron Research Association so far, we have found that 
endurance ratios on as-cast nodular iron vary from 0.38 to 0.42, 
and on annealed nodular iron from 0.43 to 0.51, using 0.301-in- 
and 0.331-in-diam test pieces. These results are on magnesium 
nodular irons having carbon contents between 2.9 and 3.3 per 
cent, On as-cast cerium nodular iron, with 3.6 to 3.9 per cent total 
carbon, the endurance ratios vary from 0.46 to 0.59. It appears 
that higher endurance ratios are obtained, in general, with higher 
carbon contents. For the composition of nodular iron used in 
the author's tests a lower tensile strength would bring the endur- 
ance ratio more in line with previously reported data on nodular 

The increase in fatigue strength as specimen diameter decreases 
is most enlightening, and the effect of section size could be in- 
vestigated to advantage for static tests. No doubt Part 2 of the 
paper will produce some useful data on this aspect. The writer 
would be most interested to know the conditions under which the 
“mold gray iron,”’ Fig. 13 of the paper, were tested, and the 
source of information from which the points were plotted. 


AvutHor's CLOSURE 


It was gratifying, indeed, to receive the kind comments of Pro- 
fessor Lazan and Mr. Grant which have contributed to the paper. 
Mr. Lazan’s discussion as reflected in Figs. 26, 27, and 28 con- 
tributes far more information than the author could have ob- 
tained in the time allotted. Figs. 29 and 30 are submitted in 
support of the statement that in testing low-carbon steel under 
reversed torsion “hysteresis loops rapidly stabilized after four cy- 
cles into a constant area and shape.” Mr. Lazan has added in 
parenthesis (stress) which does not appear in the original manu- 
script! The tests were conducted under constant reversed tor- 
sional strain, isothermally. Mr. Lazan implies that his test re- 
sults are obtained from constant reverse-stress-fatigue cycles, 
adiabatically. There may be a difference. The curves of Figs. 
29 and 30 were obtained on rods of mild steel fully annealed, 


!“Notched and Unnotched Fatigue Tests on Flake and Nodular 
Cast Trons,"’ by W. Grant, Research Report No. 251, Journal of 
- Research and Development, British Cast Iron Research Association, 
3, April, 1950, pp. 333-354. 

"Ductile Cast Iron,”’ by A. P. Gagnebin, K. D. Millis, and N. B 


4 Pilling. Tron Age, vol. 103, February 17. 1949, pp. 76-84. 
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(1 Microineh = 2in. lb. Maximum strain of each cycle, 720 deg per 12 in.) 


TORQUE, MICRO INCHES 
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Fre. 30 Hysrerests Loops or Steet Reversep Torsion, 
IsoTHERMAL CONDITION 


(1 Mieroinch = 2in. lb. Maximum strain of each cycle, 180 deg per 12 in.) 


21*/, in. long with a straight section of 12 in. and a diam of 0.505 
in. (19). Torque in inch pounds versus angle of twist in degrees 
in 12 in. was plotted until an angle of twist of 720 deg in 12 in. 
was obtained for Fig. 29, and 180 deg in 12 in. for Fig. 30. Then, 
the data was observed for decreasing torques to zero torque. Now, 
data was observed for reversed torque up to an angle of twist of 
720 deg in 12 in. and then for torques decreasing to zero, which 
completed one cycle at constant reversed shear strain. The total 
time to obtain the data for any cycle (strain) was ten minutes, so 
that the test is essentially an isothermal one at room temperature 
as indicated in Fig. 29. There was hardly any change during the 
fourth, fifth, sixth, or seventh cycles. Rupture occurred during 
the eighth cycle. 

Fig. 30 is for another torsion specimen (mild steel annealed) 
twisted in one direction,‘then another 180 deg per 12 in. Note 
that the second cycle (strain) approaches very closely the shape 
of the 4lst cycle. This was an isothermal test at room tempera- 
ture, using 5 min per cycle. Plots were made about every fourth 
cycle after the tenth, and all were about the same shape and area. 

A third series of reversed torsion cycles on the same material 
were made to twists of 23 deg per 12 in. under isothermal condi- 
tions at room temperature. There were 332 cycles of reversed 
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Fre. 31 
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(Curve A, 148-T aluminum alloy; curve B, So tise alloy steel, curve C, 
annealed magnesium nodular iron; curve D, SAE 1020 steel annealed: 
curve gray cast iron. 


Fic. 32. Comparison or Torstonat Decay Curves ror Various 
Strain Asout THe Same As InpicaTep 


torison. Stabilization was obtained after the seventh cycle. 
A machine should be built to reverse specimens automatically at 
different rates of straining to obtain results beyond 400 cycles. 

Professor Lazan is quite right in indicating that damping capac- 
ity is affected by “stress history’’, which the author did not stress 
clearly. Nevertheless, if one wishes to compare the damping 
capacity of materials before and after a change in the material, 
he would obtain a series of curves as indicated in Figs. 31 and 32 
and the static torsion curves, Fig. 33. Thus Fig. 34 was pro- 
duced which is an improvement upon Fig. 25 of the text. The 
author did not obtain experimentally curves E and F of Fig. 25. 
Curves E and F were obtained from reference (21). 

All unnotched fatigue specimens were polished with emery 
cloth No. 1, 0, 00, and 000 to remove the radia] tool scratches. 
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The same tool was used for all specimens for the last few finishing 
cuts. A series of tests were performed on specimens in which 
one group was polished longitudinally while another group was 
polished on the lathe. No difference was observed in the en- 
durance curves. The normal scatter of test results obscured any 
effect. 

The notched fatigue specimens were not polished after machin- 
ing. All specimens were measured in the optical comparator. 

An examination of the fatigue-specimen surface with the Brinell 
hardness microscope reveals a surface potted with semispherical 
cavities filled, with graphite. The specimen has stress raisers 
that polishing cannot eliminate. 

Mr. Grant has made excellent comments. These remarks are 
to justify certain procedures. Magnesium nodular iron was 
used in this investigation of the composition indicated because 
that chemical analysis gave optimum properties (31). The 
values indicated in Table 5 were not satisfactory but they were 
the best that could be obtained. This indicates the paucity of 
our knowledge on the effect of notch depth, angle, notch radius, 
size, and possibly grain size upon the dynamic properties of 
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materials, This is more apparent when one endeavors to find 
the information for any of the new engineering alloys. If the 
author had time, notched fatigue results of some steels would 
have made a good comparison. 

Fig. 4 of the text should have been titled “true stress-strain 
diagrams.’ Unfortunately, the stress-strain diagram of the 
as-cast material was for keel block No. 2804 (ACIPCO) whose 
composition is not given and for which no fatigue tests were 
onducted. 

Fig. 35 replaces Fig. 4, showing the true stress-strain curve for 
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Maonestum-Treatep Noputar Iron in tHe As-Cast ConpiTion 
AND ANNEALED CONDITION 


material whose composition is indicated in the text and from 
which all specimens were machined, either in the as-cast condition 
or in the annealed condition. Table 11 is a summary of the 
physical properties for this plate material. 
Also, from the same cast of 4-21-49, 1-in-diam bars were cast, 
from which 0.505-in-diam tensiles were made. The physical 


_ properties are shown in Table 12 (32). 


TABLE I! SICAL PROPERTIES OF THE PLATE MATERIAL— 


MAGNESIUM-TREATED NODULAR IRON 


Remarks 

As-caat condition 
0 188 93,500 
0.191 103 , 500 
Annealed condition 


Plate 1, ladle 2, cast 4-21-49 
Plate 1, ladle 2, cast 4-21-49 


Plate 2, ladle 2, cast 4-21-49 
Plate 2, ladle 2, cast 4-21-49 
Plate 3, ladle 2, cast 4-21-49 
Plate 3, ladle 2, cast 4-21-49 


TABLE 12. PHYSIC’:. PROPERTIES OF NODULAR CAST IRON, 
MAGNESIUM-TREATED, CAST 4-21-49, AS-CAST CONDITION 


Nominal Tension 
specimen Brinell 
diameter, hardness, 
No. Remarks 
269 Ladle 2, first iron 
262 Ladle 2, last iron +] 


q 


With this information the endurance ratios are in agreement 
with those obtained by Grant for this composition. Based upon 
the fatigue strength of the 0.19-in-diam test piece, the endurance 
ratio of the as-cast material is 0.45. 

Permanent mold irons are of gray-iron composition cast in 
water-cooled metal molds and fully annealed to give a structure 
of alpha ferrite and graphite (33). The metal molds are given 
coatings which prevent the castings from adhering to the mold 
and reduce the thermal shock when the molten metal strikes the 
mold. Fig. 13 of the paper represents the results obtained from 
the paper by Schneidewind and Hoenicke (33) in which Fig. 3 
of that article was reproduced. Fig. 13 shows the influence of 
cast section and notches on the endurance limit of permanent 
iron. Standard fatigue specimens were prepared but the notch 
angle, notch radius, and depth are not reported. 

The author thanks Professor Lazan and Mr. Grant for their 
interest and comments. Ss 
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By E. A. DAVIS,’ EAST PITTSBURGH, PA. 


Since relaxation tests are usually run on tensile speci- 
mens, the behavior of members under a state of combined 
stress is not well known. Analytical solutions of the re- 
laxation of an elasticoviscous tube in a rigid tube sheet in 
both plane stress and a modified plane strain are worked 
out. The effect of reloading tensile specimens in relaxa- 
tion is discussed and results of tests on an aluminum 
alloy are presented to illustrate these effects. 


NOMENCLATURE 
+a The following nomenclature is used in the paper: 


vr, 0,2 = radial, tangential, and axial directions 
= normal stress 
= shearing stress 
= total, elastic, and plastic normal strain 
= modulus of elasticity 
= Poisson ratio 
= initial stress and strain in relaxation tests 
= time 
= pressure on outside surface of tube — 
= inside and outside 
= stress variables 


+o,,0 = 08 


radii of tube 


coefficient of viscosity 


INTRODUCTION 


Relaxation is the redistribution and decay of the stress in a 
body in which a constant total strain is maintained. Under such 
circumstances any increase in plastic strain must be counter- 
balanced by an equivalent reduction in the elastic strain. Prob- 
ably the most familiar example of relaxation is the decay of the 
stress in the bolts of turbine-cylinder or steam-piping joints. 
However, the redistribution and the decay of the shrink-fit stresses 
in turbine disks and the rolled-in stresses in heat-exchanger tubes 
are also examples of relaxation. Actually, these examples repre- 
sent true relaxation problems only if the flanges or the shafts or 
the tube sheet can be considered as rigid. In most cases the 
stresses in these parts are much lower than in the parts under 
consideration and hence the assumption of relaxation conditions 
is made. In the heat-exchanger tube sheet, for example, the 
minimum spacing between holes is usually about 4 times the 
tube-wall thickness. This makes the average hoop stress in 
the tube at least twice that part of the tube-sheet stress that is 
due to the tube rolling. Furthermore, the tube-sheet material 
is usually much stronger than that used in the tubes. 

! Advisory Engineering, Westinghouse Electric 
Mem. ASME. 

Contributed by the Heat Transfer and Applied Mechanics Divi- 
sions and presented at the Annual Meeting, New York, N. Y., Nov- 
ember 26-December 1, 1950, of Tae Amertcan Socrety or Mecuant- 
CAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 
9.1950. Paper No. 50—A-122. 


Corporation. 


4 


Practically all relaxation tests are carried out on tensile spec ane 

mens. Therefore very little is known about the effect of a stale 

of combined stress upon the relaxation of materials. The pres- ae 
ent paper is concerned with the relaxation of a very simple ideal 
material in which the behavior under combined stress can be de- 
termined. It was the plan of the author at the beginning of this 
investigation to treat the problem more generally and to attempt 
to determine the behavior of actual materials, but the difficulties 
of integration were too great and the only material that could be 
treated analytically was the ideal elasticoviscous material. This 
is a material that has two independent sets of properties. It has 
elastic properties determined by two elastic constants E and vy, 
and also plastic properties which are determined by a constant 
coefficient of viscosity = 3@. 


RELAXATION OF ELastTicoviscous MATERIAL 
The elastic strains are 


E (oe 


The relaxation under pure axial tension (a; = a; = 0) is deter- 
mined from the condition of constant total strain 


e=e' +e" 
The components of strain will vary with the time in the following 
manner 


[4] 


By substituting Equations [1] and [2] in Equation [4] we get 


AN 


TIME HOURS 


A, Tensile specimen— Equation (6} 

B, Tube under plane stress—Equation [33] or [34] 

C, Tube under plane strain— Equation [45] or [46] 
Fie. 1 


RevaxaTion or Exasticoviscous Materiat, = 0.1 


Pigg 
Relaxation of Stress ia Teat-Exchanger 
"Pube of Ideal Materi 
4 
(1) 
and the plastic strain rates are 
| ] Kut 
| | 
q 
A 


The solution of this equation is the well-known relaxation ex- 


* pression of Maxwell 


has been rolled into a rigid tube sheet. 


a = 


(6) 


where o* is the initial stress in the specimen att = 0. This is 
the stress corresponding to the strain €* when it is totally elastic 


o* = Ee* 


In the following we shall deal with a thick-walled tube that 
The elasticity of the 


tube sheet could be taken into account by reducing the elastic 


diameter is 2a. 


modulus of the tube material by an appropriate amount,? but in 
this example we will discuss the simple problem of the rigid tube 
The outside diameter of the tube is 2b while the inside 
The subscripts 6, r, and z are used to designate 
the tangential, the radial, and the axial directions, respectively. 
The stress distribution at ¢ = 0 with an external pressure p will 
be the elastic distribution and hence we can write that at ¢ = 0 


*) - (10) 
a’ 
+ {11} 


These equations will be used as part of the boundary conditions 


sheet. 


for the relaxation problem. 


sider the uniaxial case of a bolt in a flange. 


i 


In dealing with problems of rotational symmetry, it is some- 
times more convenient to introduce two new variables u and v 
which are defined as 


u=o8+0,, v = [12] 


In terms of these new variables Equations [10] and [11] can be 


written 


The equilibrium of forces on an element of material in a body 
is not affected by the presence of small plastic strains and, there- 


fore, the equilibrium equation from the elastic problem can be 
used 
aed? © oo, 
r + a, 
or 


=0 


In terms of u and v this is 


* As an example of how this reduced modulus is obtained, con- 
For relaxation of the as- 
sembly of bolt and flange it is now necessary to set the total tensile 
strain rate in the bolt equal to the total compressive strain rate in the 
flange. This means that the sum of the two strain rates must be 
zero. The expression corresponding to Equation [5] will now con- 
tain two terms for the stress in the bolt and two terms for the stress 
in the flange. The two terms representing the elastic strain rates in 
both the flange and the bolt must be added together 


1 do, 1 do, 
T > 
E, dt E, dt 
If the stress in the flange is & times the stress in the bolt af = k a» the 
term do» /dt can be factored out of the sum just obtained. The re- 


maining factor + (k/E,) is the reciprocal of the reduced 
modulus Boy 


Ly 
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For the development of the compatibility equation, it will be 
necessary to take into account the total strain é = €' + e’. 
When the radial displacement is eliminated from the expressions 
for the strains for the symmetrical case considered here, the 
compatibility equation is 


In order to express this in terms of the stresses it is necessary to 
break it up into its elastic and plastic components and to differ- 
entiate with respect to the time ¢ 


orot 


dee’ 
r 
orot of 


It is also necessary to define the nature of the stress in the axial 
direction. 


PLANE Srress 


For the case of slane stress, ¢, = 0, the strain-rate 
} 2 


oc, 
v 


, ete. 
2 


When these relationships and Equation [15] are substituted in 
Equation [18], the compatibility equation can be expressed in 
terms of u as 

Or of 


E ou 


[20] 


If this is integrated with respect to the time ¢, we get 


but at ¢ = 0 the boundary conditions, as given in Equation [13], 
require that u will not vary along the radius. Therefore we must 
set A, equal to zero. The solution of Equation [21] then becomes 


Qe; fit)... [22] 


u= 


where f;(¢) must have the value of unity at t = 0. 
Since 0u/dr = 0 from Equation [22] it is evident that the right 
side of Equation [16] can also be set equal to zero 


on 
r + 2v 


w®..... 
or 


(23) 


The solution of this equation is 


If wis to be equal tovatr = a for all values of ¢, then 
[25] 


The function of time f(t) must be evaluated now from the 
boundary conditions imposed by the rigid tube sheet upon the 
relaxation of the tube. At the outside radius of the tube r = 6, 
there will be no radial displacement. This is equivalent to stat- 
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ing that at r = 6 the tangential strain €, will not vary with the 


(=. 
E 
1 


time 


+(1 +») = (u + . [27] 


and when Equations [22] and [25] for r = b are substituted, it 
reduces to 


-v) + 


df, E 
[b* + fi . . (28) 


* The time function then is 

where 


B, 


EBit/o 


b? + 


The quantities u and v then become 


{33} 


These equations are identical with the elastic equations at 
t= 0. The stress distribution remains the same as in the elastic 
case as the relaxation takes place. A comparison of the relaxa- 
tion of a tube under plane stress with that of a tension specimen 
is shown in Fig. 1. Curve B represents either Equation [33] or 
(34] with the same value of F/@ as was used in Equation [6] for 
curve A. For the tube represented by curve B the inside diam- 
eter has been taken as 0.75 times the outside diameter and the 
Poisson ratio has been taken as 0.3. The value of the constant 
B, in Equations [33] and [34] under these circumstances is 0.94 
as compared to unity for pure tension. 

The constant B, depends upon the dimensions of the tube and 
upon the Poisson ratio. For a very thin-walled tube the stress 
in the tube approaches pure circumferential compression, and it 
can be seen that B, approaches unity as a approaches 6. Another 
interesting case is noted when vy =,0.5. This corresponds to an in- 
compressible material, and with this value of v the constant B, 
again is unity. The incompressible tube relaxes in the same man- 
ner as the tensile specimen. 


PLANE STRAIN 

The cases of plane strain and plane stress were introduced 
into elasticity problems in order to simplify the three-dimensional 
equations. When total strains composed of both elastic and 
plastic components are considered, however, the usual condition 
of plane strain, €, = 0, does not correspond to a simplified case. 
Hence in this paper a modified plane strain in which the axial 
stress is the average of the other two stresses, is considered. 


This is what o, would be for a purely viscous material under plane | 
strain. It also would be correct for an incompressible elastic ay 
body where y = 0.5. For all other values of » it does not quite 
meet the conditions of plane strain. ls aie 
The strain rates for this modified plane strain are pl ere 
Ove 


4 ar 


Prevent 
The equilibrium and compatibility equations are the same as for 
the previous case, Therefore Equations [15], [16], and [18] are 
applicable to this case. By combining Equations [15], [18], and 
{36} and making use of the variables u and v as defined in Equa- 
tion [12], the compatibility equation reduces to 

or 


(. + 2) + (. 2) = 0... [37] 
a 


or 
which may be transformed by making use of Equation [16] to 
du 
& drdt 2 Or 


This equation is the same in form as Equation [20] and we can 
write 
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where the time function f,(() must be established as before by 

considering the relaxation of a given tube just as was done in 

Equation [26]. In the present case the equivalent of Equation 

{26} is 

2— v doe 
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dee’ 
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+ = 


(og = 0 
In terms of u and v this becomes 
ou ov 
(1 — 2v) +( +> = 


By substituting Equations [39] and [40] in this equation and in- 
tegrating, we get for the time function 
fAt) = 
where 
3a? 
— + (1 + 


The stresses are then given by 
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In terms of and this becomes 
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and the stresses are “4 
/ 
{40} 
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[46] 

Curve C in Fig. 1 is a plot of these equations with the same 
values of v, a, and b as was used for curve B. The curves in Fig. 
1 show that the tube under plane stress relaxes at a slightly lower 
rate than the pure-tension specimen, and that the tube under 
plane strain relaxes more slowly than the tube under plane stress. 
The increase in relaxation properties of the tube under plane 
stress over that of the tensile specimen is due mainly to the stress 
distribution in the tube wall. In the tube the highest stresses and 
therefore the most rapid relaxation is at the inside surface of the 
tube. The stresses are lower at the surface where the rolled-in 
fit occurs. ly an elasticoviscous disk shrunk on a shaft it can be 
shown that the rate of relaxation is greater than in a tensile speci- 
men. The relative increase in relaxation properties for the plane- 
strain condition is due to the added restraint of the axial stress. 
Since both o, and o» are compressive stresses, an intermediate 
compressive stress ¢, would tend to lower the magnitude of the 
shearing stresses in the tube wall. 

It must be remembered that the expressions just developed are 
for an ideal material in which the plastic-strain rates are propor- 
tional to the stress. In order to approximate the behavior of 
actual materials it would be necessary to replace the constant 
¢ in Equations [19] and [36] with some function of the state of 
stress and possibly also of the plastic strain.* Several attempts 
at such an approximation have been tried, but the integrations 
involved have been too difficult for analytical solutions. The 
simple cases that have been worked out show that the data from 
relaxation tests in pure tension provide a safe estimate of the 
relaxation of stress in heat-exchanger tubes. 

For actual materials it might be argued that since the plastic- 
strain rates are proportional to higher powers of the stress, the 
stress distribution would change in a manner that would spread 
the stress out more evenly along the radius and thus work the 
material more advantageously. Such an argument would show 
that tubes of actual materials would relax much more slowly than 
specimens in pure tension. It is difficult, however, to picture all 
the factors that affect the relaxation of stress in a tube or a disk 
and hence such arguments should be pursued with caution. 


Errecr or RELOADING ON RELAXATION 


The data to be presented here were obtained from tests on an 
aluminum alloy. Although this is not a commonly used heat- 
exchanger-tube material, its behavior should be quite typical of 
such alloys. The actual quantitative values of stress will not be 
of importance, but the general shape of the relaxation curves and 
the behavior of the material when reloaded will be quite similar 
to that of heat-exchanger tubes. 

In Fig. 2 is shown a set of relaxation curves. Each curve 
represents a separate relaxation test. The initial stress or the 
stress to which the specimen was loaded initially is denoted by an 
asterisk. For practical purposes relaxation tests are not run for 
extremely long times. The test curves must be extrapolated to 
longer times. To facilitate this extrapolation the curves are 
plotted on semilog paper. An occasional long-time test is run to 
be used as a guide in the extrapolation. 

There are two ways in which the effect of reloading can be stud- 
ied. One way is to allow a specimen to relax for a certain time 
and then to raise the stress back up to the initial stress. This is 
the type of reloading that occurs when bolts are retightened. 
The other way is to unload the specimen and to let it stand at 
temperature for some time and then to reload to the strain that 

* For a discussion of this topic, see the author's paper “Increase of 
Stress With Permanent Strain and Stress-Strain Relations in the Plas- 
tie State for Copper Under Combined Stresses,"’ Journal of Applied 
Vechanics, Trans. ASME, vol. 65, 1943, p. A-187. 
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TIME - HOURS 
A, Original relaxation 
R, After first reloading 
C, After second reloading 
ReLoapine Arrer One Day or ReLaxaTion 


Fic. 3 
existed just before the unloading. Presumably a period at no- 
load and at normal temperature could be added to this unloaded 
time without affecting the over-all results. In the reloading the 
specification of the previous strain rather than the previous stress 
has been deliberate. This is to take into account the recovery or 
shortening of a tensile specimen that takes place while the speci- 
men is unloaded. 

In a rolled-in heat-exchanger tube there are stresses due to sev- 
eral factors, and it may be quite difficult to determine how or 
when a heat-exchanger tube is reloaded. When the tubes are 
first rolled in, there is a compressive stress in the tube wall due to 
the rolling process. This stress is increased as the temperature is 
raised if the thermal] expansion of the tube material is greater than 
that of the tube sheet. 
way this tube can be unloaded and reloaded is by changing the 
temperature. Decreasing the temperature will have the effect 
of unloading the tube partially, but this also will slow down any 
recovery that might take place. The actual case, then, is some- | 
what different from the two ways of unloading that are to be 


described, but it is felt that test results illustrating the two pre- 


viously mentioned ways of reloading will be of interest. : 
In Fig. 3 is shown the effect of reloading a specimen after 24 - 
of relaxation. In Figs. 4 and 5 is shown the effect of reloading _ 
after 1 week of relaxation. ‘ 
been done according to the first-mentioned way of reloading. It — 


In all of these tests the reloading has _ 


In so far as the author knows, the only __ 


will be noted that in every instance the curve obtained after the 


first reloading is considerably better than the original curve. This’ 
is mainly due to the strain hardening that occurred during the’ 
original test. The relaxation is again improved by a second re- 
loading in all cases, except that shown in Fig. 4 where the im-, 
provement is very slight. 
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The effect of reloading according to the second type of reload- _ 


ing is shown in Fig. 6. Here the specimen was unloaded and 
then reloaded to the previous strain. In the first and third un- 
loadings the specimen was reloaded immediately after unload- 
ing. There was very little time for recovery to take place. For 
this reason the stress after reloading was only slightly higher 
than that existing just before unloading, In the second and 
fourth unloading about 3 hours elapsed before the specimen was re- 
loaded. This lapse gave greater time for recovery, and the re- 
covery caused the stress to be noticeably higher after reloading. 
This increase in stress, however, quickly dies out, and the relaxa- 
tion curve continues as though no unloading had taken place. 


ConcLusions 


For the ideal elasticoviscous material a rolled-in condenser 
tube will relax at a slower rate than a tensile specimen. For 
actual materials it would seem that the tube would relax still 
more slowly. In any event the tensile-relaxation data will offer 
a safe guide to the relaxation of the tube. Based upon the re- 
sults of these calculations this same comment cannot be made 
for the relaxation of a disk on a shaft. 

For the type of unloading and reloading present in heat- 
exchanger tubes, the relaxation is not much affected by reloading. 


Tim - HOURS 
A, Original curve 
: B, After first reloading 
: C, After second reloading 
Fic. 5 Revoapine Arrer One Week or Retaxation 
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By I. MALKIN,' NEW YORK, N. ¥Y 


This paper offers an approximate analytical procedure for 
determination of the elastic surface of tube sheets unde: 
bending. The procedure derived has been used success- 
fully for several years as a basis for design of tube sheets 
of the frequently applied triangular pitch. The design 
formulas developed in the paper underwent experimental 
tests recently with satisfactory results. A description and 
detailed discussion of the experimental work are given 
also. 


‘The following nomenclature is used in the paper: ‘ee 


NOMENCLATURE 


outer and inner radii, respectively, of a cylindrical 


shell 
side lengths of a rectangular plate 


one of the two side lengths of a rectangular cross section 
+ v) 
diameter of a circular hole 


= the three important strain components in problem of 
plate in bending 


Young's modulus of elasticity 

same for “equivalent” plate to be defined later 

thickness of plate or tube sheet; also, one of two side 
lengths of a rectangular cross section 

moment of inertia of cross-sectional area of a bar 


length of a bar Pinte 

reciprocal of the Poisson ratio hae 

uniformly distributed load I ea 

deflection of plate or tube sheet 

ok 


Cartesian rectangular co-ordinates 


numerical coefficient occurring in theory of torsion of 
bars of rectangular cross section (see following) 

a constant defined by Equation [28] 

Laplacean differential operator in plane 

one of three’ co-ordinates of a Cartesian rectangular 


system Enz 


' Standards and Design Engineer, Foster Wheeler Corporation 
Mem. ASME. 

Contributed by the Heat Transfer and Applied Mechanics Divi- 
sions and presented at the Annual Meeting, New York, N. Y., No- 
vember 26-December 1, 1950, of Tue American Soctety or Me- 
CHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
October 30,1950. Paper No. 50--A-120. 


= Poisson ratio 
= same for “equivalent” plate to be defined later in paper 
= one of three co-ordinates of a Cartesian rectangular sys- 
tem Enz 
radius of curvature of middle surface of tube sheet 


the three important stress components in problem of 
plate in bending 
azimuth angle 


INTRODUCTION 


There are a variety of heat exchangers, which function by means 
of a great number of tubes, enclosed in a shell or in a casing and 
properly fixed in tube sheets. A tube sheet is a plane plate of 
constant thickness with circular holes for connection with the 
tubes. For a better understanding of the subsequent discus- 
sion it is important to say a few words about the connection 
between tubes and tube sheet. 

In the case of pressure vessels a tight attachment of the tubes 
to the tube sheet is necessary in order to prevent leakages. The 
methods of realizing such a tight connection will not be discussed 
here; contributions to this question will be found in the litera- 
ture.? In the case of an air heater there is no great danger of 
leakages, and the question of a tight connection between tubes 
and tube sheet is of less importance. It must be emphasized, 
however, that in consequence of its complicated connection with 
the tubes, a tube sheet is generally the object of particular care 
in the design of heat exchangers. If one realizes that tube sheets 
of, say, 10 ft diam and 4 or 5 in. thick for a system of several 
thousand tubes are not impossible in the design of modern pres- 
sure vessels, it is not difficult to understand why the engineer 
values so highly any information able to throw some light on the 
problem of satisfactory tube-sheet design. The questions in- 
volved are not only those concerning high material costs of a 
plate of dimensions of the order indicated and not only those of 
drilling several thousand holes of quite considerable length— 
there is still another question of great importance; if such a tube 
sheet fails, its repair or replacement will cause a long interruption 
in the functioning of the heat exchanger owing to the compli- 
cated work of separating the tube sheet from a bundle of such a 
great number of tubes, 

As to the arrangement of the holes in a tube sheet,’ we will 
be concerned here with tube sheets of triangular layout only (see 
Fig. 1); tube sheets with holes arranged in square pitch seem 
to be less frequent. Fig. 1 is drawn to seale and it conveys, 
therefore, a correct idea of the relative dimensions of the holes 
and ligaments, as far as certain groups of air heaters and pres- 


“Theory of the Expanding of Boiler and Condenser Tube Joints 
Through Rolling,” by A. Nadai, Trans. ASME, vol. 65, 1943, pp. 
“The Holding Power and Hydraulic Tightness of Expanded Tube 
Joints,” by J. N. Goodier and G. J. Schoessow, Trans. ASME, vol. 
65, 1943, pp. 489-496. 

“Notes on the Tightness of Expanded Tube Joints,” by G. Sachs, 
Journal of Applied Mechanics, Trans. ASME, vol. 69, 1947, pp. 
A-285-286. 

**Heat Transmission,” by W. H. McAdams, MeGraw-Hill Book 
Company, Inc., New York, N. Y., 1942, p. 350. 
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_ number of combinations of holes in the plate. 
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sure vessels are concerned. The thickness of a tube sheet is, of 
course, a function of pressure or load acting on the tube sheet. 


In pressure vessels it reaches proportions indicated, while in air 
_ heaters the thickness of a tube sheet may be a fraction of the 


hole diameter. The outside diameter of the tubes may be any- 


where from | to 3 in. 


In attempting to deal with the elastic problem of the tube 
sheet analytically, we shall start with the simpler type of prob- 
lem, and this is the case of the air heater. This case is simpler, 
because the expansion of the tube ends into the holes of the tube 
sheet does not affect materially the state of stresses in the 
tube sheet. 

The problem of the elastic tube sheet can be idealized as a spe- 
cial case of the problem of the plane plate with an arbitrary 
number of holes. This problem was recently treated by K. J. 
Schulz.‘ Starting from the well-known stress function of Airy, 
used in the treatment of two-dimensional problems of elasticity, 
Schulz developed a solution of the problem of the plate with an 
arbitrary number of holes by introducing a number of stress func- 


- tions assigned to the holes and adjusted to each other in such a 


way that the shear and normal stresses vanish along the bound- 
ary of each hole. The fulfillment of the latter boundary condi- 
tions requires the solution of an infinite number of linear equa- 
tions for the indeterminate constants, which is being achieved 


_ by means of the method of iteration—a gigantic amount of work, 


which has been carried out successfully by Schulz for a great 
His publications 
thus represent a powerful and practically productive generaliza- 
tion of the method of Airy in the problem of the plate. It applies 
primarily to the problem of a perforated plate under tension; an 
extension to the problem of a perforated plate under bending, 
which Schulz already effectively started, was eut short by his 
death under tragic circumstances. 

It appears then that theoretical foundations for the design of 
tube sheets under bending with formulas ready for immediate 


‘Over den Spanningstoestand in Doorboorde Platen,” by K. J. 
Schulz, Doctor Thesis, Delft, Holland, 1941, 112 pp., followed by 
many additional contributions published in the Bulletins of the 
Netherlands, Akad. Wetensch. An abstract of the work carried 
out by the late Dr. Schulz will be found in “Advances in Applied 
Mechanies,”’ the report by Prof. C. B. Biezeno, in Academic Press, 


application to practical problems do not exist at the present 
time. The approximate analysis given in this paper is intended 
to fill the gap to an extent satisfying practical requirements. 

Resuming the case of a tube sheet in an air heater, the follow- 
ing method of attack will be used. 

Considering a tube sheet without tubes, we replace its circular 
holes by holes in the form of regular hexagons of the same area 
(Fig. 2), which reduce the perforated part of the tube sheet to a 
system of short elastic beam elements under bending and torsion. 
The beam elements are, in other words, in stress conditions simi- 
lar to those of the elemental beams in a rectangular grid work 
discussed in the literature; they are connected into a hexagonal 
grid, in which each of them will be treated as a bar in bending and 
torsion. 

It must be admitted at the outset that the small length of the 
elemental beams (as compared with the dimensions of the concen- 
trations of material at the intersections of those beam elements) 
in our hexagonal grid work will more or less impair the accuracy 
of the results, but at the same time attention must be called to 
the fact that the mathematical analogy developed in the paper 
is entirely correct in the case of a hexagonal grid work in which 
the length of the beam elements is sufficiently large. As we 
diminish the length of the beam elements, we introduce deterio- 
rating factors, but it is plausible to expect that even in the case 
of the hexagonal grid work with the short beam elements there 
still remains a fairly close affinity between the actual state of 
stresses and the one which follows from the application of the 
mathematical analogy just mentioned. In so far as the relia- 
bility of this analogy can be established, it leads to the deter- 
mination of the elastic constants of an equivalent plate and thus 
to the solution of the elastic problem of the tube sheet. Knowing 
the elastic constants of the equivalent plate, we can find the com- 
ponents of curvature in the beam elements of the tube sheet for 
given loading conditions and thus the stresses in them as well. As 
to the question of reliability, the reader is referred to the concluding 
sections of the paper, which give a detailed account of the ex- 
perimental verification of the formulas derived theoretically in 
the first part of the paper. 


5 “Theory of Plates and Shells,” by 8. Timoshenko, McGraw-Hill 
Book Company, Inc., New York, N. Y., and London, England, 
1940, p. 190. 
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ApproximaTe Repuction or Tuse-Sueet Prospiem To PrRos- 
LEM OF A PLate or Certain Evastic Constants 


The starting point of our derivation of an approximate solu- 
tion of the problem of a tube sheet under bending is the Hamil- 
tonian “‘principle of least action,”* which reduces here simply 
to the “principle of minimum of potential energy” due to ab- 
sence of motion. Thus, to give the problem of the tube sheet 
under bending an analytical expression, we shall approximate the 
perforated plate by an elastic solid of a form which permits a 
convenient way of computing the potential energy of deforma- 
tion. The expression of the strain energy of the modified tube 
sheet allows us to reduce the tube-sheet problem to that of an 
equivalent plate. This reduction makes ultimately possible a 
determination of the stress distribution in the tube sheet. The 
paper deals only with the derivation of the formulas for the re- 
duction just mentioned and with their experimental check. 

We replace the actual tube sheet, as already indicated, by a 
nearly equivalent “idealized” tube sheet, characterized by a sys- 
tem of holes shown in Fig. 2. The circular holes are approxi- 
mated by regular hexagons of the same area. To determine the 
deformation energy of the entire idealized tube sheet, we sub- 
divide it into elements of the form ABCDEF (Fig. 2). All ele- 


Fic. 2 LToeatizen Tune Sueet or Tatrancutar 


ments are in essence equally oriented with respect to the three 
directions 01, 02,03. (More accurately expressed, the integrand 
of Equation [16] does not change its sign, if z and y are replaced 
by — z and —y, respectively.) We begin with computing the 
deformation energy of one of the beam elements. The deforma- 
tion energy of the entire system will be determined by integra- 
tion over the entire idealized tube sheet. 

The deformation energy of any of the elements consists sub- 
stantially (1) in bending of the beam elements 1-1, 2-2, 3-3 
(Fig. 3), in the three respective planes passing through 1-1, 2-2, 
3-3 perpendicularly to the middle plane of the tube sheet, and 
(2) in torsion of those elemental beams around axes parallel to 
the lines 1-1, 2-2, 3-3, respectively, as known to the reader, for 
example, from the treatment of the grid-work problem,’ and more 


* “Methoden der Mathematischen Physik,” by R. Courant, Berlin, 
Germany, vol. 1, 1924, p. 207 poeeey reprinted in this country by 
the Dover Publications, New York, N. Y.) 

“Treatise on the Mathematical Theory of Elasticity,”’ by 
Love, Dover Publications, New York, N. Y., 1927. p. 166. 
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generally from the treatment of the plate problem. Indeed, the 
formulas for the computation of the energy amounts for the tube- 
sheet problem can be derived easily from Kirchhoff’s theory of 
plates in bending as follows: 


Referring to a rectangular ryz-system of co-ordinates, with the 
middle surface of the plate in the ry-plane, the deformation energy 
of a plate under bending is given by the integral 


U SS + Oy + Tay dy dz 


where ¢,, ,, T,, are the three important stress components and 
Cres Cyys Coy the three corresponding strain components, the inte- 
gration being extended over the entire plate. Designating by w 
the deflection of the plate, by E and » the modulus of elasticity 
and Poisson's ratio, respectively, we have, with w,,, Wyy, Wey 
representing the second derivatives of w with respect to z and y, 
the formulas 


E-\o, 
E-\o, 
2E-\1 


—VO,) = = 
—vo,) =e, = 
+ = = — 


Solving these equations for ¢,, o,, T,, and substituting the re- 
sulting expressions for the stress components, as well as those 
for the components ¢,,, ¢,,, 2, of strain, in terms of the deriva- 
tives of w into Equation [1], we obtain the expression for the po- 
tential energy of the plate under bending in terms of the deriv- 
atives of w, namely 


where h = thickness of plate, @ = integration domain of plate 
in middle plane (zy-plane), and 


Aw = w,, + wy, 


(A = Laplaceian differential operator in the plane.) 
us resume the problem of the tube sheet proper. 

In the case of the tube sheet the set of formulas just given 
undergoes the following modification. We have reduced the tube 
sheet to a system of elements ABCDEF (Fig. 2); each of these 
elements consists of three “beams” extending in the directions 
01, 02, 03, respectively, and subjected, as already indicated, to 
bending and torsion. Consider the element 01 with the system 
ry of co-ordinates shown in Fig. 3. Since we have here to deal 


with a one-dimensional system under combined bending and vm 


torsion, we obviously have to use the formulas 
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iS dz dy dz = } (5) 


sre, with the designations in Fig. 3 


represents the moment of inertia of the cross section of the beam 
with respect to the neutral axis, parallel to the y-direction, of 
the cross section, while L = length of the bear element, and*”* 


SSS S Try Cry dy dz = } 


CLw,,* 
where 
hes 
21 + v) 


is the torsional rigidity of the elemental beam; 
values of the coefficient 8 are given in Fig. 4.° 


the numerical 
It must be em- 
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wise rotation through an angle g¢ = 120 deg. Consequently 
we have (see Fig. 5) 
a: 
hat 
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z= tcos — sin = Esin + NCOs 
from which 


ow Or 
or o& 


ow _ 
oy ae 


ow 


ow oy ow . ow 

= —— en + — cos 
oy On or oy 

and by further differentiation we obtain 


— ¢os — sin ge — 
ar? cos dy? ¢ 
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According to 8. Timoshenko, “Strength of Materials," reference 5.) 


phasized that in Equation [8] ¢ always designates the shorter 
side of the rectangular cross section. Substituting the Equations 
[5] and [7] into Equation [1] we obtain the following expression 
for the strain energy U’, of the elemental beam O01 


“a 


It should be noted that w,, and w,, are assumed to be constant 
in deriving Equations [5] and [7]; hence they represent mean 
values of w,,, w,, for the element ABCDEPF. 

We turn now to the beam elements extending in the two re- 
maining directions 02 and 03, respectively. 

Considering the element 02 with its system & of co-ordinates 
as shown in Fig. 3, we see at once from analogy with Equation 
{9} that the deformation energy of the beam element 02 can be 
written in the form 


El 


UE 


tll 


Cc 


EIL (wee + EI ve) {10} 


and it is now only necessary to express the derivatives wee and we, 
in terms of the derivatives of w with respect to one system of co- 
ordinates, and we choose our ry2-system for this purpose. 
The é-system can be obtained from the zy-system by a clock- 


7 Strength of Materials,” by 8. Timoshenko, D. Van Nostrand 
Company, Inc., New York, N. Y., vol. 1, 1940, p. 270 

* Theory of Elasticity,”’ by S. Timoshenko, McGraw-Hill Book 
Company, Inc., New York, N. Y., 1934, pp. 245-249. 

* For practical purposes it is necessary to draw Fig. 4, on fine cross- 
section paper very accurately to a larger scale; the numerical values 
of 8 are given in a quantity, sufficient to plot the curve, in the books 
mentioned in the preceding two footnotes. 
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— sin g cos 


sin cos + oy? 


= (cos? — sin® ¢) 


+ oroy 


Equations [11] and [12] apply to the beam 03 as well, if 
only ¢ be replaced by —¢. We thus obtain for the beam 
03 Equations [lla], [12a], which it is not necessary to 
write down here explicitly. 

Substituting Equation [11] and Equation [12] into Equation 
{10} we obtain U; in terms of w,,, w,,, w,,. Substituting Equa- 
tions [lla] and [12a] into Equation [10], we obtain the expres- 
sion U, for the potential energy of deformation for the beam ele- 
ment 03 in terms of the same derivatives. Taking the sum of 
the energy amounts U, as given by Equation [9], and U2, Us, 
computed as just explained, we find the potential energy of the 
entire element ABCDEF to be given by the formula 

| 
J 


BIL + 2cost + 2K sin? ¢ cos? 


+ (2sin‘ ¢ 
+ [8 sin? cos? + 2K(cos*? 
sin? 


+ 2K sin® 9 cos* ¢g)w,, 
— sin? ¢)? + 


a K)w,, Wyy} 
where 
K = C:El.. 

Introducing into Equation [13 
¢ = 120 deg, sin ¢ = 


1 1 


we find by simple computation 


3 1 
j= —(3 K)EIL | (Aw)? — 4 
16‘ + K) . w) 3 
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middle plane of the tube sheet, we divide the amount by the area — 
“v3 
4 


the dimension s being given in Fig. 2. Multiplying the result by 


dz dy and integrating over the middle plane of the tube sheet, we 
obtain, after substitution of Equation [6], the total deformation 
energy of the tube sheet to be given by the formula 


Lf [ors 


X — | dz dy... 


(3 + K ah? 
16% ‘Ba? 


1+K 


= 


. [16] 


Comparison of the result, Equation [16], obtained for the tube 
sheet, with Equation [3], valid for a uniform elastic plate, yields 
an important conclusion. Since the Hamiltonian principle de- 
termines the entire behavior of the system considered, we see 
from this comparison at once that the deformation of the 
middle plane of the tube sheet can be determined exactly in the 


same way as that of a plate, if only we attribute to this fictitious _ 
plate, replacing the tube sheet, a modulus of elasticity E’ and 


a Poisson ratio v’ satisfying the two relations 


(3 + K)ELch® 
16 8? 


from which 


ut 


wit 


Attention must be paid to the fact that in the case of a tube sheet 
of triangular layout, the equivalent fictitious plate is still a plate 
of isotropic material, which simplifies the computing work in the 
applications very considerably. 

Equations [19] and [20] are accurate (within the limits of 
accuracy of the theory of bending and torsion of beams), if the 
ratio L:c is sufficiently large, i.e., if the lig: ts are thin ugh 
as compared with the diameter of the hexagonal holes, Of 
course, a hexagonal! grid work of such characteristics cannot be 
obtained by replacing the circular holes by hexagonal ones, be- 
eause the equivalent circular holes would overlap each other. 
In the case of a large (L:c) let us designate by yu the ratio of the 
area, occupied by the ligaments in the plane of the plate, to the 
total area of the fictitious full plate, so that (Fig. 2) 


Then Equation [19] for E’ assumes the simpler form 


a formula which may be used, with the same justification as 
Equation [19], in the case of the actual tube sheet as well. Des- 
ignating by d the diameter of the circular holes we have then, 
with reference to Fig. 1, the following expression for yu 


This formula makes the computation of L, occurring in Equa- 
tion [21], unnecessary. As to the width ¢ of the elemental beams. 
a quantity which we will have to use, the equality of the area of a 
circular hole and that of the replacing hexagon yields the formula 


= s — 0.9524. (24) 


Before discussing the question of an experimental check of 
Equations [19], [20], we shall apply an approximate analytical 
check. 

APPROXIMATE VERIFICATION 


Assume a tube sheet of triangular layout and of any boundary 
line, formed by the external lateral faces of the limiting hexagonal 
elements (Fig. 6), to be subjected to the action of bending mo- 
ments M = const, uniformly distributed along that boundary 
line, and imagine the tube sheet subdivided into equal prismatic 
elements of regular hexagonal cross section just mentioned and 
illustrated by Fig. 6 in plan and elevation. On the basis of the 
analogy r just de veloped, all of the hexagonal elements are in 


* 


Fic. 6 Tuse-Sueer E_ement 


identical conditions (as in the case of a full plate), characterized 
by the moment M acting on each of the six plane lateral faces of 
the element. Owing to this complete uniformity of distribution 
of moments, the tube sheet will assume a spherical shape, like a 
full plate, and the problem of the tube sheet is reduced to the prob- 
lem of one of these hexagonal elements. The generatrixes of the 
latter remain straight after deformation as well by reasons of sym- 
metry. This means that the deformation of such an element will 
consist in a rotation of the rectangle ABCD (Fig. 6), as a rigid 
area, in its own plane. Under these conditions the angle 8 of ro- 
tation can be estimated and thus the radius p of curvature of the 
tube sheet as well. This value of p should be approximately 
equal to that derived for the equivalent uniform plate. The 
computation is to be carried out as follows: 

Replace first the hexagon in Fig. 6 by an approximately equiva- 
lent circle leading to a circular cylinder of the radiia and b. The 
angle 6 of rotation due to the moments M is given by” 

12Mr, 


log. (a/b) 


and the radius of curvature is 
To Eh* 1 


a5 the fictitious plate we obtain" 
aoe to the designations in Figs. 1, 6, we consider the fol- 
lowing example 


Reference (7), vol. 2, p. 179. 


" Reference (5), p. 46 
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8 = 3.125 in.,d = 2b = 2.50 in., h = 0.875 in. 


‘ . From Equations {23} and [24] we get now 
rer pw = 0.42, ¢ = 0.745 in. 
Referring to Fig. 6, we find that the side length ab of a hexagonal 
element abcedef of the tube sheet is s V3: the circle of equal area 
has a diameter dg = 2a = 3.28 in.; a = 1.64 in. For h/c = 
0.875/0.745 = 1.174, Fig. 4 gives 8 = 0.165, so that, according to 
Equations [14), (6), [8] 
h 


= 0.126, = 0.183E 
With these numerical values Equations [25] and [26] give 
p = 0.0225 (Eh*/M) and p = 0.0175 (Eh*/M) 


— respectively. The approximation is, of course, quite rough; 
however, a better result was hardly to be expected from a primi- 
tive check. Possibilities of a more careful examination must 


be studied now. 


EXPERIMENTAL VERIFICATION 


Equations [19], [20] have been in practical use for design pur- 
. ee since the beginning of 1946. Their field of application, 
as already mentioned, is in the design of tubular air heaters and 
of pressure vessels with tube chambers for chemical processes of 
certain special kinds. The latter field of application is the much 
more important one. In problems of this second group, slight 
modifications have been introduced into the fundamental for- 
mulas, modifications intended to take care of the stiffening in- 
fluence of the tightly rolled-in tubes (see Introduction). A 
considerable number of pressure vessels with tube chambers for 
high pressure have been designed and fabricated on the basis 
of the tube-sheet formulas derived in the second section of the 
paper. These pressure vessels have been subjected to the test 
procedures prescribed by the pressure-vessel codes. In these 
tests as well as in operation the design has proved to be entirely 
satisfactory. This is, of course, a strong argument in favor of the 
tube-sheet design Equations [19], [20]; it is, however, no com- 
plete substitute for an experimental verification. 

A convenient experimental test of the Equations [19], [20] 
can be derived from formulas for deflection of plates in bending. 
The subject of bending experiments with plates has been thor- 
oughly discussed by A. Nadai.'*? A relatively simple check is 
afforded by the bending test of a circular plate on three point 
supports 120 deg apart along its circumference; an exact solu- 
tion for this problem has been given by A. Nadai.'? As to the 
application of Nadai’s solution to experiments with tube sheets, 
we shall return to this question later. Another promising check 

_ is provided by the bending test of a rectangular plate under uni- 
formly distributed load and resting on four-point supports at its 
corners, An approximate formula for the maximum deflection 

in this case has been developed by A. and L. Foeppl.'* This 

'“Blastische Platten,”’ by 

my 1925, pp. 39-45, 198-201, 


A. Nadai, J. Springer, Berlin, Ger- 
and 301-308. 

“Die Verbiegungen in einzelnen Punkten unterstatater Kreis- 
ee Platten," by A. Nadai, Physikalische Zeitschrift, vol. 23, 
1922, pp. 366-37 An abstract of Nadai's paper will be found in 

oz ot ya oe 5). pp 270 272; also reference (12), pp. 193-197. 
“Drang und Zwang,”’ by A. and L. Foeppl, Muenchen and Ber- 

Germany, vol. 1, 1920, pp. 147-149. 


TRANSACTIONS OF THE 


ASME 109052 
formula was chosen to check Equations [19], [20]. The advan- 
tages and drawbacks of experimentation with rectangular plates 
on four-point supports will be briefly discussed. 

The formula derived by A. and L. Foepp! can be written in the 
form” 


w=! E (: + bt mr 


center deflection of reetangular plate simply supported 
at its four corners and acted upon by uniformly dis- 
tributed load 

side lengths of rectangular plate 

reciprocal of the Poisson ratio 


768 (m* 


my 


= intensity of uniformly distributed load, psi 
= modulus of elasticity, psi 
= plate thickness, in. 


64) Eh? 


The constants E and m have to be figured out from the dimensions 
of a tube sheet under consideration in accordance with the deriva- 
tions given in the second section of the paper. 


EXPERIMENTAL Cueck OF Equations [19] [20] 


The tube sheets used for an experimental check of Equations 
{19} and [20] are shown in Figs. 7 and 8. The original dimen- 
sions of tube sheet No. 1 (Fig. 7), were 42.125 in. X 42.875 in. 
as shown; later the tube sheet was reduced as indicated in the 
following. The deflection was measured both with the original 
and with the reduced tube sheets for reasons which will be given. 
All tests described subsequently have been carried out by L. 
Nilssen."* 

The holes in the tube sheets were punched, after which the tube 
sheets were straightened out “by putting them between two paral- 
lel plates with a weight on top and heating them in a furnace to 
1200 F for 1'/: hr. In this treating, the specific stress-relieving 
was also accomplished,” and “the resulting plates were con- 
sidered sufficiently level to compare favorably with commercial 
plates used in the tube-sheet construction.” 

“The procedure in obtaining the deflection was as follows: 


“1 The center of the plate was located by the intersection of 
two carefully drawn diagonal lines on both sides of the plate and 
the center was marked. In the case of plate No. 2, the center 
happened to be located in one of the punched holes. There- 
fore the deflection had to be taken about '/: in. from the actual 
center of the plate. 

“2 The ‘zero’ point (the point at no deflection) was deter- 
mined by mounting two bolts of precisely the same length at 
diagonally opposite corners of the plate. The plate was then 
placed in a vertical position on a perfectly level layout table and 
its weight was supported by a wire suspended at a point above 
the plate. A straight edge was placed on the two bolts and the 
distance measured from the straight edge down to the center of 


'* Attention must be called to an error in equations [44], reference 
(14), p. 149. The factor (6? /a*) in the second of the two equations 
{44| must be replaced by (a*/h*). The error invalidates other for- 
mulas on the same page of the source. 

‘* Research Engineer, Foster Wheeler Corporation, Research 
Laboratory, Carteret Works, Carteret, N. The parts, given in 
quotation marks, of the following text are. reproduced from Mr. 
Nilssen’s report. 
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the plate. This procedure was followed on both sides of the 
plates. 

“3 The plates were placed in a horizontal position supported 
on four vertically mounted bolts of equal height, fastened to the 
afore-mentioned layout table. These bolts were placed in such a 
manner that the plates resting on them would be supported an 
equal distance from the center. The four bolts had been ground 
to a truncated point and the support point on the plates was 
about '/, in. from each corner. Again the straight edge was 


Portia! Removel of Rim 


Edge of Tube Sheet after 


2,218 - 0.73" Holes on Trianguler Pitch 


Tuse Sueer No. 1, 42'/s In. X 42 Ix. 0.510 
Experimenta. Tests 


Fic. 7 In. FoR 


placed on the two bolts mounted on the plate and the distance 
from the straight edge to the center of the plate was recorded. 
The difference between the reading at the zero point and the Eg 
latter reading was taken as the deflection due to the weight of 
the plate. Deflections were read to the nearest 0.005 in. using 
micrometer.” 

The deflection measurements were taken on each side of a tube 
sheet and the average was registered as resulting deflection. 
This led to 


w = 0.0460 in 
at the center of tube sheet No. 1, and 

w = 0.1495 in. 
at the center of tube sheet No. 2. 


In both cases the tube sheets were acted upon by their own 
weight only. An additional experiment, in which tube sheet 
No, 2 carried an additional load uniformly distributed along its 
shorter center line, will be discussed a little later on. 

Much more important, however, is another additional experi- 
ment which must be reported and discussed here before turning 
to the computation of the deflections by means of Equations 
[19], [20], [28], and {29}. 

In order to compare the measured deflections with the cor- 
responding theoretical results to be obtained in the following 
section it is necessary to reduce the former to the same basis, on 
which the analytical determination takes place. The actual 
tube sheet is provided with a rim of much greater rigidity than the 
tube sheet proper, a rim which is not represented in the Equa- 
tions [28] and [29]. Before the results, Equations (30) and 
[31], can be compared with the theoretical results, it is necessary 
to eliminate from the measurements Equations [30] and [31] 
the influence of the rim. For this purpose the following addi- 
tional experiment was made on tube sheet No. 1: 

The original weight of this tube sheet was 126'/, Ib. After 
removal of 7'/: lb of rim material taken off all along the boundary 


x 


263-1 Holes on | Trionguier Pitch 


| 


Saeet No. 2, 42'/, In. X 14'/: In. X 0.246 In., ron Expentmentan Teste 


= 
_ og 


of the tube sheet, the deflection at the center of the latter was 

measured again and the result was 0.0505 in. as compared with 

0.0460 in. in Equation {30}. 

Now let us determine the weight of the tube sheet proper. 
This is the sum of the weights of all regular ligaments surround- 
ing the 2218 holes of the tube sheet. The weight of each ligament 
(Fig. 6) was estimated as 0.0491 lb from the dimensions of the 
tube sheet and the density of the material (0.2833 pei). The 
weight of the entire tube sheet proper is, accordingly, 0.0491 x 
2218 = 109 lb. In other words, after the removal of 7'/, Ib from 
the boundary of the tube sheet, there is still a weight of 10 Ib 
accumulated around the outer holes of the tube sheet, a weight 
which does not belong to the tube sheet proper. 

We see from this that linear extrapolation leads to the follow- 
ing deflection after removal of all rim material 


0.0505-0.0460 
w = 0.0460 + 75 


(126.5 — 109) = 0.0565 in... [32] 
This is to be considered as the measured deflection of the tube 
sheet No. 1 proper, to be compared with the deflection computed 
from the system, Equations [19], [20}, [28], and [29). 

As to tube sheet No, 2, experiments of rim elimination have 
not been applied to it. Its rim is relatively much smaller than 
that of the first one. 


Compuration OF THE Deriecrions From Equartons [19], [20], 
[28], [29] 


The fundamental data of tube sheets Nos. 1 and 2 are given in 
the first three lines of Table 1. Starting from these data and 
following the computing procedure given in the second section of 
the paper and illustrated in the third section, we arrive at the 
results in the lines 4 to 11 of the table. The weight of the tube 
sheet proper per | sq in. of its total area is, with uw = 0.449 (line 
4 of table) 


0.1445 & 0.449 = 0.0648 Ib 


in the case of tube sheet No, | 
plate of 0.246 in. thickness is 


The weight of 1 sq in. of steel 


0.2833 & 0.246 = 0.070 psi 


the weight of the tube sheet proper per | sq in. of its total area 
is, with uw = 0.360 


0.070 X 0.360 = 0.0252 psi 


in the case of tube sheet No. 2 (see line 11 of table). Substi- 
tuting the numerical values of E’ = 0.172 X 30 X 10* psi and 
EK’ = 0.154 X 30 X 10* psi, respectively, and those of m’, given 
in Table 1 correspondingly for the quantities E and m, as well 
as the corresponding numerical values of the distributed load p, 
into Equations [28] and [29], we finally obtain the deflections. 
The results are, with the supporting lengths (see preceding sec- 
tion, point 3) 2a = 2) = 41.50 in. in the case of tube sheet No. 1, 
and 24 = 42 in., 2b = 14 in. in the case of tube sheet No. 2 


———a w = 0.0699 in 
and 


w = 0.1750 in... 


respectively, Comparing Equations [31] and [32] with [34] and 
[33], respectively, we see that the differences between the meas- 
ured and the computed values amount to 19 and 14.5 per cent of 
the computed deflections, respectively. If, in the second tube 
sheet, the effects of the (relatively smaller) rim were eliminated, 
the error would be smaller. Taking into consideration that an 
error in terms of deflection is much larger than in terms of the 
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thickness of the tube sheet, because of the factor h~* in Equation 
[29], we may consider Equations [19] and [20] as satisfactory for 
design purposes. 

An interesting detail in favor of Equations [19] and [20) is 
the following: The system Equations [28], [29] is an approximate 
expression for the deflection. It is easy to see that this system 
becomes practically quite accurate as the ratio b,/a, becomes 
small; in the limiting case of a beam, simply supported at its 
ends, the system Equations [28], [29] gives, with y = 1/m = 
0.3, and after division by"? (1 — v*) the formula 


We see that the accurate value Equation [36] is smaller than the 
approximate result Equation [35], with a difference of about 
6'/, per cent. There are plausible reasons to believe that this 
relationship between the approximate result of A. and L. Foeppl 
and the accurate solution will be valid for a considerable range 
of the ratio™ b,/a;. Tube sheet No. 2 is in the vicinity of this 
range. In other words, there is reason to believe that the intro- 
duction of constants Equations [19], [20] into Equations [28], 
|29] must yield, in the case of tube sheet No. 2, a good test for the 
validity of Equations [19], [20]. The favorable result obtained 
with this tube sheet is, therefore, a valuable argument in favor 
of Equations [19], [20]. In the case of the square plate the 
system Equations [28], [29] is obviously less accurate, which would 
explain the less satisfactory results obtained with the larger 
tube sheet. 


AppITIONAL EXPERIMENTS 


The additional experiments, one of which is to be reported in 
this section, were intended only to give some complementary 
qualitative illustrations of the subject of the foregoing discus- 
sions. 

We relate here an additional experiment carried out on tube 
sheet No. 2. A steel bar of 9 lb weight, approximately 1 in. X 
1'/, in. X 14'/, in. long, was placed with its 1-in. side on the 
short center line of the tube sheet, and the deflection was meas- 
ured; then the bar was cut into 7 pieces of roughly equal weight 
and the weight was distributed uniformly along the same center 
line, and the deflection at the center of the tube sheet was meas- 
ured again. The result was approximately the same in both 
cases, namely 0.098 in. Now let us calculate the deflection just 
measured, 

The concluding paragraph of the preceding section implies 


“Strength of Materials,” by 8. Timoshenko, D. Van Nostrand 
Company, Inc., New York, N. Y., vol. 2, 1941, p. 120. 

Plates and Shells” (reference 5), fig. 135, p. 348, where the 
straight branches of the diagram, referring to plates of a widely vary- 
ing ratio of width to length, differ f-om each other only slightly. 


0. 246 
25/16 
21/16 
0.360 
0.312 
0.175 
0.5 
0.143 
0.154 
6.99 
0 
oF 
w = 0.222 —.................. 
EI 
a athe v2 The well-known accurate formula for this case is 
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that the deflection of tube sheet No. 2 can be approximated fairly 

well by that of a beam on two supports at its ends. Indeed, if 

we apply Equation [36] to a strip | in. wide and 42 in. long, of 

tube sheet No. 2, loaded by its own weight of the amount p = 

0.0252 Ib per linear in. (see Table 1) then we obtain, with 7 = 
0.246* = 0.00124 cu in. 


=. 0.0252 194,500 
| w = 0.208 
0.154 X 30 10* X 0,00124 


= 0.177 in. 


as compared with w = 0.175 in. in Equation [34]. This sug- 
gests the possibility of using for the tube sheet the theory of 
beam deflections in the case of a concentrated load as well. Des- 
ignating the latter by P, which is in the case considered here 
9:14 = 0.643 Ib, we have 


0.643 X 74,088 


. = 0.173 in.. .{37 
0.154 X 30 X 10* X 0.00124 x 48 


as compared with the measured value 0.098 in. The explanation 
of this discrepancy is obtained by attentive reading of the sec- 
tion, Experimental Check of Equations [19] and [20), point 
3: “... the four (supporting) bolts had been ground to a trun- 
cated point.” Such supports cause quite considerable friction as 
soon as the deflection becomes comparatively large. In our case 
the total calculated deflection according to Equations [34] and 
is 
0.175 in. + 0.173 in. = 0.348 in. 


while the thickness of the tube sheet is only 0.246 in. This 
means that the tube sheet is in a condition similar to that of a 
plate with large deflections, while its edges are clamped.” The 
diagram referred to in the preceding footnote shows that in prob- 
lems of this kind large discrepancies between calculated and 
measured deflections can be expected, if the theory of small de- 
flections is used in the computations, which is exactly the basis of 
our tube-sheet formulas. Summarizing, we may say that the 
experiment just reported yields only a qualitative testimony, 
namely, an inequality (0.348 in. > 0.1495 in. + 0.098 in. = 0.2475 
in.) in favor of our Equations [19], [20}. 
SuMMARY 

The results of the study presented can be summarized now as 
follows: The experimental! tests have been carried out with rec- 
tangular tube sheets on four-point supports. A circular tube 
sheet on three-point supports 120 deg apart, of course, has not 
less than three great advantages, namely, the problem has an 
exact solution (see section, Experimental Verification); the 
boundary conditions can be realized very easily and accurately 
(statically determined problem); the solution is known both for 
the uniformly distributed and centrally applied concentrated 
load. However, the circular tube sheet has a drawback indi- 
cated in the following. Returning to the rectangular tube 
sheets, actually used in the experiments, it must be admitted 
that the experiments with them are open to some objections, 
directed both at the approximate nature of the Foeppl system, 
Equations [28] and [29], and at the difficulty to realize equal dis- 
tribution of load among the four supports. As to the first ob- 
jection, there are reasons to believe that the inaccuracy of Equa- 
tions [28] and [29] does not assume serious proportions in the 
case of a ratio of the sides of the rectangle, say, not larger than 
1/;; as to the difficulties of the four-point support, they must be 


' The problem of plates with large deflections, including the case 
of plates with simply su edges, is elaborately diseussed and 
illustrated by many graphs both in 8. Timoshenko’s “Plates and 
Shells,” reference (5). pp. 329-350, and in Nadai’s ‘‘Elastische Plat- 
ten,” reference (12), pp. 


considerably smaller in the case of a tube sheet than in the case 
of a full plate. On the other hand, attention must be called to 
the fact that in the case of a rectangular tube sheet the holes ap- 
proach any of the four rectilinear edges uniformly; this is an ad- 
vantage for carrying out the experimental test, because it per- 
mits one to eliminate conveniently the influence of the rim on 
the deflection (see section, Experimental Check of Equations | 19] 
and [20]). The latter condition is not fulfilled in the case of a 
circular tube sheet, so that in this case the additional problem of 
estimating the rim effects must. be solved satisfactorily before 
this otherwise idea] solution can be applied to tube-sheet ex- 
periments. Resuming again the tests with the rectangular tube 
sheets we may say that notwithstanding certain shortcomings 
these experiments produce a respectable measure of confidence. 
In the light of the very satisfactory results which have been 
achieved with Equations [19] and [20] as a basis for practical 
design the approximate analytical solution of the tube-sheet 
problem, as developed in the second section, together with the 
presentation of the experimental tests for its verification, and 
the discussion of further possibilities of its experimental check 
may be of sufficient practical value so as to deserve attention 
and interest of the engineers of the pressure-vessel industry. 
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Discussion 


G. Horvay.*® This method of determining the deflections of 
laterally loaded tube sheets by replacing them, for purposes of 
calculations, by homogeneous sheets of such elastic constants F 
and v that they deform in the same manner as the orginally per- 
forated sheets, is of great practical importance. H. Poritsky and 
the writer have employed a three-dimensional analog of the 
method for the analysis of stresses and strains in a welded tube 
bundle.’ The plane stress problem of a tube sheet is considered 
in another paper.” 

K. A. Garpner.*’ Al) those interested in the development of 
rational methods of tube-sheet design will be greatly indebted to 
the author for his valuable paper. The writer is primarily inter- 
ested because the author's results not only prove (in part) one 
assumption made in his own paper** but also may be used to 


® Engineering Division, Knolls Atomic Power Laboratory, General 
Electric Company, Schenectady, N. Y. 

*! “Stresses in Pipe Bundles,” by H. Poritsky and G. Horvay, 
Journal of Applied Mechanics, Trans. ASME, vol. 73, 1951, pp. 241- 
250. 


Thermal Stresses in Perforated Plates,"’ by G. Horvay, Pro- 
ceedings of the First U. 8. National Congress of Applied Mechanics. 

3 Assistant Chief Engineer, The Griscom-Russell Company, Massil- 
lon, Ohio. Mem. ASME. 

*%Heat-Exchanger Tube-Sheet Design,” by K. A. Gardner, 
Journal of Applied Mechanics, Trans. ASME, vol. 70, 1948, pp 
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evaluate quantitatively a constant which was considered empiri- 
eal, The assumption was that any uniformly perforated plate 
may be considered to deflect exactly like some identically loaded 


_ solid plate of lesser thickness. The constant is the “deflection 
efficiency,” in the flexural rigidity equation 


12(1 — v*) 


D= 


From the author’s Equations [22] and [23] the same value must 
be given by 


~ 


+ K) 
96 


D«= 


Solving for 7, 


rV/3 y] 
6 8 
for tubes on triangular pitch only. 


This deflection efficiency involves the tube-sheet thickness 
h, through the term KA, although the writer had assumed in his 
paper that it would be the same regardless of thickness. The 
TEMA standards (3) set the minimum value of A for good tube- 
expanding practice as equal to d and, in effect, set the value of ¢ 
at (1.257-0.952d) = 0.298d for tube sheets of shell-and-tube ex- 
changers. This value of ¢ is seldom exceeded except in finned 
tube exchangers where the tube pitch is set by the fin diameter 
rather than by the minimum ligament for tube expanding. 
Therefore the minimum value of (A/c) is about 3.35 which, by 
the author’s Equation [27], corresponds to a maximum K value 
of approximately 0.12. The effect on the foregoing equation for 
deflection efficiency is thus seen to be small, varying only about 
2.5 per cent from a mean value of 


Me = 0.35 


over the entire normal range of tube-sheet thicknesses. Simi- 
larly, the variation of the effective value of v from the commonly 
ta used 0.3 is also small; the maximum possible value is, of course, 
0.333 and the minimum (for K = 0.12) is 0.281. 

Thus, for the normal run of heat-exchanger tube sheets, no 
great error is introduced if the effect of tube-sheet thickness on 
N. is neglected and if v is assumed to have its usual value for 
solid isotropic plates. These remarks are not valid, however, for 
tube sheets in which the ligament aspect ratio (A/c) is appreci- 
ably less than 3. 

Although the author states explicitly in his title that his analy- 
sis applies only to tube sheets with the perforations on a triangu- 
lar pitch, it perhaps should be emphasized that the same methods 

applied to square-pitch layouts do not yield similar results. The 

= writer learned this to bis embarrassment upon investigating his 

own naive suggestion that the author’s paper be expanded to 

cover square layouts, The equation corresponding to the author's 
Equation [16] is, for square pitch 


ELch* 


TV 3 
6 


i} 
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which, by comparison with 
fictitious values E’ and v’; 
anisotropic plate. 

The fact remains, however, that some method of estimating a 
value of 7, for square layouts is required. If by a stretch of 
engineering conscience (which can become quite elastic when a 
matter of either an approximate answer or no answer at all is in- 
volved) the integrals in the foregoing equation and Equation [3] 
could be considered approximately equal, and 


for square-pitch tube sheets. Bearing in mind the assumptions 
involved, it is interesting to observe that, on this basis, there is 
less impairment of the resistance of a plate to bending if it is 
uniformly perforated with holes of a given diameter and pitch on 
a triangular layout than on a square layout, even though more 
metal is removed in the former case. Further confirmation of 
this conclusion can be obtained by comparison of the foregoing 
equation for U* and Equation [16] of the paper for the case where 
K = 1, under which conditions the integrals in both become 
identical. It will be found that the effective flexural rigidity of 
the triangular pitch plate is 1/3 times as great as that of the 
square-pitch plate. 


Equation [3], does not yield simple 
it is, in facet, the expression for an 


then 


= 0.23 E 


AvTuor’s CLosuRE 


The author acknowledges gratefully the appreciation expressed 
in each of the two preceding contributions to the discussion. As 
to the statement of Mr. Horvay’s, however, concerning analogy of 
methods, the author is sorry to say that, notwithstanding repeated 
previous admonitions by the author, both oral, in the public dis- 
cussion at the 1950 Annual Meeting of the ASME in New York 
City, and even some stronger ones in written form in reply to Mr. 
Horvay’s contentions in his preprinted publication,?? Mr. Horvay 
insistently continues to claim a relationship between the author’s 
approximate method given on the preceding pages of this paper, 
and his own analysis worked out together with H. Poritsky. 
Actually, there is no possibility of deriving any of the two so- 
lutions in question from the other, there is no possibility of apply- 
ing the results of one of them to the treatment of the other, there 
is no mathematical relationship whatsoever between the respective 
methods of attack and procedures of solution . 

In his publication, ** Mr. Gardner recommends experimental 
determination of deflection coefficients for the use in tube-sheet 
design computations, He concedes, in the concluding part of his 
paper, that a great number of such experiments with tube sheets 
of various design characteristics and dimensions will be necessary 
to obtain those coefficients, without which no stress analysis will 
be possible. Mr. Gardner uses the author's approximate so- 
lution, given above, for figuring out those coefficients (see also the 
second part of his paper, presented at the 1951 Annual Meeting of 
the ASME in Atlantic City, N. J., Paper No. 51—A-38), but this is, 
of course, an emergency step, because there is no logical reason for 
switching to Mr. Gardner's coefficients, if the author's procedure 
of solution is being used. On the other hand, it must be admitted 
that, if and when the experimental program advocated by Mr. 
Gardner is actually carried out, it will be very desirable to com- 
pare its results with the author's formulas. 
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where the nomenclature is 
| 
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This ene presents a pe for the analysis of 
stresses and displacements in an expansion joint, when the 
latter is assumed to be a surface of revolution. The an- 
alysis as presented employs a method of successive approxi- 
mations, but, in general, the solution will be rapidly con- 
vergent. Possible thermal gradients in the joint are not 
included in the analysis as given, but may be introduced in 
the solution. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


longitudinal or axial co-ordinate 
radial co-ordinate 
co-ordinate along joint, usually inclined to z 


radius of shell 


thickness of shell 
direction tangent to shell in transverse plane 


radial deflection of shell a: 
angle between longitudinal planes 
longitudinal force 

cross-shearing force 

unit normal stress, with subscript to denote direction 
unit shearing stress 

bending moment in shell 

bending moment in beam equation 
modulus of elasticity of shell material 
Poisson's ratio 

moment of inertia of strip cut from shell 
unit internal pressure { 

unit strain 


or 
aah 


CTION 


In the design and investigation of heat exchangers the evalua- 
tion of the stresses and displacements that occur in expansion 
joints presents some difficulties because the joint is normally part 
of a closed and, therefore, statically indeterminate system, and 
because of the variety of shapes utilized for expansion joints. 

Since the joint is part of a statically indeterminate system, 
the analysis for stresses and displacements must be based on the 
equations of equilibrium, and considerations of the changes in the 
geometry of the joint and assumed properties of the material. It 
is shown that the equations of equilibrium for a longitudinal 
strip through the joint may be reduced to the same form as the 


' Professor of Theoretical and Applied Mechanics, Iowa State 
College. Mem. ASME. 

Contributed by the Heat Transfer and Applied Mechanics Divi- 
sions and presented at the Annual Meeting, New York, N. Y., Nov- 
ember 26-December 1, 1950, of Tue American Soctety or Me- 
CHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Octo- 
ber 30, 1950. Paper No. 50—A-133. 


differential equation for a planer frame aa 4 variable load. 
conjugate frame* analysis is then applied to evaluate displace- 
ments. Once the displacements are known, stresses may be 
evaluated. 


ANALYSIS 


The inside and outside surfaces of the joint are assumed to 
be coaxial surfaces of revolution, and the joint is assumed to be 
subjected to axial load and internal pressure. The conventional 
assumptions of homogeneous elastic material not stressed above 
the proportional limit are made. 

The first step is to establish a planar member, the displace- 
ments of which will represent the displacements of the surface 
of revolution. This is done by considering the characteristics of 
a strip cut from the joint by two longitudinal planes containing 
the axis of revolution. The angle between the planes is taken as 
6, as shown in Fig. 1(a). The resulting strip has a width at any 
point proportional to the radius r, at that point, and is subjected 
to a longitudinal force N, a normal pressure p, and a distributed 
circumferential force on each of the sides. Because of sym- 
metry, all strips cut by a pair of planes with an internal angle 6 
will be identical. A representative strip is shown in Fig. I(a). 

In Fig. 1(6) is shown a free-body diagram of an element of the 
strip between two planes normal to the longitudinal axis and a 
distance dz apart. Unless the surface has a constant radius the 
length of element is greater than dz, and is designated asds. The 
ends of the element are subjected to a normal force, shear, and 
bending, while the sides are subjected to normal force only. 
Shear and bending are absent on the sides because of symmetry. 

The force equation of equilibrium, written in the horizontal 
(axial, or X) direction, gives 


d 
a,tr0 + préds («. + 
ds 


which reduces to 
. [la] 


if differentials of higher order are dropped, and if the thickness 
t, of the element is constant. 
Equation [1a] may be simplified to 
rdr dX 


by letting 


Ryguation {1b] may be integrated directly to give 


“The Conjugate Frame as a Tool for Evaluating Deflections,” — 
se Glenn Murphy, Proceedings of the Seventh International Con- 
gress of Applied Mechanics, London, England, Section 1, Paper I.! 2, 
vol. 1, 1948, pp. 131-138. 
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in which X» is the value of ro, at any arbitrary reference point 
and ro is the radius of the surface at the arbitrary point. The 


force equation of equilibrium, written in the vertical (radial) 
direction, gives 


d 
T,,(7 0 + préds = +- 
dr 
(r+ ds) 0 + ds 6 
ds 


This reduces to 


if the thickness of the element is constant. 


Evement or Expansion Joint 
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dq, ar ar 


If it is assumed that a straight line normal to the neutral sur- 
face such as CD in Fig. 1(b), remains straight during the loading 
process and remains in the original longitudinal plane, the unit 
strain €,, at a distance c from the neutral surface and in the longi- 
tudinal direction may be expressed in terms of the radial deflec- 
tion w as (approximately ) 


[4] 


The strain in the circumferential direction at the same point is 
4 
From the standard stress-strain relationships, it follows that 


The circumferential stress may be eliminated, giving | peers 7 


If the effect of the axial stress upon ¢, is neglected, Equation 
[5] reduces to 


| 
— 
in which E E ds? 
‘ i 7 ‘ & Similarly, the moment equation of equilibrium yields 
~ in which © 


MURPHY—STRESSES 


de 
ds* El 


pw dr 
cr ds 


[5a] 


This is the differential equation of a representative strip cut 
from the joint subject to the assumptions listed. 

The standard differential equation for the deflection of a planar 
structure subjected to bending is of the form 


M, 


dtw 


From the conjugate-frame theory it is known that if the bend- 
ing moments divided by E/ in a planar structure are assumed 
to be applied as loads to the conjugate frame, which is geomet- 
rically similar to the original structure, the bending moments 
in the conjugate frame are proportional to the bending deflections 
in the original structure. 

It will be noted that Equation [5a] is of the form of Equation 
{6} if 

M, 
El 


dx 


uw 


cr 


6a 
[6a] 


a a Hence, if values of M,/EI of the magnitudes given by Equa- 


tion [6a] are applied to the conjugate frame in the standard man- 
ner as loads, the deflections of the original strip will be obtained 
as the moments at the corresponding points in the conjugate 
frame. By equating the computed deflections to known deflec- 
tions at certain control points, the unknowns involved in M may 
be found and from them the stresses evaluated. 


SOLUTION 


As developed, the solution requires the evaluation of the mo- 
ment M,. Since M, involves w, as shown in Equation [6a], and 
since r is a function of s, the suggested procedure is to determine 
an approximate value for w by neglecting the second term of 
Equation [6a], and then correct M, by the value of w so ob- 
tained. The primary solution, then, requires the evaluation of 
M. 

The moment M,, at some point B, a distance z from an arbi- 
trary origin may be evaluated from a free-body diagram of the 
strip between the origin and point B. The moment at B is a 
function of the moment at the origin, the shear, the axial force, 
the pressure, and ag If the effect of the deflection on the major 
geometry of the system is neglected 


M, = Me + Vz + o,f — 10) + as 


+ o,trdr — re) 


+r f, reds —t ds 


in which # denotes the moment arm of the element of length ds 
with respect to the point at which the moment is being evalu- 
ated. 

It is evident that 


.. [7a] 


AND DISPLACEMENTS, HEAT-EXCHANGER EXPANSION JOINTS 


At this point in the solution of a specific problem, the factors ah 


Since usually only 


Mo, V, @,, and og, are usually unknown. 
three of them may be determined from geometrical conditions, a 
trial solution must be made. 
tion og may best be taken equal to zero. 


The M/EI values, which form the load on the conjugate struc- Ns 


In general, for the first approxima- = 


ture, may be obtained (with Mo, V, and ¢, as unknowns) from _ 


the first four terms in Equation {7c} and the shape of the original _ 
strip. With these as loads, the moment with respect to an z-axis 


at, point B, for example, will give the z-component of the deflec- 


tion at point B with respect to the origin. iniiody , the — . 


B) of the M/EI avon. between the origin pst B. The rota- 
tion of point B with respect to the origin is equal to the area of the 
M/EI diagram between the origin and B. 

Hence an approximate value of Mo, V, and 7, may be obtained 
from the constraints and properties of the rest of the tube and 
supports. 

As the next step, the influence of og may be taken into ac- 
count. Since approximate values of X and Z are now known, 
the shearing factor Y may be evaluated from Equation {3}. 

From a knowledge of the variation of Y, 7, may be determined 
using Equation (2a). 

All of the factors have now been introduced into the analysis, 
and the remainder of the solution consists in making a sufficient 
number of trials to satisfy Equations [2a], (3), and [7c] simul- 
taneously with the displacement conditions that may be stipu- 
lated by the rest of the shell. 

The solution for the deflections may be carried out algebraically 
or graphically. 


Appendi 
Appendix 


EXAMPLE 


To illustrate the general procedure involved in the calculations, 
an academic “design” is investigated. The shell is assumed to 
be 36 in. diam, and the expansion joint varies linearly from 36 in. 
to 48 in. diam as shown in Fig. 2(a). The material is assumed to 
be steel, with a constant thickness of 0.25 in. The internal pres- 
sure is taken to be 150 psi. Finally, the joint is assumed to be 
attached to the shell by a rigid flange. 

In Fig. 2(6), is shown a longitudinal section of a representative 
strip included between two longitudinal planes with an internal 
angle 6 of 0.1 radian. In addition to the forces and couples 
indicated there will be a distributed force due to 74 on the front 
and back sides. 

To facilitate calculations a tabular form is employed, with the 
joint divided into 12 sections, each having a projected length on 
the z-axis of lin. Table 1 contains the calculations for the load- 
ing on the conjugate frame due to the internal pressure on the 
strip, the end moment M, the shear V at the left end, and 
the axial force N, = N. The values for the moment developed 
by the pressure are calculated from 


M = 52° (54 +2) for0 <2 <6 


1 


30 + “*) 
6 
which may be developed directly from the statics of the strip of 
variable width. 
The conjugate frame is L-shaped, to conform to the geometry 
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TERNAL PRESSURE 
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of the original strip, and the loading q on it as a result of the 
M/EI values due to the internal pressure is indicated in Fig. 3. 160 vxi0-* 


The other g, or M/EI values are plotted in Fig. 4 as a function of 
120 


z. 


The three necessary conditions for evaluating the three un- 
knowns M, V, and N come from the geometry of the joint. In the 
solution presented here it is assumed that the joint is clamped at 
the ends so that no deflection or rotation occurs at A and B. It 
is further assumed that the two ends remain the same distance 
apart. From these assumptions several equations for boundary 
conditions may be written. The three independent conditions 
selected are the following 


qa FOR THRUST 
qa FOR SHEAR 


1 Norotation of B relative to A 
B * VALUES OF Xx 


- “4 oe 2 No horizontal translation of B relative to A For these particular conditions it will be noted that the con- 
jugate frame is comparable to the analogous column for the strip. 

_ qyds =0 The next step is to calculate the quantities indicated by the 

¥ y left-hand side of Equations [8]. This may be done conveni- 

No vertical translation of B relative to A ently in tabular form, replacing the integrals by summations and 
using the same increments (As = 4/2 in.) as before. The areas 


under the curves may be approximated as rectangles and tri- 
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M 
5 Mot w BX?” 
54 0 0 
5 55 275 275 3700 
4 20 «56 1120 1120 14300 
45 (87 2565 2565, 31200 
80 58 4640 4640 53900 
125 50 7375 7375 82000 
180 10800 72 360.0 10800 115000 
171 TR 871.8 11155 139800 : 
4 70 280 406.7 12201 142000 
. 9 69 621 463.5 13905 169000 
16 68 1088 541.3 16239 207500 
25 67 1675 639.2 19176 258000 
Bi 36 66 2376 756.0 22680 322000 


a 


A condensation of these calculations is given in Table 2. 
When the appropriate values from Table 2 are substituted in 
_ Equation [8] the following equations result 


208 MW + 1180 V + 594 N + 1,783,800 = 0 
1249.7 


19] 


M + 4809.4 V + 3560.8 N + 6,473,500 = 0.. [10] 


594.5 M + 3568.2 V + 2317.8 N + 5,404,000 = 0. [11] 


From h 


V = 1870lb 
N = 181 lb 


Slide-rule calculations were used throughout. 

A partial check on the calculations may be obtained from the 
condition that V should equal the vertical component of the pres- 
sure integrated over the strip from 2 equals zero to z equals 6. 
This value of V is 1890 Ib, and was used in subsequent calcula- 
tions instead of 1870 Ib. 

The next step is to calculate the values of M,/E/ as given in 
Equation |6a]. This involves incorporating the influence of 
7» into the expression for M and making the corrections for 
Poisson's ratio and the deflection w. 

In order to evaluate og from Equation [2a], values of Y must 
be found from Equation [3]. The quantity X is determined 
from Equation [Id], and Z is determined from Equation [3a]. 
These calculations for this example lead to corrections which are 
for the most part smal] compared with the values of g determined 
from the pressure, and the values obtained from the solution of 
Equations [9], [10], and [11] will be altered by less than 3 per 


cent, 


To this point, no correction has been made for Poisson's ratio 
of the material as the effect would cancel out of the calculations, 
but it should be included in the calculations for the determination 
of the deflection. 


TABLE 2 


For moment-—Coefficients of M 10 
Section q y* y* qrda* quds+ 
o-1 13.49 0.72 11.5 11.67 0.5 0.33 219 5.9 
1-2 12.80 0.69 105 10.67 1.5 1.33 190 5.2 
23 12.20 0.60 95 9.67 25 2.33 164 41 
34 11.61 0.59 85 8.67 3.5 3.33 140 3.6 
“he 11.11 0.50 7.5 7.67 4.5 4.33 118 2.7 
 &e 10.68 0.43 65 667 5.5 5.33 97.9 20 
OF 10.68 0.43 5.5 5.33 5.5 5.33 83.0 1.6 
0.50 45 433 45 433 70.6 1.5 
= 89 11.61 0.59 3.5 3.33 3.5 3.33 57.4 1.4 
910 12.20 0.60 2.5 2.33 25 233 43.2 1.0 
“10-11 1280 0.69 15 1.33 1.5 138 271 
ater 13.49 0.72 O5 033 05 033 96 02 
143.78 7.06 1219.8 22.9 
22.9 
208 Tite 1249.7 
- — For thrust Ss ients of N K 10~* 
Section a* a’ y* qzds* 
o1 0 13.5 11.5 11.38 0.5 0.67 Oo 108.2 
12 13.5 12.1 10.5 10.33 1.5 1.67 201 88.5 
2-3 25.6 11.0 9.5 9.33 2.5 2.67 344 72.5 
34 36.6 99 85 8.33 3.5 3.67 440 58.3 
+5 46.5 91 7.5 7.33 4.5 467 492 47.1 
56 55.6 8.4 6.5 6.33 5.5 5.67 511 37.5 
6-7 55.6 8.4 5.5 5.67 5.5 5.67 434 33.7 
7-8 46.5 9.1 45 4.67 4.5 467 205 30.0 
89 36.6 9.9 3.5 3.67 3.5 3.67 181 25.6 
te 25.6 11.0 2.5 2.67 2.5 2.67 91 20.8 
ia 13.5 121 1.5 1.67 1.5 1.67 2 14.3 
ee 0 13.5 0.5 067 05 067 0 64 
28 


MURPHY—STRESSES AND DISPLACEMENTS 


CALCULATIONS FOR MOMENTS ON CONJUGATE FRAME 


, HEAT-EXCHANGER EXPANSION JOINTS 


The deflections are evaluated from the moments on the con- 
jugate frame of the final M,/E/ values treated as loads. 
The stresses may be evaluated from the values of M, H, and V. 


Errects or AssuMPTIONS 
In the analysis several assumptions were made as follows: 


1 The material is homogeneous and isotropic. 
ventional assumption. 

2 The stresses are below the proportional limit of the mate- 
rial. This assumption is also conventional. 

3 The joint is a figure of revolution of constant thickness, 
Deviation from this assumption would complicate the analysis 
considerably. 

4 The joint is in equilibrium. 
sumption. 

5 A straight normal line remains straight after loading. This 
is a conventional assumption in shell theory and is reasonable for 
small strains. It corresponds to the plane-section assumption 
for beams. 

6 Axial strains are negligible in comparison with flexural 
strains in the joint (Equation [4]). The validity of this assump- 
tion depends on the geometry of the joint. However, joints are 
built for the purpose of obtaining flexibility, and that results 
primarily from bending. 


This is a con- 


Another conventional as- 


7 Thermal gradients are neglected for simplicity. If the 
thermal! gradient is radially symmetrical, its effect in bending the 
joint may be incorporated readily into the analysis by adding a 
term to Equations [4] and [4a], which will carry through to ap- 
pear as an added term in Equations [5a] and [6a]. Hence the 
effect of a thermal gradient may be included by making an addi- 
tionai correction to the solution as outlined. 

8 Other assumptions made in the example, such as the joint 
being attached to a rigid flange, are not inherent in the method. 
If the end of the expansion joint is able to move longitudinally, 


9.6 0.17 0 13.5 0 108.2 0 64 
27.1 0.65 13.5 12.1 201 88.5 28.6 14.2 
43.2 0.99 25.6 11.0 344 72.5 94 20.8 
57.4 1.39 36.6 9.9 440 os «(18 25.7 
70.6 1.52 46.5 9.1 492 1 296 30.1 
83.0 1.62 55.6 84 511 75 432 33.7 
83.0 1.62 64.0 14.0 498 52.8 498 52.8 
70.6 1.52 78.0 15.0 496 45.9 496 45.9 
57.4 1.39 93.0 16.6 460 39.1 460, 39.1 
43.2 0.99 109.6 18.4 386 30.3 386 30.3 
27.1 0.65 128.0 20.1 272 18.9 272 18.9 
96 O17 148.1 22.7 105 5.3 5.3 
581.8 12.68 798.5 170.8 4205 604.4 3245 323.2 
12.7 85.4 604.4 2 
~~ 
883.9 4809.4 3568 
~—For internal pressure xX 
qvde* qude* qzde® qade* qyds* 
6.4 30100 0 
28.6 14.2 3700 54900 77400 7840 
9.4 20.8 14300 16900 192000 111400 50500 900 
181 25.7 31200 422700 «86375000 154200 58900 
296 30.1 53000 «28100 5570000 342500 
432 33.7 82000 33000 753000 147800 637000 1 
432 33.7 115000 8900) 895000 33500 895000 33500 
296 30.1 123900 «618100 66455500 788000 55500 
181 25.7 142000 27000 703000 63500 703000 63500 
90.4 2.8 169000 597000 663400 
236 14.2 207500 440000 47600 440000 47600 
0 6.4 258000 464000 «182000 15100 182000 15100 
261.8 1100500 322000 5549900 923600 4797040 606035 
161000 923600 606035 
1261500 
1783761 6473500 
5 4 
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is —* will be the case, the relative displacement of the two 
ends must be equated to the z-displacement of the rest of the 
structure (shell and tubes). This will necessitate determining 
the relationship between the forces on the rest of the structure and 
its displacements, which is a similar problem. 


CONCLUSIONS 


The method outlined presents a feasible approach to the prob- 
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lem of evaluating the stresses and displacements in expansion 
joints which possess axial symmetry and constant thickness, 

The conventional assumptions of elastic theory are involved, 
and it is assumed that the distortion results from bending. 

The procedure outlined involves successive approximations 
but it is not an approximate method, granting the assumptions, 
It is adaptable to any shape of joint, provided that radial sym- 
metry is preserved, 
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Analytica a are formulated for describing 


the influence of strain-hardening, of the time rate of 
change of the flow resistance, and of recovery strains on 
the creep and relaxation of metals under uniaxial stress. 


INTRODUCTION 


HE problemsof the slow deformation or creep of metals under 

stress at high temperatures raise many questions of a metal- 

lurgical, a physical, and a mechanical nature. Leaving 
aside a discussion of the involved phenomena occurring in the 
lattice structure of the polycrystalline metals, causing creep and 
fracture in metals after long exposure to stress at elevated tem- 
peratures, the interest of engineers has not subsided in a mechani- 
cal interpretation and treatment of these questions. Such a treat- 
ment is still required to correlate the results of the numerous 
long-time creep tests which have been made during the last 20 to 
25 years under varying conditions in industrial laboratories for 
supplying much weeded information to machine designers. 

The mechanical theory of creep is concerned with the relation’ 
between stress, the elastic and permanent parts of the strains, 
the rates of the permanent strains, and the time at given tempera- 
tures. 

In this paper, cases of flow under uniaxial stress will only be 
considered with a view toward improving the correlation between 
tensile tests of various types. Term ¢ denotes the normal stress, 
7 a shearing stress, «’ = o/E (E Young's modulus) the elastic, 
e” the permanent part of the strain e = e' + e€”, ¢ the time, 
u’ = de'/dt, u" = de" /dt, and u = de/dt = u’ + u” the elastic, 
permanent, and total rate of strain, respectively, and ¢’’ a re- 
covery strain. 


EQuaTIon or Strate 


From the experimental evidence derived from the stress-strain 
diagrams in tensile tests of the ductile metals, it is known that the 
stress o depends on the permanent strains €” or on the rates of 
strain u” = de" /dt or on both. With a few exceptions, o increases 
monotonically with the previous permanent strain €” and with 
the rate of strain u’. Two important cases* can be distinguished. 
In one case the resistance to permanent deformation as measured 
al o in a state of uniaxial stress and the octahedral shearing 
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Time i in to Creep and 
Relaxation 1 in Metals 


Lente 


stress Too in states of triaxial stress does not depend aie. ba 


time ¢; in the other it does. At comparatively low temperatures, 


within the strain-hardening range of metals, the former cae, 


and at elevated temperatures the latter case predominates. 
In the strain-hardening range existence of an equation of state 


either in finite form 


= 0 
or in differential form, for example, if the permanent strains €” and 
rates u” are assumed as the independent variables and the flow 
stress o as the dependent variable 
vde" + @du’...... [2] 
is postulated in which the time ¢ does not appear explicitly as a 
variable. ¥ = d0/d€" may be interpreted as the rate of strain- 
hardening, and @ = d0/du" as a variable coefficient of viscosity 
of the metal. Equation [1] may be interpreted geometrically as 
the equation of a surface in a space having the rectangular co- 


ordinates €”, u” = de” /dt and o which may be called also “‘a stress 
surface.” Such a surface exists if Equation [2] is a complete dif- 
ferential. 


In practice one desires to determine the dependence of the 
variables €”, u”, or o on the time ¢ for each one of several funda- 
mental tests. These include the tensile long-time creep test under 
a constant stress or a constant load, the tensile test at a constant 
rate of permanent strain u” = const, at a constant rate of stress 
da/dt = const, and the tensile relaxation test for which 
+e" = const. Ifa stress surface exists these fundamental 
tests may be described by constructing their paths as curves 
situated on the stress surface, Equation [1]. 

If o» denotes the stress referred to the original cross section of 
a tensile bar or the load per unit of area, for incompressible ma- 
terial 


a second surface g» = g(€,", u”) may be constructed representing 
the load in function of €” and u’. The time ¢ appears as a variable 
only implicitly in Equations [1], [2], and [3] for a state of flow in 
the metals. 

This is adequate for the simpler types of creep in the lower range 
of temperature. It is no longer adequate in the so-called inter- 
mediate range of temperatures when strain-hardening is com- 
bined with softening with time. The time ¢ appears now ex- 
plicitly in the equation of state; the Equations [1] and [2] must 
be assumed in the form 


: 
\ 
4 
‘a 
a , 
the Creep of Solids at Elevated Temperature,” Journal of 
Applied Physics, vol. 8, 1937, pp. 418-432. ae 


du” + dt = + + xdt 
[5] 


x = 00/0t expresses a rate of softening (annealing) with the time 
tin the metal when x < 0, or of hardening (aging, age-hardening) 
when x > 0. The fundamental tests mev he discussed under the 
latter conditions, but if do in Equation .5] is not a complete 
differential two tests originating at the same initial values of 
€", uw”, 0, and 4, but following different pathways ending at the 
same values of, say, €”, ue”, and f will not terminate at the same 
values of the stress ¢. The various fundamental tests can now 
be described geometrically by the pathways or orbits of a mathe- 
matical point P having the co-ordinates €", u”, 7 in space moving 
on a surface F(a, €”, u”, t) = 0 which is being displaced itself as a 
whole or which is distorted continuously in time ¢ 

In a long-time creep test under a constant stress ¢ do = 0 and 
from Equation [5], after solving for the increment du” 


du" = - dt 

we see that in the softening range of temperature when the effect 
of x becomes more pronounced, since Y > 0, x < 0, the creep 
rate u” will decrease due to strain-hardening and increase due to 
softening of the metal. Thus a balance of the two right-hand 
terms in Equation [6] will determine the sign of du” or of the rate 
du” /dt at which the creep rate u” changes with time. This is in 
accordance with the ideas expressed by R. W. Bailey‘ and P. G. 
McVetty® on the gradual decrease of the creep rates during the 
primary creep period toward a minimum rate tmin”. 

A minimum rate umin” is reached when du” /dt = 0 and 


Umio dt Jain 


assuming that y > 0, x < 0, i.e., when the decrease of creep rate 
due to strain-hardening just becomes equal to the increase due to 
softening. 

It should be noted that other causes besides softening or age- 
hardening of a metal (depending on whether x < or x > 0) may 
be responsible for decreasing the creep rates during the primary 
creep period in a metal.* We may quote four possible causes for 
primary creep: 

(a) If the metal flows according to a time-independent equa- 
tion of state (Equations {1], [2], and [3]) under a constant load 
7 = const (most long-time creep tests are run in this manner in 
the conventional type of creep machines with dead-weight loading 
devices) a primary period of creep under decreasing rates u" = 
de" /dt is observable. When a = const, from Equation |3} 


= = const [8] 
l+e 


Since 
da, = de” + 
after dividing by dt 


‘Note on the Softening of Strain-Hardened Metals and Its Rela- 
tion to Creep,” by R. W. Bailey, Journal of the Institute of Metals, 
vol. 35, 1926, p. 27. 

* “Interpretation of Creep Tests,”’ by P.G. MeVetty, Proceedings 
of the ASTM, vol. 34, 1934, part 2, pp. 165-116. 

*In the latter case (x > 0, aging) creep proceeds under a constant 
stress ¢ as long as new points ? may be found on the stress surface in 
which the passive resistance to flow is equal to ¢. In fact, at the in- 

tant ¢ = t when the diminishing creep rate vanishes, when u” = 0, 
he stress surface F = 0, Equation [4] moves away from the point 
P(e", u” = 0, @) leaving P at this position at rest. 


A minimum condition du"/dt = 0 may be satisfied by letting __ Ua 


Oe oe" \l +e€ 


This is the same condition as the one determining the maximum 
of the load @ max (the “tensile strength’) in a constant-rate tensile 
test u” =const, defining the instant at which a cylindrical bar starts 
to contract locally and necking begins to develop. At high tem- 
peratures this may occur at small permanent strains e” for metals 
having high melting points. 

(b) On the other hand, if the time ¢ appears explicitly in the 
Equations of state (Equation [4] or [5]), as a variable, as we have 
seen, du” /dt vanishes under a constant stress o when the creep 
rate u” reaches its minimum value according to Equation [7] 
equal to 


x 
Unia” = 


(c) A generally viscous solid having no strain-hardening prop- 
erty (Y = 0) for which the coefficient of viscosity @ increases first 
with time ¢ to a maximum value and then decreases while the 
strains €” remain small, may show under a stress ¢ = const a 
primary creep period during which the creep rates u” decrease 
toward a minimum value. Taking ¥ = 0 and do = 0, from 
Equation [5] 


may be observable at a time ¢ = ¢,, if 


oa 
X(tm) = ( 0 {14] 


A perfectly viscous substance having a viscosity @ which 
changes according to the curve in Fig. 1 with the time ¢ would be 
an example. For such a substance 


so that for it 


and du" /dt, according to Equation [13] becomes 


dt 


du" /dt vanishes when the viscosity @ reaches its analytic maxi- 
mum at which the time derivative @’(t) = 0. A primary creep 
period would be observed during the interval of time 0 < ¢ < ¢,, in 
which @ increases and x > 0 and after which x changes its sign. 
Such a solid substance would be said to harden first (so long as 
x > 0) and to soften thereafter. 

For example, if the viscosity should vary according to the func- 
tion of the time ¢ 


1 + a(t — 
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time 


Fre. 1) Tie-Derenpent Fic. 2 Creer Curves 


Viscosiry @ 


(a, o:, 4 are constants) @ would increase from the initial value 
equal to 


o 


at time ¢ = 0 to the maximum value @, reached at time 4, 80 that 
the constant @ also is equal to *.* 


rele 


(Fig. 1). After solving Equation [15] for u” the differential equa- 
tion of the creep curves, assuming ¢@ = const 


o 
1+ t—t)? 


would be obtained, furnishing in its integral (satisfying the initial 
condition t = 0, €” = 0) the corresponding long-time creep 


curves 


lat? — 3att*? + 3(1 + at,*)t] 


¥, > being essentially positive quantities, since during relaxation 


representing a family of affine curves (Fig. 2) having inflection 
points at the same time 4, and at the creep strains 


and the minimum creep rates 


(3 + 


The coefficient x, expressing the time rate of change of the 
inner resistance of the material to deformation, is found to be 
equal to 


2ao(t — ti) 
1 + afi—t,)? 
When 0 < t < 4, x > 0, the substance may be said to harden.’ 
(d) ‘A fourth case in which a primary creep period may be 
observable may occur under more complex conditions of flow 
in which also recovery strains are at work. 


.. [21] 


7 If the constant & does not depend upon the stress o as was just 
assumed, all inflection points occur along a vertical line in Fig. 2 at 
time t= 4. However, if t: should be assumed to depend on ¢ and, for 
example, would be inversely proportional to ¢, the inflection points 
would occur along a horizontal line ¢~” = const, when @o, @: are con- 
stant. By making t:, $0, @: suitably dependent upon the stress ¢ one 
could also construct cases for which the family of creep curves would 
look not unsimilar to those illustrated in Fig. 3 and observed by P.G. 
MeVetty in certain cases of creep. 


INFLUENCE OF SrRAIN-HARDENING ON CREEP AND ATION 


Leaving aside the influence of the decrease of the cross-sectional 
areas of a tensile specimen elongating under a constant load 
o = const on the shape of the creep curves quoted under (a) 
in the preceding section, the long-time creep tests under a constant 
stress o and the relaxation tests € = €’ + €” = const may be 
correlated with each other if the form of the stress surface is 
known. Assuming first that the time ¢ does not enter in its equa- 
tion, after solving Equation [1] for u” = de” /dt, the differential 
equation of the long-time creep curves may be obtained in 

u= fla, 
by assuming here ¢@ = const and the differential equation of the 
relaxation tests after introducing in Equation [22] the condition 


the subscript 1 referring to the initial values at the time ( = 0 at 
the beginning of relaxation. From Equation [22a] also 


[22b] 


Thus the equation for the relaxation test may be expressed 
either by using the values of o and do/dt taken from Equations 
[22a] and |22b], or by expressing €” and de” /dt by means of ¢ from 
these latter equations and substituting them in Equation [22], 
resulting in a differential equation of first order for €” or for o, 
respectively. An equation of second order is, however, obtained, 
if the form of the stress surface is not a priori known or if such an 
equation does not exist and only the differential form Equation 
can be 


u” > 0, da/dt < 0, after solving the last_equation for du" /dt, 
using Equation [226] we see that 

(E + 

dt 


always du” /dt < 0. Since the first term Wu" in the right side of 
Equation [23) is positive and the second term negative, the stress 


hie. 3) Creer Cornves Arrex 
G. MeVerry 


time 


o in a strain-hardening material must decrease at a smaller rate 
da/dt than in a substance which does not strain-harden. Strain- 
hardening slows down relaxation.* 


* This is illustrated in Fig. 4 in the relaxation curves for an elastico- 
viscous substance with linear strain-hardening. The stress surface 
for such a substance has the linear equation 


o= ye” + ou” [236] 
The stress @ relaxes in it according to Equation [46g] (see next sec- 
tion). The stress follows the lowest of the curves in Fig. 4 when ¥ = 


0. With increasing values of ¥ it decreases less rapidly and it ap- 
proaches a greater final value when = @. 


° 
— 
— 
a 
— 
” 
3g, 
\ 
~ 
4 


here, namely 


Retaxation Curves ror Evastico-Viscous Susstance 
Wrra Linear 
(o = pe” + 


plone 7 * 0, + 


€ 


Sraess Surrace F 


If the stress surface is not known analytically, it may be repre- 


sented by a block diagram like the one reproduced in Fig. 5 which 


may have been constructed by its contour lines @ = const, or its 
sections u” = const (constant plastic strain-rate tests), Re- 
laxation tests would be represented by the intersection of a 
steeply inclined plane o = o, + E(e," — e") with the stress sur- 
face. 

Plausible forms of Equation [1] have been considered by various 
investigators. Space prohibits their general discussion here, but 
for the ductile metals experiments have indicated that three 
speed relations are important for expressing the dependence of the 
resistance to flow ¢ on the rates of strain u”, which should be listed 


=o (“) , (0<msl) 
Ue 


bolic »-sine speed laws,’ respec tively. Jo, Ue are material constants. 
If one or the other of the three preceding functions (Equations 
[24] to [26]) represents the complete equation of state for a metal, 


**'The Influence of Time Upon Creep and the Hyperbolic-Sine 
Creep Law,” in Stephen Timoshenko 60th Anniversary Volume, 
The Macmillan Company, New York, N. Y., 1938, pp. 155-170. 

“Interpretation of Creep Test Data,” by P. G. McVetty, Proceed- 
ings of the ASTM, vol. 43, 1943, pp. 707-727. 

“Creep of Metals at Elevated Temperatures ~the Hyperbolic-Sine 
Relation Between Stress and Creep Rate,” by P. G. MeVetty, Trans. 
ASME, vol. 65, 1943, pp. 761-767. 
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the flow stress o depenc s only on the rates of strain u” but not on 
the strains themselves. The creep curves for ¢ = const are then 
a family of straight lines €” = ct, the constant c being the value of 
u” computed from one or the other of the foregoing equations. 

It may be of interest to evaluate the equations expressing the 
dependence of the stress 7 on the time ¢ in relaxation tests corre- 
sponding to these three speed laws. The computation was car- 
ried out denoting by o; the initial value of stress at time ¢ = 0 
causing the initial elastic strain €, = 0:/E. 

For the power function law, Equation [24], one obtains 


c= 


(1—m) E fa,\™ 
1+ Uol 
m 

This equation becomes indeterminate when m = 1, i.e., when 
o = oyu" /us defining the elastico-viscous substance, for which, by 
direct computation 

", 
defining the Maxwell relaxation law. 
For the logarithmic law, Equation [25], one obtains two 


branches of the stress-time curves with the equations 


OStShwsu’ 


t 
=0,—o ln (: +; fo 


Sum 


where t, = and 


the constant & denoting the time required to reach the tran- 
sition value of stress ¢6 = o» at which the logarithmic speed law 
changes to the linear speed law. 

For the hyperbolic-sine speed law, Equation [26], the stress 
decreases with the time according to the relaxation law"? 


reverting, when a becomes small to Equation [246] and when o 
has large values, to the first of the Equations [25a], provided that 
the constants o and up (in Equations [26] and [25]), respectively, 
are chosen properly to match with each other. 

The three speed laws, Equations [24] to [26], have been veri- 
fied during the past 30 years by many observations on flow and 
creep of metals over certain ranges of the rates of strain. They 
seem to provide the first basis for a working theory of creep and 
relaxation at elevated temperatures in engineering applications. 
This latter theory postulates the minimum creep rate Umin” = 
f(@) as active over the entire time range. It is well known that 
this is not the case within the primary creep period with its con- 
tinuously decreasing creep rates. The introduction of the quan- 
tities Y = d0/de” and x = d0/dt in the equation of state, 
formulated in the preceding section, offers a means for dealing 
also with cases of relaxation in which strain-hardening and soften- 
ing must be considered. 

For physical reasons, one should expect that at elevated tem- 
peratures the stress surface F(€", u”, 7) = 0 should pass at least 
through the €’-axis, considering that how small a stress o may 
act, if a sufficient time is allowed for its action, a very small, but 

“The Creep of Metals Under Various Stress Conditions,” in 


Theodore von Ka4rmadn Anniversary Volume, California Institute of 
Technology, Pasadena, Calif., 1941, pp. 237-257. 
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finite creep rate may y be shoietltte 4 At lower temperatures one 
may assume that the stress surface intersects both the a, e” and 
¢, u” planes along curves having finite ordinates ¢. These latter 
would represent limits of yield stress, below which no permanent 
distortions could be produced. In such cases the hodographs 
u”) = O for the constant stress and the relaxation test 


limits, and the stress ¢ in relaxation tests cannot drop below the 
values of o found along the ¢€” axis. 

If the surface F = 0 is not strong'y curved, one may replace 
the function F(e’, u’, 7) = 0 by its tangent plane at the initial 
state of strain to be considered (Fig. 6) 


o = 0, + pe” + gu” 


where are assumed constant.'* 


If the metal strain-hardens at a small rate ae de /ae" but 
@ = d0/du" varies rapidly corresponding to one of the three 
speed laws formulated in Equations [24] to [26], one sees that 
strain-hardening can have but little effect on the relaxation of 
stresses: On the contrary, relaxation is retarded more effectively, 
if ¥ has a magnitude comparable to the modulus of elasticity EZ. 
An example illustrating such a case is treated in the following. 

Suppose that the stress surface has the equation 


+*)(*) (0<m 1) 
€ Ue 


Go, Uo, &, m being material constants. Let c = o/s”. 


assuming in Equation [28], ¢ = const and solving for u” 


as integral satisfying the initial condition ¢ = 0, «” = 0. The 
constant & has the dimensions of a time. The initial rate with 
which creep starts is 


and u” decreases while €” increases with time, neither approaching 
a limit at finite times ¢. 


stress surface passing through the «” 
de /2u” near it and a gentle slope far from it would correspond to 
regions in which “‘micro” and “macro” creep were inthe 
tests described by B. Chalmers (Proceedings of the Royal Society of 
London, series A, vol. 156, 1936, p. 427). 

12 Such cases were treated in the second paper quoted in F in eee: 
Their hodographs consist of straight lines. 


The dif- 
ferential equation for the long-time creep curves is obtained after _ 


For the relaxation test we have to substitute i in Equation (29) 
for = o, — Ee". Assuming that = o; ande = = 
represent the initial values of the stress and strain at the time 
t = 0, this then leads to the differential equation 


de® 
= 
dt 4a 


where co denotes the constant 


( 
Me 


or this equation may be expressed in terms of the stress o after 
substituting for €” = €¢—(o@/E). It may be integrated by using 
a series development, after changing the variable €” to 


v= 


From Equation [31] 


where t; = (€ + €)/c. The stress o may be expressed as a func- 
tion of the time ¢ after integration as follows 


o = + —v) 
t = &[v'S(v) — 


where k = 1/m, (1 <k < @) and S denotes the infinite series 
1} (k + 2) 2} (k + 3) 


. 
... are the binominal coefficients 


= 


in which ( 


and is equal to 

2 

The preceding equations describe the decrease in stress in a re- 
laxation test for a metal which strain-hardens rapidly and 
linearly with the strain e” but in which the flow stress o varies 
with the rates u’, according to the power-function law, Equation 
[24], which has been verified empirically in many long-time creep 
tests made on metals. They bring out the effect of strain-harden- 
ing on relaxation in metals which have steeply rising stress-strain 
curves (at constant strain rates u” = const) for smal] permanent 
strains €”. It is here assumed that the intercept € in Fig. 7 de- 
fining point A is comparable in magnitude with the initial elastic 
strain = 0,/E. 

As a second example, consider a metai in which the flow stress 
@ increases monotonically with the strains e” and with the rates 
of strain u” according to 


o = 


all 
a 
4 When 0 < < © varies between the limits a 
| 
7 
71 
The stress-strain curves taken at constant strain rates u” for this ,a bea 


metal are represented by a family of affine power-function curves 
of the permanent strain e’. Assuming o = const, the correspond- 
ing creep curves have the equation 


showing that creep now increases according to the m/(n + m) 


[37] 


power of the time t, The relaxation curve corresponding to Equa- 
tion [36] can be determined in a way similar to that indicated in 
the preceding example by using a series development.'* 


INeLuENcE OF Time Rare or Cuance or Resistance on 
CrEEP 

Unfortunately, few observations are available on the magni- 

tudes and variations with time ¢ of the rate of change of re- 


re sistance to flow x = 0¢/0t which has seldom been considered if at 


all by experimenters on creep of metals. 

To illustrate the quantitative influence of a term containing 
xX = 00/0t on the flow, consider the simple case that the equation 
of state is linear in the three terms'* 


o = ye" + ou” + [38] 


where ¥, @, x are constants. After replacing u” by de” /dt, as- 
suming that o = const, this gives the linear differential equation 
of first order for the creep test o@ = const 


'* We may note that the stress surface, Equation [28], in the pre- 
ceding example in fact represents the developable surface which is 
tangent to the stress surface, Equation [36], in the second example 


along the profile in which the latter surface is intersected by a plane 


e” = const. In fact Equation [28] represents a strip made tangent 
along a profile in a plane «” = const in the double power surface, 
Equation [36]. Both these may characterize the behavior of a ductile 
metal having strain-hardening properties associated with an apprecia- 
ble dependence of the flow stresses on the speeds of strain. 

If the exponent nm in Equation [36] is equal to sero, this reverts to 

Equation [24] and to the case when the flow stress ¢ is a power func- 
tion of the rate of strain u”, the creep curves become the straight lines 
= 1 
a! e"=(a/e)™. The foregoing Equations [28] to [37] thus bring out 
the effect of strain-hardening on the shapes of the creep curves (Equa- 
tions [30] and [37]) and of the relaxation curve (Equation [34)}). 

4 By adding a constant ¢» on the right side of Equation [38] ma- 
terials having a finite yield stress ¢ = oa at the time f = 0 when 
e” = u” = 0 might also be included in the above considerations. 
These could be characterized as ‘Bingham substances’’—to follow 
terminology used by the rheologists—-having apart from elasticity, 
constant viscosity and linear strain-hardening and in which the “yield 
value” op + xt would be subject to an increase or decrease due to age- 
hardening or softening with the time ¢ (Fig. 8). 


satisfying the initial condition tf = 0, € "= 0 

x x 
t+ + 

( 


expressing the equation of the creep-time curves at constant 
stress. The creep rates are 


[40] 


creep curves, Equation |40), have the same initial slope for a given 
stress o independently of the values of ¥ and x, independently of 
the rate of strain-hardening and of softening or aging. With the 
abbreviations 


yo 


where @ is negative for a material which softens with time and 
positive for an age-hardening material, Equations [40] and [41] 
take the simpler form 


[44] 


[42] 


== +0 + ale 


The creep curves, Equation [43], are exponential curves approach- 


Fie. 9 Ineivence or Time Rate or Caance or Resistance 
x = /Ot on Suave or Creer Curves 


ing asymptotically a family of inclined straight lines (Fig. 9), 
having the equation 
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with the intercepts _ > 


at) o 
vo/¥ 


and the slopes representing the final values of the rate of creep u 


fort = 


= (14 


ag x 
When the material neither softens, nor hardens a = x = 0, the 
creep curve has a horizontal asymptote (Fig. 9) with a creep limit 
€" = @/¥. Table 1 contains a few values of a and b for the values 
of a, given in the first column. 


b= 


TABLE! VALUES OF a, a andé 


Rate of change of flow 


7. resistance Intercept of asymptote Slope of asymptote 
xo ag 
a a=(1+a)— b=- — 
tw 
o 
© 
1/3 Cac: 0, 333 
0 0.0 
Material 9.667 
hardens 3/2 2.500 —1. 500 
2 3.0 2.0 
When the rate of softening is equal to x = —-~a/¢, a = - 


the creep curve is a straight line as for a purely viscous ciaaae 
In fact, this represents the special case for which, at the sane 
stress, the rate of increase of the flow resistance due to strain- — 
hardening W is just equal to the rate of decrease of resistance due — 


of relaxation E(e” — = is introduced in Equation [39] 
and the decrease of stress o, o considered as the dependent 
variable, a differential equation results 


o—xt 


dt 
which has the same form as the differential equation for the creep 
test under a constant stress, Equation [39]. Also, the initial con- 
ditions t = 0, ¢, — o = Oandt = 0, €” = 0, respectively, have 
the same form. Therefore, if we replace in Equation [39] the 
quantities 


0, = 


by the quantities 


“If y < 0, and x > $e/¢, a < — 1, creep develops first under 
accelerating rates, because the material softens too fast. On the con- 
trary, if x > 0, a > 0, i.e., when the material hardens, creep will stop 
after a certain time t,, when ¢«” reaches an analytic maximum émax” 
and, consequently, u” vanishes. Creep stops at the values 


{46} 


CREEP AND RELAXATION IN METALS 


to softening of the material, ie., for which the condition of | — 
minimum creep rate is satisfied continuously from the beginning 
of the creep test during the entire extension.“ This has 
illustrated also in the creep curves reproduced in Fig. 9, plotted 
for a few values of a. \@e-/ 
The relaxation problem corresponding to the linear equation of sth 
state, Equation [39], is solved by remarking that if the condition F'6. 10 Retaxation Curves ror Vartous Rates or Cxanar or 


. 


x 
in the same order, Equation [46a] results, having thus the solu- 
tion (corresponding to Equation [43]) for the decrease of stress 


a [46d] 


which, after rearranging terms may be written also as follows 


E ‘ )] 1166] 


where for &, a the values of Equation [46c] have to be taken, , 
denoting the initial value of the stress at time t = 0 at which re- 
laxation starts, 

We note the interesting fact that the set of stress-time curves 
characterizing the relaxation of stress for a material having the 
linear equation of state, Equation [38], for the various values of 
the rate of change of the flow resistance x is represented by 
the mirror image of the figure of the long-time creep curves. This 
is obtained by reflecting the curves in Fig. 9 along the time axis, 
resulting in Fig. 10 representing the corresponding relaxation 
curves. Thus we see also from Equation [46e] that all relaxa- 
tion curves for various values of x (and of ¥) have the same 
initial slope at time ( = 0 


( 


t 
bo 
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+B) 
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Eo, 
o=a + to 


V+E 


da 
dt 


stress 


Firow Resistance X 


When x = 0, i-e., in a strain-hardening elastico-viscous material 
which neither softens nor hardens with time, the stress 


drops from @; to a finite value 
fron 


t 
to 


which is reached asymptotically with the time 4. When x > 0 
(age-hardening) the relaxation curves terminate abruptly with 
horizontal tangents at finite ordinates after finite times, but when 
x < 0 (softening) the stress o gradually drops to zero in finite 
times. In the special case a = —1, xX = —(E + )o:/@, the 
exponential function in Equation [46¢] cancels out and the stress 


decreases according to 


i eee 


in a straight line, vanishing at the time ¢ = @/E (Fig. 10). ~ 
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Creer Recovery 


The foregoing assumptions are not sufficient for the treatment 
of a phenomenon which is sometimes associated with the creep of 
solids, namely, of the recovery of strain after unloading. This is 
a negative strain which has been observed after a rapid unloading 
from a positive stress. It has the character of an aftereffect, 
usually requiring a considerable time for its full development. 
Recovery strains are less pronounced in metals than in certain 
high polymers** but they have been observed definitely in careful 
measurements of creep in ductile metals at high temperatures. 
Their influence on the shape of creep and relaxation curves might 
be considered briefly in this section. 

It has been pointed out® that whereas generalized elastico- 
viscosity is characterized by assuming a principle of superposi- 
tion of two types of strains 


= 
E’ dt 
a corresponding principle of superposition of two types of stresses 


0° = = (48) 


dt 

defines generalized recovery-viseosity in materials exhibiting re- 
covery strains, This was termed ‘‘firmo-viscosity” by H. Jeffreys’ 
for the case in which f(de/dt) is a linear function. The part o* 
of the stress is carried by those elements in the microstructure of 
the material that are capable of responding elastically and the 
part o** by an internal resistance of the structure of generally 
viscous nature dependent on the rate of strain de/dt and vanishing 
with this latter. 

Let us, for example, express this dependence by a power func- 
tion, assuming that 

o=o*+0°**, = Ee, = > 1).. [49} 
a 
where E, a, to, m are constants. A stress o held constant gen- 
erates a strain € that develops gradually because the major part 
of the stress ¢ is carried first by the viscous resistance ¢** having 
large values due to the initially large rates of change of strain 
de/di and because the part o* = Ee of the stress can only grow on 
the expense of o**, since the sum o* + @** remains constant 
and equal to the applied stress ¢. The strain € increases as if it 
were an afterflow according to the differential equation 


(50) 


1 

1 

Mt + Be = = Be = cons 
dt 


which is satisfied by 


The strain approaches €& = @/E as ¢ becomes infinite. The three 
terms appearing in this last equation after multiplication by E are 


1 Certain plastics, after a rapid loading in compression to finite 
strains, may recover nearly completely their former initial strain after 
sufficient time. Concerning the theory of recovery, see H. Leaderman: 
“Elastic and Creep Properties of Filamentous Materials and Other 
High Polymers,” Textile Foundation, Washington, D C., 1943, 278 
pp.; and T. M. Burgers (1 and 2 Report on Viscosity and Plasticity, 
Academy of Sciences, Amsterdam, Holland, 1935, and 1938, see 1, 
Report pp. 5-64). 

“The Earth,” by H. Jeffreys, second edition, Cambridge Uni- 
versity Press, London, England, 1929; also Proceedings of the Royal 
Society of London, series A, vol. 138, 1932, p. 283, and others of his 
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Srress o = Const 


Arter UNLOADING 


Ee = o*, Ee = o and —o ** in the order from left to right (Pig. 
After sudden unloading from an initial stress o and strain 
« = o E the strain is found from Equation [48] and the condi- 
tion + = Oas 


[ ( E ) ( o y t ] U 
1 + (m — 1) 

Oo ty 
This expression is identical with the second term on the right side 
of Equation [51]. When t = © the strain € vanishes, and thus 
the original strain & under the stress @ is gradually recovered. 
The material exhibits at time ¢ a recovery equal to —@ + € be- 
coming equal to —¢€) at time ¢ = © (Fig. 12). 

If, after a constant stress o acted for a certain time 4, during 
which the strain increased to the value &, the specimen is held at 
€ = €& = const the stress will suddenly drop at ¢ = 4 from its 
original value ¢ to a value o, = Ee, since for the times { > 4 
de/dt = 0 and hence o** = 0. This sudden relaxation in the 
value of the stress by the amount 


«= 


(where €& = (€)¢=, is given by Equation [51]) occurs unless 
<6 = i.c., unless the strain during the preceding period 
of loading ¢ < 4 has not reached its asymptotic value é. 

The two superposition principles, expressed in the Equations 
[47] and [48] may be combined to include the case of slowly re- 
coverable strains in the phenomena which were previously dis- 
cussed. This leads us to propose that the total strain € shall be 
considered as the sum of three types of strains 


eme’+e" . [54] 


namely, the elastic strain €' = o@/E instantaneously carried, a 
permanent strain €”, and a recoverable strain €’’’. The last is 
assumed to be caused by the interaction of two stresses ¢* = 


the sum of which is equal to the externally produced stress ¢. 

Although special cases of the following synthesis of strains, 
assuming linear stress-rate of strain relations for the strains €” and 
e’’’ have been discussed previously by authors, particularly by 
those who illustrated their action by means of certain mechanical 
models (consisting of elastic springs and dashpots"), it was con- 
sidered worth while to evaluate here the complete equations for 
relaxation. 

A substance having linear elastico and recovery-viscosity is 
characterized by the equation 


o de" 
E’ dt 


a* de’”’ 


3u, 


18 See the second group of papers quoted in 
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The material constants E,, u, which may refer to a mechanism 
in the microstructure of the material contributing to the re- 
coverable strains €’’’ need not be equal to the modulus of elas- 
ticity E and the coefficient of viscosity 4 of the substance, re- 
spectively. The strain is given by the sum Equation [54) and 
the stress by the sum 

o = +. = + 3p, 
Let 
where ¢,, ¢, have the dimension of time. 

For the creep test Equations [55] and [56] give 

de"’ 
3 E, 3 


The strains 


add up to the total strain 


t, 


The strain after sudden unloading from a stress o and an initial 


strain €, is given by 
. 
&, ( ) 
sw 


where the creep recovery is given by the last one of the three 
terms on the right-hand side of this equation. 

For the relaxation test 


(61) 


time 


RELAXATION 
TION 


Resu/tont 
Strain 


after unloading 


Recovery 


€, denotes the resultant strain to be held constant during relaxa- 
tion. In reference to what has been said about Equation [53] it is 
of interest to distinguish two specia! cases in the initial conditions 
which might now be satisfied: (a) The case in which the load is 
applied instantaneously so that no permanent strains €” and ¢’’’ 
are permitted to develop before the specimen starts to relax, 
this is expressed by the initial conditions ¢ = 0, ¢ = 0, and 
= = 0, = o,/E = &); (6) The case in which, on the 
contrary, the specimen has been held under a constant load for 
such a long time thaf the strain €, representing its resultant ex- 
tension, follows the inclined straight-line asymptote in Fig. 14, 
i.e., that the recoverable strain ¢’’’ has increased already to the 
maximum value ¢’’’ = 0,/E, it can attain before the relaxation 
test starts. The initial conditions in this second case are ¢ = 0, 
o = 0, = o,/E,; also, since € = &, = 


1 
€ €& EE, 


After differentiating Equation [62] with respect to the | time t 


1 da + de” + 0 
E dt dt dt ; 


substituting here for (de”)/(dt) = o/(34) from Equation 
and (56) 
do 
E dt 
is obtained, showing that also 
d (1 do o 
\E dt 3p 


E, 
(4 


or that the stress ¢ must satisfy the differential equation of second 


t, 


With the abbreviations 


1 E 
2 


the integral of Equation [65] is expressed by 
o = Ac™ + Be. 
Au, A: are the roots of 


1 1 
2 = = 
M+bA+¢=0,6 


The discriminant being always positive and \) > A, both roots 


and must be negative. 
Using the first set of initial conditions (case a) 
t=O0,0 =0..... 


the constants of integration are found equal to 


NADAI—CREEP AND RELAXATION IN METALS 
\ cae 
a 
(64) 
at? t, tA, 
e+e +e" =e = const....... (62 
t, 
| 
A= — ‘ = 
2 


Substitution in Equation [67] gives for the relaxation of stress 


When using the second set of initial conditions (case b) 


o = cosh At sinh . (71) 


t=O0,0 = 


ao = ™ cosh Nt sinh (74] 


(3) 


Ene, The initial rate of decrease of stress do/dt when t = 0 may be 
computed as follows: For the first set of initial conditions, (case a) 


= 0, o* = =0, o** = o = 
Equation [63] fort = 0 


3u,(de’’’/dt), from 


For the second set of initial conditions (case b), at ¢ = 0, 0** = 0, 
(de''')/(dt) = 0, = = the initial rate of decrease of 
stress is found equal to 


For compasionn, the elastico-viscous substance not exhibiting 
recovery strains relaxes according to 


(t = 0) 

This rate is the same as in case b. However, the stress ¢ in case 
c decreases at a much faster rate when ¢, and ¢, are of the same 
_ order of magnitude or when ¢, is smaller than ¢,. We note that if 
a pee imen has not had time to recover from the disturbance 
caused through a sudden application of its load, the recovery 
strains €’’’ will exert a strong influence on the initial decrease of 
stress in a relaxation test, causing the load to drop faster than in 
the corresponding type of substance not having recovery proper- 

ties. 
Furthermore, at large values of the time f, since |As; > {A,), 
after considerable time has elapsed, the second term containing 
the integration constant B in Equation [67] decreases much 
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faster than the term containing A, when ¢ approaches © the stress 
varies as 


o = Ae™ 


pressed by Equation [78] because 
1 
< 


as one easily verifies in spite of the originally faster rates do /dt of 
Equation [71]. Thus the stress ¢ in a relaxation test of a sub- 
stance, in which also the recovery strains ¢’’’ are active, finally de- 
creases at slower rates and under higher stresses than in an 
elastico-viscous material. This is illustrated by the following 
three numerical examples of exponential curves toward which the 
relaxing stress o asymptotically converges at large values of the 
time 


o = 0.2770; 


= 0.5000; 


This last exangie | is pare at least qualitatively indicative 
of what might be expected in reference to the influence of the re- 
covery strains on relaxation in metals. 

In order to generalize further the assumptions on which 
Equation [65] was based, one may include in the equation of the 
stress surface two more terms to express also strain-hardening 
and softening with time in the substance. This would define the 
most general case of flow based on a linear equation of state 


{80} 


Combining this last equation with the condition of relaxation 
o = 0, — + [81] 
the condition of recovery 


de'"’ 


= E ver 


and the equation obtained by differentiating Equation [81] with 
respect to the time ¢ 
dt 


one obtains four linear, nonhomogeneous equations for the quan- 
tities e’’’, (de” /dt, de’’’ /dt) from which one may compute, for 
example 


. [83] 


de’ Ds 
dt D 
intermsof and (do) /(dt). D,, Ds, and D denote the determinants 


: 
r some time the function 
Lf 
il 
i 
oo the constants of integration are found equal to 
ite: 
4 fr dg 
the intial rate 
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lo, —o E00 EE a 
o—xt 0 ¢@ 0 
E, 0 D,=0 ¢ 


da do 
- OBE 00 


dt 


Differentiating €" = D,/D with respect to the time and equating 
this to de"/dt = D-;/D \eads to the second-order linear equation 


for the stress 
do 
E 


+[(1+ (v4 
(0+ 


This equation governs the relaxation of stress in the case of flow 


vie 


—@¢ 0 
o— xt 0 


with recovery strains corresponding to the most general equation 


of state, Equation [80], of linear form covering the phenomena of 
viscosity, of strain-hardening, and of softening with time. Equa- 


tion [65] appears as the special case of Equation [86] when ; 


¥=x=0. 


CONCLUSION 


Analytical expressions were derived for describing the influence a 


of strain-hardening, of the time rate of change of the flow re- 
sistance, and of recovery strains on the creep and relaxation of 
metals under uniaxial stress. 
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Automatic Flight Control— 


Synthesis of Lateral- Contrel 
‘on By R. N. BRETOI,' MINNEAPOLIS, MINN. 
4 The author presents a method which is useful in the K = constant of proportionality in second-order roll 
analysis and synthesis of the aircraft lateral-control equation 
problem. Consideration is given to establishing auto- —Lahio 


pilot requirements necessary to accomplish fast, stable, 
and co-ordinated (zero sideslip) response. Charts are L = rolling moment per unit roll moment of inertia, x 
derived whereby responses of the controlled variables are sec=? Wer 
plotted as a function of dimensionless time for systems ob ob ob 7 
represented by a second-order (e.g., simplified roll or /,, L,, Lar = be’ ap’ 05.” 

simplified one-degree-of-freed yaw resp ), or by a . ; . hate 
third-order (e.g., simplified-co-ordinated directional con- N = yoming moment por walt you moment of inertia, 

trol) linear-differential equation. Included is the deriva- oN aN 

tion of a method for establishing autopilot requirements N,,N,,N5,= ——-, —, —-, ete. 

necessary for dynamic and steady-state co-ordination. ov 


Op 
The use of the analog computer in aiding the analysis and Pm perturbation roll angular velocity 
the effects of control lags are discussed briefly. Compari- sites perturbation yaw angular velocity 
sons are made between aircraft responses calculated by 8 = differential operator, sec ~ 
means of the simplified equations, aircraft responses dimension) perator = s 
obtained from simulated flight recordings on the analog , 
computer, and aircraft responses recorded during flight time, sec 
_ tests. dimensionless time = w,t, normalized seconds 
(norsec) 
steady-state forward velocity, ft/see~* 


NOMENCLATURE 
» = perturbation sideslip velocity, ft/sec™* 


The following nomenclature is used in the paper: ‘ r steady-state normal velocity, ft/sec~! 


B = sideslip angle, positive for slip toward starboard, lateral force _ unit mass of aircraft, see~* 
leron defl (unless oth = hat 
differential aileron deflection (unless otherwise 
noted), right aileron down positive, radians 
rudder deflection, left rudder positive, radians 
turn-control signal, right turn positive, radians % ee 
tn 
equation 
pitch attitude, nose up positive, radians 


JS p dt, right roll positive, radians 

Jr dt, nose right positive, radians 

undamped natural frequency for second-order 
system; also parameter in third-order equa- 
tion, radians per sec 

directional stiffness parameter appearing in 
third-order heading equation 

dimensionless directional stiffness parameter ap- 
pearing in dimensionless third-order heading 
equation 

gravitational constant, f[psps 


moments of inertia about roll and yaw axes, re- (With stability axes W, = 0.) 
spectively, slug sq ft 


= product of inertia about pitch axis, slug sq ft 
Research Engineer, Aeronautical Division, Minneapolis-Honey- d 


well Regulator Company. 

Contributed by the Industrial Instruments and Regulators Divi- wht 
sion of THe American Soctety or Mecnanitcat Encineers and 
presented at the Instrument Society of America—Instruments and 
Regulators Division Conference, Houston, Texas, September 10-14, 
1951. 

Nore: Statements and opinions advanced in papers are to be an 
understood as individual expressions of their authors and not those fos ond ¥ 
of the Society. Manuscript received at ASME Headquarters, y as distinguished from ( ¢) and (yr 


April 25, 1951. Paper No. 51—IIRD-1. 
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Designation Roll 
Angular veloc ‘ity + + Pi 
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Moment of inertia L 
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INTRODUCTION 


During recent years tremendous progress has been made in the 
advancement of aircraft speed, range, capacity, and handling 
qualities. As one result, autopilot functional and performance 
requirements have increased greatly. This has put a premium 
on obtaining a better understanding of the dynamics of the air- 
plane-autopilot system. 

Analysis of the dynamic behavior of the aircraft is as old as the 
aircraft itself. The basic equations of motion presented by Bryan? 
in 1911, are still being used. Subsequent work between 1911 and 
World War II was directed primarily toward the calculation of 
the motion of the free airplane, toward the development of 
dimensionless stability charts and criteria, and toward the 
evaluation of the aerodynamic stability derivatives. Most of this 
work entailed the use of theoretical calculations and the develop- 
ment of techniques for testing wind-tunnel models; a relatively 
small amount was directed toward obtaining data from a com- 
pletely instrumented aircraft in flight or toward the analysis of 
the automatically controlled aircraft. 

After 1940, German, British, and American engineers directed 
an increasing portion of their efforts toward the analysis of the 
motion of the automatically controlled aircraft, probably more 
from necessity than for abstract reasons. In this country a sub- 
stantial part of the analytical work was conducted by NACA and 
the guided-missile manufacturers. 

In developing higher performance automatic flight-control 
equipment the autopilot manufacturer has found, in the last few 
years, that available automatic aircraft-control design techniques 
were inadequate. In addition, the background of flight data was 
neither sufficiently adequate for determining whether the equa- 
tions of motion presented by Bryan in 1911, accurately described 
the dynamics of the airplane, nor was it apparent to what degree 
of accuracy the stability derivatives could be determined. 

A method for obtaining quartitative stability and control in- 
formation for an aircraft by flight-test methods was suggested by 
©. Johnston and R, Kutzler in 1944;' the use of a precision auto- 
pilot as part of the instrumentation was recommended. Subse- 
quent work directed by W. F. Milliken at Cornell Aeronautical 
Laboratory, did make use of an autopilot in obtaining recorded 
aireraft responses from which the aerodynamic stability deriva- 
tives could be checked for accuracy or even moditied to match the 
calculated and experimental response data more closely.‘ 

In 1948 the Aero Research group of the author’s company 
directed its efforts toward attaining a better correlation of pre- 
dicted and measured aircraft control. Since some concern was ex- 
pressed of the ability to calculate aircraft motions, the initial 
phase of the program was directed toward establishing the rela- 
tionship between calculated aircraft responses and those obtained 
from flight test. 

Initial research work was conducted with a DC-3 type aircraft. 
Necessary coefficients and derivatives were obtained from the 
manufacturer (Douglas), and the equations of motion were solved 
for aircraft responses to sinusoidal control-surface motions. In 
flight the control surfaces were forced to oscillate sinusoidally at 
each of a number of forcing frequencies corresponding to periods 
ranging from about 0.5 sec to about 150 sec; 
made of resultant motions. 


recordings were 
Correlation between calculated fre- 


* Stability in Aviation,” by G. H. Bryan, The Macmillan Com- 
pany, London, England, 1911. 

**The Use of a Precision Automatic Pilot in Recording Aircraft 
Performance Data,"’ by R. Kutaler and O. Johnston, Aeronautical 
Engineering Review, vol. 4, March, 1945, pp. 17, 19, 21, 23, 25-27, 
29, 31-32, 35, and 37. 

‘Progress in Dynamic Stability and Control Research,” by 
W. F. Milliken, Jr., Journal of the Aeronautical Sciences, vol. 14 
1947, pp. 493-519 


quency responses and flight-test results appeared quite satisfac- 
tory and gave confidence that the aircraft itself could be expected 
to behave in accordance with theory, see Figs. 15(a) and (b). 
Hence the aircraft equations of motion were supplemented to in- 
clude automatic control of surface positions and analyzed further 
to determine autopilot requirements to give desired over-all per- 
formance. 

The methods described in the next section were first used in the 
application of an experimental autopilot to an R4D (DC-3) type 
aircraft on a project involving automatic approach, landing, and 
cruise control. Its resulting performance in automatic flight 
showed close agreement with predictions, and bolstered faith in 
the analytical approach. Since then this approach has been used 
on Several Air Force and Navy aircraft with gratifying effective- 
ness, 
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Wartime and subsequent experience—together with that just 
mentioned—certainly indicates that in order to meet present-day 
flight-control performance requirements it is necessary to 
analyze each aircraft design separately to allow “‘tailoring’’ the 
autopilot and aircraft to each other. The advantages of an 
analytical approach to this tailoring process are as follows: 


1 Autopilot requirements can be established before the air- 
craft is ready for delivery. 

2 A completed autopilot design can be made available for the 
early testing of the aircraft. 

3 The number of flight-test hours can be greatly reduced by 
using precomputed settings. Because of the cost of keeping a 
newly designed aircraft flying, a substantial saving in cost and 
time is realized. 

4 System malfunctions can be detected more easily since 
effects are produced which are at variance with the calculated re- 
sults. 

5 Greater safety for flight-test personnel is assured since con- 


* During the various phases of this work computing facilities were 
used at the Reeves Instrument Corporation (courtesy Special 
Devices Center, ONR), Office of Air Research (Air Force), and the 
University of Minnesota. 
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BRETOI—AUTOMATIC FLIGHT CONTROL—ANALYSIS, SYNTHESIS OF LATERAL-CONTROL PROBLEM 


trol-system adjustments can be kept within the predicted limits of 
safe operation. The adjustment and calibration of the autopilot 
on the ground and the following of a definite flight plan also make 
important contributions to safety in flight. 

6 Near optimum performance can be achieved, and system 
limitations can be anticipated. 

7 The capability of the autopilot in controlling the airplane 
under any critical modes of flight can be established. 

8 From a psychological viewpoint, flight personnel have 
greater confidence in a program if performance characteristics 
have already been calculated. 

9 The necessary close co-operation between the airframe 
manufacturer and the autopilot manufacturer facilitates the 
handling of many installation and service problems. 


With these advantages in mind, considerable time and effort 
have been directed toward development of practical techniques 
for establishing autopilot requirements. Application of these 
techniques results in airplane-autopilot systems capable of stable. 
fast, and co-ordinated performance throughout the range of 
operating conditions encountered. 


Meruop or ANALYSIS 


Performance Requirements. System performance requirements 
are dictated by the type of mission which the aircraft: must 
accomplish. For example, performance requirements for a relief 
autopilot (cross-country flying) are relatively low compared to 
performance requirements for an autopilot used during combat or 
during an automatic landing. From a consideration of the air- 
craft's mission, an indication of desired aircraft responses to step 
input signals to the autopilot can be obtained. The requirements 
may be spelled out in the form of damping ratio or its equivalent 
and a time to reach a steady-state condition. 

Hence, in using the methods described in this paper, it is as- 
sumed that desired system damping characteristics and desired 
system response times have been selected on the basis of the air- 
eraft type and its mission. 

If these desired response characteristics are known then the 
basic autopilot feedback parameters can be determined by using 
the relationships derived in the sections which follow. 

Outline of Analysis, The lateral control analysis is divided 
into two phases. During the first phase, the autopilot feedback 
parameters are calculated using the assumptions and procedures to 
be outlined. During the second phase of the analysis the analog 
computer is used to obtain simulated flight recordings of the re- 
sponse of the aircraft to step roll (turn control) or heading input 
signals. The use of the analog computer and the assumptions 
made for this second phase of the analysis are discussed in the 
next section, 

The assumptions made are as follows: 


1 Aircraft motions are represented by linearized differential 
equations; this means that variations of motions from steady- 
state values are small, 

2 The lateral equations of motion (roll, yaw, and sideslip) are 
separable from the longitudinal equations of motion (motions in 
the plane of symmetry of the aircraft). 

3. Effects of structure dynamics are negligible (i.e., the equa- 
tions of motion for the rigid airplane structure are applicable). 

4 Nonlinearities in the control system are negligible. 


Derivation of Second- and Third-Order Charts. In the pre- 
liminary analysis the aircraft is assumed to be in level flight and 
perfectly co-ordinated (zero sideslip). By initially assuming per- 
fect co-ordination and no control-system lags, the equations of 
motion are simplified to the point where some of the basic auto- 
pilot feedback parameters are readily determined. The remaining 


feedback parameters are then adjusted to fulfill requirements for 
dynamic and steady-state co-ordination. Effects of a first-order 
control-system lag will be considered later. 


The aircraft lateral equations of motion are as follows; a 


— + [—W, Y Jp cos 
+ — —qsin 0, = Vagd, + Yd, 
Roll 


{la} 


—Lw + 


= + Nod, [le] 


Assume for the time being that control lags are negligible, then 
the generalized control-system equations are written (sideslip 
feedbacks are not considered ) 


6, = hee + + + Sur + Sut 
8, = fee + + Soop + Sur + Sut 


Where fig, fy, fp... are constants. The quantity is an arbitrary 
input signal. If directional feedback is not present, € may be con- 
sidered to be a roll-input signal. If directional feedback is present, 
€ may be considered to be a heading-input signal y,. 

During the initial portion of the analysis, sideslip and product 
of inertia 7,, are assumed to be negligible. As a result, the 
latera] equations of motion simplify to 


(s*— — Lr = Ladd, es [al 
[3b] 
The simplified control-system equation is then written 
= (Swe + fis)e + 


Combining Equation [3] and Equation [4] 


E + (—L, — Liafip)s + 2 


E + (—L, — + ( — 


(toate) =0....{56] 


In Equation [5a] directional feedback is zero. 


written 


—Liahie 


If a directional input signal is used, the yaw equation is written — 


If a turn control (roll input) signal is used, the roll = f 
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+ (—L, — Leahol” +1 —Leche — ly 
Equations [6] and [7] are of the general form 


—-——SECOND ORDER RESPONSE 


[s? + 2fw,8? + + = Aoy, 
where 


@, = undamped natural frequency of second-order roll equation, 02 04 J 3 4 § BiO 2 4 668 
radian per sec 30-4 

¢ = damping ratio (ratio of actual damping to that necessary y 
for critical damping; if £ < 1 some overshoot exists 
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Now it would be convenient to reduce Equations [8] to a Ye Ol mie) 
dimensionless form. Select a dimensionless time, ? = w,t; then FORCING FREQUENCY - RADIANS /SECOND. 
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> 

2 
(5 + + De = Ke, 

+ 2037 + 3 + = Ap/w,' 
Similarly + 3 + o/w,* ¥, 
Neate aie Solutions for the roll equation are plotted in Fig. 4 for various 
values of damping ratio {. Solutions for the heading equation are 
Toler eda _ plotted against dimensionless time in Fig. 5 for various values of 
heading gain factor Ao/w,’ and roll damping ratio {. Because 
there are advantages in working with logarithmic expressions for 
amplitude data, amplitude ratios are expreased in decibels where 
Ag = 20 logyA. To convert to real time, /w,. 

It may be well at this time to point out the significance of the 
various parameters appearing in Equations [10]. The roll-damp- 
ing ratio { determines the roll-damping characteristics of the air- 
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craft. W hen directional feedback is wero, the amount of overshoot 
is a function of the roll-damping ratio only (for these simplified 
equations). B Cyss* + Cops? + Cigs + Cop + 
The undamped natural frequency in roll is a measure of roll ess A 
stiffness. A change in w,, while holding the heading-gain factor 
A,o/w,* and the roll-damping ratio [ constant, has the effect of 
shortening or elongating the time scale. 
The heading-gain factor A»/w,’ is a measure of directional ' 
stiffness. Increasing this factor beyond a certain point may re- U.Cy = —B, + C, + By 
sult in overshoot or instability. By Routh’s criteria, stability I, 


exists if Ap/w,? < 2¢. 
From the definition of Ap and w,, it follows that + I 


(9/U1 Lia fy) + (ee — (a 


—L, 9/U1) we 


(g/U1) is *h le xi- , 
L, is much less than Lig fy. Then, approxi + (Sor — (. + Be 


11] = + — AAY, + Wi) + AW 
1 Sw tie 


The ratio fy/f,p is the magnitude of the called-for roll angle per + + 
unit heading error + Py + — ALY, + Wi) + Al 
Rewriting Equation [11] + LigE, + 


It is evident from Equation [12] that for a given value of Ao/w,?, (fue — e) + Cs 


[12] 


the permissible called-for roll angle per unit heading error is pro- 5 io #, 


Since 7 equals w,t, speed of response to a step input signal is pro- F 

portional to undamped natural frequency in roll w, (for a given U Cop = —Ag cos 6 Ag sin 0, + F, (—Aw cos A, > 

roll damping ratio ¢ and heading-gain factor Ao/w,"). Hence, in ; 

order to achieve fast, stable response, w, (and therefore f,,) nec- Ag sin 9,) + (foo — five) (Aog sin 6,) 

essarily must be relatively large (this corresponds toa high degree (for — fire) (—Aeg cos 0) 

chosen from a study of the curves plo in Figs. 4 and 5. Limits 

N,B Ag (W Y,) 
on the value of f,, are imposed by lags in the control system and — + + 
physical limitations of the aircraft. a ; 

It should be noted that for a given roll stiffness the heading- UiC-18 = (fe — Sig Fe)(Ag sin 4) 
gain factor Ao/w,? (which for a given roll stiffness and roll damp- < : 8 
ing determines system stability and response characteristics) is (foe — Sve) (—Awg cos 61) 
directly proportional to el and inversely proportional to true TABLE 10) EXPANSION OF TERMS IN SIDESLIP COEFFI- 
airspeed, This means that if the system is set up to give optimum IENTS OF TABLE l(a) 
directional performance at a given indicated airspeed at high 4, B, = (L¥,> L,Y,) 
altitude (which means relatively high true airspeed), then for the 

4, = (L, Nia LiaN ») B, = (L,Y ba LaaY 

same indicated airspeed at low altitude (relatively low true air- : " . ‘ 
speed) overshoot or possibly instability is likely to occur. Aa = (LpNor — LarNp) By = (Lp¥ar — Lar¥y) 

The solutions plotted in Figs. 4 and 5 are not restricted to the Ay = (LaeN, L.Nia) B, = (LeaY, — L,Yia) 
analysis of aircraft motions; they also may be used for the solu- Ay = (Lg,N, — L,Nar) B, = (Lar Y, — L,Yar) 
tion of second or third-order differential equation with initial As thal — tata) 
conditions analogous to those imposed upon the aircraft. 

Example. Recall the second-order roll equation of the form (v i mw) 

i 1 


(neglecting control lags) = (N,Y,— N,Y,) E, = 


= 


r 
where for roll control = 


= 
= (Np¥ ar — Nar¥ >) E, = (os I + sin 


= —Liafie — 
1 —L, — = E= ( ‘os 6, + sin 
2 (Na ¥, — N-¥ar) 


Now, w, and { depend upon the aerodynamic characteristics of *s = (NseYar — Na-Yaa) 
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the airplane and on the control-feedback parameters f,, and f,,. 
For a specific flight condition { and w, can be calculated if the 
control-feedback parameters are given. Conversely, if desired 
values for w, and ¢ are known, the control-feedback parameters 
can be determined. 

Consider now the rolling motion of fighter “A” in its approach 
configuration (EAS = 92 knots at SL) for ate the stability co- 
efficients appear in Table 2 (for this discussion neglect control 
lags). 

TABLE 2 FIGHTER “A" STABILITY COEFFICIENTS 
IAS 92 


Altitude 


iross weight = 19000 lb 


Assume the control parameters 
Se = 3, fy = = 15 
| Pi 


Substituting into Equations [9] and solving for w, and tC 


o, = — L, ) 


rie = 1.77 rad/sec 


= 0.79 


(roll case) 


Solutions corresponding to the foregoing values appear in Fig. 4 
as a function of dimensionless time (? = w,¢) for various damping 
ratios ¢. From Fig. 4 it is found that time for roll angle to reach 
95 per cent of its final value is 


. 


Solving for the heading-gain 


Consider now the heading response. 
factor (refer to Equation 12] ) 


4 


w,? 


U, 
We now have 
¢ = 0.79, w, = 1.77 rad/sec, Ao/w,* = —12.6 db 
for which response to a step heading input is plotted in Fig. 5. 


Here it is found that time for heading to achieve 90 per cent of its 
final value is 


= 0.233 or — 120 ab ( db = 20 logi 4) 
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Yowtingies Requirements. In establishing yaw-damping re- 


quirements the aircraft is considered to be constrained to pure _ 
rotation about the yaw axis. (The lateral-force equation is not _ 


considered and coupling between roll and yaw is neglected.) A 
study of amplitude and phase response of yaw angle to a sinusoidal 
rudder deflection indicates fair agreement at frequencies in the 
region of the natural frequency in yaw and above (for example, see 
Fig. 3). From experience it is found that a fairly good approxi- 
mation of yaw-damping requirements is obtained in this way. 
The single-degree-of-freedom-in-yaw equation is written 


— Nis + = {13} 


Writing the simplified control-system equation (neglecting control 
lags) 


= fyb + 
Combining Equations {13} and [14] 
[s* + (—N, — + (Na — Norfa = 0.. 
Equation [13) is of the form 
(s? + 2fw,8 + w,") = 0 {16} 


Now fy is dependent upon fy (fy is determined from directional 
control requirements by methods described under “derivation of 
second- and third-order charts,"’) and on requirements for dy- 
namic co-ordination described in the section which follows this. 
Hence the undamped natural frequency about the yaw axis will 
be unavailable for adjusting yaw damping. Consequently, the 
one remaining variable in Equation [15] is rudder deflection per 
unit yaw rate fos. 

From and [16] 


.-{14] 


For a particular flight condition, w, will be determined from con- 
siderations other than yaw damping. Hence a satisfactory 
value of f,, can be calculated by using Equation [17] and letting 
¢ be somewhere in the neighborhood of 0.7 to 1.5. 

The effects of control-system lags on yaw damping are dis- 
cussed briefly later. 

Autopilot Requirements for Dynamic Co-Ordination. In order to 
establish autopilot requirements for dynamic co-ordination, it is 
necessary to refer to the complete lateral equations of motion, 
Equations [1] and the control-system equations (Equations [2}). 

Combining Equations [1] and [2] and solving for sideslip re- 
sponse to the signal €, in operational form 


+ Crps* + Cips +Cop + C-ips™' 
€ Det + Dys* + Des? + + Do + D-ys™ 


The coefficients Cys, Crp, . . . . Dy. . D-, are functions of the air- 
craft stability derivatives and of the control-feedback parameters. 
Equations describing the numerator coefficients appear in Tables 
1(a) and 1(b). 

Now, in order to achieve dynamic co-ordination, it is necessary _ 


that the numerator coefficients be minimized. This is ac- a y 


complished through proper choice of autopilot feedback parame- 
ters, 

For the case with directional feedback, steady-state sideslip re- 
sponse to the signal € is given by B/e = C-.9/D-,. 


Cw = D-, = 0). 


>. 


Without 
directional feedback B/e = Cog/Do (when fy = fy = 0, then 


Nig... sec™? 0 
ftwee * 322 32.2 
4 
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TABLE 3 FIGHTER “A” SLIDESLIP-RESPONSE COEFFICIENTS 
Approach ....... EAS 92 at sea level 


0.022 + 0,896 F, — 0.029 (frp — fipF’.) 


Cis = —0.334 + 1.031F, — 0.918 (fap — fip Fe) 


+0.003 (fer — fire) — 0.029 (fap 
Cop = —0.027 —0.081F, — 0.189 (fr — fire) 

0.918 (fp — Sipe) + 9.003 (fy — fy Fe) 
0.189 (fy — SPs) 


EAS 220 knots at 5000 ft 7 

“ek 
0.173 + 4.691F, — 0.413 (fay — fipF’e) 


+ 0.012 (for — firFs) 


Cw 


0.070 F, 


—1.143 + 11.6 Fy — 26.42 — fipF.) 

+ 0.047 (for — firs) — 0.413 (fp — Sipe) 
+ 0.012 (fy —SyF) 

—0.131 


0.083 F, — 2.12 (fer — fire) 


26.42 (fie — Sipe) + 0.047 (fy 


Cw = 2.12 (fay — 


Once steady-state co-ordination is achieved, dynamic co- 
ordination is determined by the coefficients of the higher-order 
terms. 

Example. Consider the fighter ‘‘A’’ approach configuration for 
which simplified sideslip coefficients appear in Table 4. 

From previous considerations assume 


Swe 3, Sw 6 
fiw = 1.5, and assume f;, = 0 


Examination of the simplified sideslip coefficients in Table 4 indi- 
cates that the airplane should be well co-ordinated dynamically 
if, with the foregoing values of f,y, fir, and fiy 


Fi = f = 0.025 (assuming no control lags) 


Sue 
Sev 


Su 


With these values for the autopilot feedback parameters 


Cys = 0.000675 
Cy = 0 
Cis = 0 


At this point it is possible to calculate a value for fo from yaw- 
damping requirements. With f,y = 0.15 and fe = 1.75, the yaw- 
damping ratio is 1.0. In this case steady-state co-ordination 
exists in a steady-state turn if f,, = —0.317 (giving Cos = 0). 


TABLE 4 SIMPLIFIED FIGHTER “A” 
COEFFICIENTS 


EAS 92 knots at sea level 


SIDESLIP-RESPONSE 


A. 


Cis = —0.334 — 0.918 fp + F. (1.031 + 0.918 fip) 


Cy = —0.027 — 0.189 for — 0.918 fy 


+ F.(—0.081 + 0.189 fir + O.918f,.) 


1 
Cp = —0.189 (fy 


EAS 220 knots at 5000 ft 


—0.173 + 4.69 Fy 
Cy 


Cop —0.131 — 2.12 for — 26.4 fry 


Effect of Control-System Lags on Roll Control. In the practical 
case, control-system lags are not always negligible. In a pre- 
liminary analysis a first-order approximation for the lag is 
usually sufficient, depending upon the magnitude of the lag at the 
natural frequencies of the aircraft. 

In operational form the simplified control-system response to 
an input signal is considered to be of the form 


1 
where 7’, is a time constant. 
Recall the simplified roll Equation |3) 
— L,s — Lg/Ui)¢ = 


Let the aileron input signal be proportional to roll error and roll 
rate. Then 


ba, = fiel¢e 


Combining (neglect effect of L,) 


+(. 


Lita ie 
T 


Equation [19] is of the general form 
(s? + 2fw,s? + + = 


Cy = 0.027 F, 
— Cy = 1 
te 0.022 + 0.8967. 
| Pe 

1 
Sis 
| 
| 
Sie fre Cys 0.07 F. 
Cy = an 
fie 
: 
Sue fra 
1 pe “ay 
1 
tue of 
1 
{ 
— 
| 
" 
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for which solutions have already been plotted in Fig. 5 as a func- 
tion of dimensionless time. 

In selecting the feedback parameters f,, and fi», it is simpler to 
neglect control lags and use the method described previously 
under “Derivation of Second and Third-Order Charts.” After 
selecting values for f,, and fi, a check of effects of control-system 
lags on roll control may be made by using Equations [19] and 
{20} and the third-order charts. If performance is found to be 
unsatisfactory because of the control-system lags, then modifica- 
tion of f,, and fi, is necessary. 

Effect of Control Lags on Yaw Damping. Consideration will 
now be given to damping of the motion about the yaw axis. The 
assumptions here are the same as in the simplified analysis of the 
yaw-axis equation, except that a first-order control-system lag 
will now be considered. 


Consider the second-order yaw equation 


s?— Nis + = 
The control-system equations are written 
or = ér, 
1+ 73 


where 7’; is a time constant. 
Combining 


als 
T 


= Nach Nerf 
Equation [21] is of the form 
(s* + 2fw,s* + + = KAY 


where K is a constant, 

As in the case described in the analysis of control-lag effects on 
roll control, the third-order charts can be used to estimate the 
effects of control-system lags on yaw-damping characteristics. 
Modification of f., may be found to be desirable. 

Effect of Control-System Lags on Dynamic Co-Ordination. Ex- 
amination of the terms appearing in the equations for the side- 
slip coefficients, Table 3, indicates that the equations can be 
simplified to those appearing in Table 4 by omitting relatively 
small terms. The general form of these simplified equations is 


written 
rx 38 « 
fu 
1 
Ire Cis = a, + bifep + — . [22] 


1 

f Cog = ao + + + F [co — 

1 

Cus = doi fy — ii 

Where ¢s, ¢1, bs, If first-order con- 


trol lag is introduced such that 
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4 
| é, br, 
endif 
ba; = (firs + + (fis + SW + 
or, = (fev + + (fers + + 
Then the sideslip coefficients are written wee ;: 
c 
: = 
Sue 


Te C's = ae + Ty, + Fler Tir) 
. . [25] 


= a + + bifep + + Tree — bifiy) 


= + dy fe + + + 


F.) 

and sideslip response to an ‘silat applied autopilot signal is 

written 


B C'agst + + + + + 


Da + + D's* + D's + D's + De 


In the general case the time constant defining lag in the aileron- 
control system is not necessarily equal to that for the rudder- 
control system. For fighter “A” these constants are considered to 
be equal to each other. 

Again, for dynamic co-ordination C's, C's, . . . 
minimized by proper choice of autopilot feedback parameters. 

Example. Presented in Table 5 are the sideslip coefficients for 
the fighter “A” approach condition. Included is the effect of a 
first-order time lag in the aileron and rudder. The tin. constant 
used is ws = 0.2 sec. From previous considerations 


For this case if 
> 


Th 


wh 
= Cop = = = 0 
0.000475 


The phasing of these coefficients is in such a direction that adverse 
yaw tendencies of the aircraft are characterized by predominantly 
negative values of the coefficients, or, skidding turns are character- 


2 
| 
Sue 
« 
: 


PRANSACTIONS OF THE ASME 


& part. IFIED FIGHTER “A” SIDESLIP- 
ICIENTS WITH FIRST-ORDER TIME LAG OF 0.2 SEC IN 
AILERON AND RUDDER-CONTROL Ma 


Approach EAS 92 knots at sea level 


Cua = 0.0054 F, 


C's3 = 0.0044 + 0.206 F, 


Coa = —0.088 + 1.102 F, 


0.339 — 0.918 fey + (1.105 + 0.918 fry) 


0.027 0.189 fe, — 0.918 fap 


+ F, (—0.081 + 0.189 fi, 


0.189 (fy — Fe) 


AS 220 knots at 5000 ft 


a 


C's = 0.014 F, 


Sie 


C's = 0.401 + 6.9F, 


Ca = —1.169 — 26.4 fap + Fe (11.6 $264 


O.131 — 2.12 for — 26.4 fay 


C's = 


+ F, (—0.083 + 2.12 fir + 26.4 fie) 


= —2.12 (fy — Sy Fe) 


ized by positive values. The positive values for C'sg and C’4s 
indicate a slight skid during the initial portion of the turn entry. 

Study of the sideslip coefficients indicates that adverse yaw 
tendencies are overcome by increasing F, (proportion of turn- 
control signal to rudder), or increasing —/., (negative roll-rate 
signal to rudder). 

The introduction of control-system lags effects an increase in 
F, and a change in fy, in a positive direction if dynamic co-ordina- 
tion is to be maintained. Hence, if control lags are increased, it is 
necessary to increase turn-control signal to rudder and adjust roll 
rate to rudder in a positive direction. (The sign convention is 
such that negative roll rate to rudder indicates that roll rate 
toward the right calls for right rudder.) It is found in some cases, 
where f,¢ is small, that the system can be simplified by eliminating 
roll angle to rudder (f,g) and adjusting turn-control signal and 
perhaps roll rate to rudder a slight amount for co-ordination. 
In some cases it is possible to eliminate roll-rate feedback to 
rudder also. A slight increase in skid during turn entries usually 
is not serious, 

Use of Electronic Analog Computer. The electronic analog com- 
puter is a system of electronic networks arranged in such a manner 
that the equations defining a physical system can be solved 
electronically. The physical variables such as velocity, accelera- 
tion, and position are represented by voltages. It is possible on 


ans 
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some analog computers to achieve a one-to-one time correspond- 
ence between the computer and the physical system which it 
represents and to record the results graphically. Hence simu- 
lated flight-test data can be obtained. 

It is advantageous to solve the complete aircraft-autopilot 
equations of motion including contrel lags on the computer after 
the preliminary analysis is completed. In this way the results ean 
be checked for errors, a more intelligent approach to the problem 
ean be conducted, and, in general, more efficient use can be made 
of computer time. 

Consider now fighter “A” for which aerodynamic data appear 
in Table 1. Consider the level flight condition and neglect Ysa, 
Y,, and Y,. Then the equations of motion are written 


(s —gs'p + Uw = Yor 
Ly = Lggda + 
= + Noor 


. [26a] 


[26] 


—Nw — N.p + (a | 26] 


The autopilot signals to the aileron and rudder controls are 
ba, = fee + hop + fur + fel. [27a] 


= + SW + + Serr + Sut... [2701 


The responses of surface deflections to control signals are approxi- 
mately 


ba = ba, 


[28a] 
(1 + 0.28) (1 + 0.078 + 0.0088?) 


br = 6r, 
(1 + 0.28) (1 + 0.078 + 0.008s?) 


[28h] 
Equations [28] were estimated from sinusoidal forcing-function 
tests on a control system similar to that in fighter “A.” 

The performance of the aircraft is defined by Equations [26], 
{27}, and (28) for given values of the control-feedback parameters. 
A typical solution which was recorded on the Reeves electronic 
analog computer appears in Fig. 6. 

Scheduling of Autopilot Feedback Parameters. By analyzing 
each of several flight conditions, autopilot feedback parameters 
can be calculated for satisfactory performance of the aircraft 
through its range of operating conditions. Where the range of air- 
speeds and altitudes is great, and if a high degree of control per- 
formance is desired at each of several conditions, then it may be 
necessary to schedule the feedback parameters with airspeed, 
Mach number, and altitude. 

It may be advantageous to select a most important operating 
condition for the aireraft for which a near optimum control-sys- 
tem configuration is obtained, then schedule the feedback 
parameters in some relatively simple manner to obtain satisfac- 
tory performance at other operating conditions. Usually roll and 
heading control does not suffer appreciably if the simplified 
scheduling is chosen skillfully; co-ordination may suffer slightly. 

The condition considered to be the most important for fighter 
“A” autopilot was the approach condition. The cruise configura- 
tion (EAS 220 knots at 5000 ft) was chosen with an eye toward 
simplifying the scheduling. With the scheduling chosen, a slight 
skid is expected during turn entries, but this is not considered to 
be serious. The approach condition was of great importance be- 
cause of automatic take-off and landing requirements; during 
cruising flight autopilot performance requirements were not quite 
so high in this particular case. 

Scheduling of feedback parameters of course does complicate 
the system somewhat. However, it was felt that the improvement 
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in system performance was well worth the small amount of ad- 


ditional equipment required. 


Sotutions Ostarnep on Exnectrontc ANALOG 


COMPUTER 


Fie. 6 TypicaL 


TypicaL Fureut-Test Recorping Using 
Grapuic Recorver 


Performance in Rough Air. The method derived does not con- 
sider performance of the autopilot-airplane system in turbulent 
arr. 

However, flight experience gained with autopilot configura- 
tions selected by the methods presented in this paper, indicates 
that satisfactory performance can be achieved during straight and 
level flight in rough air. This information is based to a great ex- 


tent upon pilot opinion, since a concentrated study ee 
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Comparison oF Resuvts Optarnep From Simpciriep ANALYSIS, 
Computer, anp Fiuicut Test 


Comparisons of results obtained by the analysis presented with | 


those obtained by flight test appear in Figs. 8 to 14. These com- 
parisons represent four aircraft designs—two fighters and two 
bombers—with flight conditions ranging from approach to high 
speed at high altitude. Fighter “A” and fighter “B” are fighters 
of conventional design. Bomber “A” is a high-speed bomber. 
Bomber “B" is a heavy bomber. 

The small-amplitude oscillation evident a! approach speeds, 
Figs. 9 and 12, is believed to be caused by a combination of the 
aircraft's poorer stability characteristics at low speeds (which is 
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typical of most aircraft), and a certain amount of control-system 
dead spot (possibly caused by cable slack, cable friction, thresh- 
old of the yaw-rate gyro, nonlinearities in the hydraulic valve if a 
hydraulic actuator is used, etc.). 

Several aircraft have been analyzed by the methods described 
in this paper through a range of operating conditions. On the 
basis of flight-test data available for these aircraft, Fig. 11 repre- 
sents relatively poor correlation between theory and flight test. 

In general, it appears that agreement between theory and flight 
test is good enough for control-system requirements to be deter- 
mined before flight test. 


ConcLusions 


The following conclusions have been drawn for the control 
system represented by the basic block diagram in Fig. 2: 
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The simplified analysis presented in this paper is useful in estab- 
lishing control-system requirements. 

The analog computer is useful in obtaining reasonably accurate 
simulated flight-test data. 

If control lags are not excessive in the region of the aircraft 
natural frequencies, effects of contro! lags on roll control, direc- 
tional control, and dynamic co-ordination can be approximated 
by the methods described in this paper. 

By analyzing each of several flight conditions, autopilot feed- 
back parameters can be calculated for satisfactory performance 
of the aircraft through its range of operating conditions. Where 
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” 4acé performance of aircraft. The correlation obtained between the = 
= 04 2 4 6810 + 6 610 results of the flight tests and the simplified dynamic analysis = 
a | indicate that the simple theory gives a good first approximation. a hate - 
For more complicated probleins the analog-computer technique 
| used by the author is probably the most useful tool. i eat 
30. mS When an analog computer is not available a new method of ei i 
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N diy even for relatively complicated systems of equations, 
eS his method, called the “root-locus” method, is a graphical 
° Bisex _ | ~ one which permits the step-by-step calculation of the dynamic 
org" 100 performance of a system. It starts with the simplified equations 
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these various secondary terms in the equations 
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pha problem from the so-called classical method of analysis, i.e., the 
solution of the pertinent differential equations of motion. By 
i CRUISE eed be simplifying these equations by ignoring one or two degrees of free- 
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° ~ the airframe are considered, and wherein the time lag of the con- 
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* order system and a simple first-order time delay. Comparison 

Fs of the simplified analysis, analog studies, and flight test shows that 
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nor the analog studies were able to indicate the small, rather high- 


3 frequency residual oscillation which proves so bothersome to air- 
y BN Fs craft inhabitants, to fire-control apparatus, and to target-track- 
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-20 THEORETIC. 0 ing radars. 
The analysis and synthesis of automatic flight control for con- 
e ventional aircraft and for guided missiles carried out under the lel 
-30}'— n direction of the writer differs significantly from the approach used 
Ne tte by the author, and therefore a general comparison of these— 
a ‘ti. = methods may serve a useful purpose. The general approach to i - 
-40 200 the automatic control problem used by the writer is that of the 
* FLIGHT TEST 2-23-49 servomechanism engineer. The system is delineated in block- ae + 
diagram form and suitable transfer functions are assigned to the 
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The over- 
al) response of the system can then be deduced from the frequency 
response or the related Nyquist diagrams; or if desired, the fre- 
queney response can be converted directly® to the response to 


ramp function. 
It is felt that a number of advantages exist in the use of the 
-servomechanism technique as contrasted to the classical means of 
solution, The number of degrees of freedom that can be handled 
by the servomechanism approach is practically unlimited without 
the addition of severe complications, and this method is as aceu- 
rate as the classical method. Further, a physical feel of the effects 
of each component in the loop is obtained, as compared to inter- 
pretation of the algebraic characteristic equation which contains 
the parameters of each component of the loop combined in a 
‘seemingly indiscriminate manner. The effect of varying the 
value of a parameter, so important in the synthesis problem, re- 
quires obtaining a completely new solution of the characteristic 


In the light of the writer's recent experience, the basic assump- 
tions made by the author and most other workers in the field of 
automatic flight control will be discussed, These assumptions 
are as follows: 

1 Aircraft motions are represented by linearized differential 
equations, The calculation of airframe motions is based on an 
extension of the theory of dynamical stability studies originated 
around 1900 by Lanchester and first published in the form gener- 
ally used at the present time by Bryan in 1911. There is little 
doubt as to the validity of the theoretical basis for the stability 
calculations. Although theoretically the calculations apply only 
to vanishingly small motions, the linear laws of aerodynamic reac- 
tions as a function of airplane motion do yield a fairly good ap- 
proximation for airframe motion associated with ordinary 
maneuvers. However, the accuracy involved in computing the 
motion of an airframe is admittedly approximate, owing to the 
difficulty in determining the numerical values of the stability 
derivatives. Several of the derivatives such as L,, N,, Lea, Lar, 
Nua, Ng can be found from wind-tunnel tests. However, some 
of these derivatives are quite susceptible to compressibility 
effects, and corrections for Mach number must be included. 
Other derivatives such as L,, L,, N,, N, require special tests— 
and in most cases are never determined experimentally by wind- 
tunnel tests. Some derivatives are affected seriously by pro- 
peller effects and there are not enough generalized data available 
which yield reasonable accuracy in computing motion of airplanes 
with propeller power. 

It has been found necessary by the writer's company to estab- 
lish the actual characteristics of the airframe by flight test, 
especially for those flight regimes near the critical Mach number. 
These tests involve applying pulse functions of a predetermined 
magnitude to the rudder and recording the resulting airframe 
motion, By back-figuring through the use of the linear equations 
of motion and the measured responses, the important stability 
derivatives can be determined. Of course the stability deriva- 
tives and differential equations of motion so used are bound to- 
gether by the measured response and hence can produce accurate 
results for computations in connection with automatic controls. 
This procedure is required, however, only when accurate control 
response is required. When coarse results are desired, the sta- 
bility derivatives as derived by competent aerodynamicists are 
usually satisfactory. 

*“Application of the Performance Operation to Aircraft Auto- 
matic Control,”” by R. C. Seamans, Jr., B. G. Bromberg, and L. E. 
Payne, Journal of Aeronautical Sciences, vol. 15, September, 1948, 
pp. 535 555. 
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2 The lateral equations of motion are uaiiiate from the 
longitudinal equations of motion. Although coupling between 
the lateral and longitudinal modes of motion has been observed, 
it is felt that the use of uncoupled equations of motion for analysis 
of conventional airplanes is satisfactory. 

3 Effects of structure dynamics are negligible. It has been 
found by the writer's company and elsewhere"® that the flexibility 
of the aircraft structure is important in defining the location in 
which the components comprising the automatic controls should 
be installed. In one case, coupling of the rudder motion to a 
gyro with the resulting bending and twisting of the fuselage pro- 
duced high-frequency, lightly damped structural oscillations of 
wing and fuselage. Although the rigid body motion was not 
considered to be affected adversely, the structural oscillations 
were definitely unacceptable. Methods of including elastic and 
aeroelastic effects on the automatic control problem are evolving 
and should be available in the near future. 

4 Nonlinearties in the control system are negligible. In the 
applications of automatic control to airplanes and guided mis- 
siles, the consideration of nonlinearity and dead spots in the con- 
trol system has been found to be a necessity. In general, the 
solution of the problem has been obtained in two steps. The 
first is a manual solution wherein a family of transfer functions 
derived from laboratory tests for various amplitudes of input is 
utilized. Considerable judgment on the part of the dynamicist 
is required in order to obtain a realistic solution, for it is very 
easy to declare a system unstable on the basis of an improper 
choice or linearization of the control-transfer function, 
flight tests later will indicate stability. The second step in the 
solution is to utilize an analog computer in which the airframe is 
simulated, but as much of the actual control system as practicable 
is utilized as inputs to the computer. In this way such nonline- 
arities as speed limiting, torque limiting, saturation, dead spots, 
actual time delays are considered accurately. 

In conclusion, it appears that the methods outlined by the 
author are useful in establishing the broad range of control-sys- 
tem requirements, especially if contro] lags are not excessive and 
if the desired accuracy of the resulting solution need not be exact. 
For a high degree of control performance it is necessary that all 
or some of the considerations given in this commentary be con- 
sidered. 


when 


J.B. Rea."' As pointed out in the introduction of the paper, 
it has become increasingly important to consider the autopilot- 
airplane combination as a whole, and to tailor the characteristics 
of each component for optimum over-all system performance 
From an even broader viewpoint, it may be necessary to consider 
the airplane-autopilot combination as only an element in an even 
larger automatic guidance system which may contain target- 
interceptor geometry, radar-sensing equipment, computers, and 
so forth. The optimization problem for such a system can be- 
come prodigious. However, in all cases the performance of 
individual elements in the system must be subordinated to the 
over-all performance of the system as a whole. 

To make the solution of such problems possible, it is necessary 
to simplify, wherever possible, the equations describing the dy- 
namics of system components. The representation of the air- 
plane itself as a component in the system by simplified equations 
has long been a matter of conjecture, since until recently reliable 
test data have not been available to compare with analytical re- 
sults. The recent dynamic flight test work on a DC-3 airplane, 
cited by the author, has been a step forward in clarifying the 


» of Lateral Dynamic Stability in the XB-47 Air- 
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questions of validity which have so long clouded the analytical 
approach to aircraft dynamics. 

Recent developments in the application of servomechanism 
techniques and matrix methods to the analysis of aircraft sys- 
tems, having large numbers of degrees of freedom, aiso have pro- 
vided important contributions to the solution of these increas- 
ingly complex problems. Such methods have become particu- 
larly useful in the analysis of aeroelastic aircraft, where many 
additional degrees of freedom may be introduced by elastic de- 
formation of components. Further, the analysis of seroelastic 
aircraft has brought forth the requirement for extensive applica- 
tion of nonstationary aerodynamics to the problem of control- 
systems studies. Thus it can be seen that the development of a 
complete system for automatic control of aircraft cannot be per- 
formed satisfactorily by a group of unrelated people, but must be 
the combined, co-ordinated effort of a group of specialists, each 
of whom is cognizant of the influence of his particular phase of 
development on the system performance as a whole. 

It is particularly interesting to note the comments of the author 
regarding the necessity of changing autopilot parameters during 
flight to obtain optimum performance for all operating conditions. 
This requirement becomes increasingly important with the ad- 
vent of airplanes that have extremely wide ranges of operating 
conditions of speed and altitude, and becomes almost mandatory 
in cases where the aircraft is required to operate at both subsonic 
and supersonic speeds. 


C. L. Seacorp, Jr." It is in the practical application of the 
second and third-order approximation for airplane response that 
the only word of criticism to this paper is offered. The charac- 
teristics of many newly designed aircraft are such that apprecia- 
ble deviations will occur between the exact and approximate 
airplane responses. It is probable that, while these deviations 
might not affect seriously the time constants of the composite air- 
plane, they could cause appreciable errors in the stability of the 
airplane-autopilot combination. If the use of such approxima- 
tions is limited, as the author suggests, to the estimation of 
approximate autopilot settings which are used as a starting point 
for more exact solutions, the errors are not important. It is 
doubtful, however, that the making of such approximations will 
result in any appreciable saving of time when an electronic dif- 
ferential analyzer is to be used to obtain the final solution. 

The use of the transient approach to the solution of the airplane 
automatic-stabilization problem is particularly significant in that 
it appears to offer definite advantages over the present popular 
frequency-response techniques. It is true that most of these 
advantages depend for their existence upon the availability of a 
good electronic differential analyzer, but the number of such 
analyzers in use and being offered for sale indicates that they will 
be available in sufficient quantity to make transient analyses quite 
practical. The foregoing advantages of the transient method 
resolves themselves into, (a) more exact solutions, (b) a large sav- 
ing in man-hours, and (c) a more easily interpreted result. 

The increased accuracies accrue chiefly from the ability to in- 
clude nonlinearities, such as contro! surface deflection limits, dead 
spots, and variable aerodynamic quantities. There also are cer- 
tain cases in which the system equations themselves become 
inherently nonlinear. None of the currently well-known fre- 
quency-response methods offers simple means of handling such 
items. 

The time-saving feature of the transient method results en- 
tirely from the use of electronic differential analyzers, and is 
apparent even when digital computers are used to calculate 
frequency-response functions. 


12 Project Engineer, 
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Corporation, Fort Worth, Texas. 
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In the matter of interpretation of results, the advantages of the 
transient method stem from the type of maneuvers usually de- 
sired when an autopilot is used to control an airplane. The air- 
plane is expected to stay on a given heading until a « 1 
signal to change heading is introduced and then to establish the 
new heading as quickly as possible with the maneuvering limita- 
tion of the airplane. This definitely involves a transient occur- 
ring between two steady-state conditions, and the exact behavior 
of all variables may be noted from the record of the differential- 
analyzer solution. 

The wide use of any engineering method depends of course 
upon the existence of a body of practical, well-written literature 
on the subject. This paper is an excellent example of the type, 
and it is hoped that others on different applications of the transi- 
ent analysis of dynamic systems will follow. 


R. J. Wuarre." The aerodynamicist and servomechanism 
engineer are slowly but surely beginning to understand each 
other. This paper is a welcome contribution in this direction, as 
he has reduced the directional control problem to fundamental 
equations, void of log-decibel plots and Nyquist diagrams which 
the aerodynamicist, in general, does not take time to understand. 

The introduction mentions work done in comparing calculated 
airplane response with that measured in flight. Fine work along 
this line has been done by the Minneapolis-Honeywell Company 
and others, all indicating that the calculated airplane stabiiity 
coefficients based upon fundamental aerodynamics is good 
enough. The consideration of nonstationary aerodynamic 
effects when calculating stability coefficients is believed to be 
purely academic in most cases.‘ One problem with which the 
writer's company has been concerned is that of how to represent 
the airplane response when aeroelastic effects become importaht. 
Here the calculated stability coefficients are more accurate than 
the assumptions that must be made regarding the elastic behavior 
of the airplane. In this case extra degrees of freedom of the air- 
plane must be added to the present stability equations, making 
necessary the use of analog computing machines. 

The author refers to the necessity of tailoring the autopilot to 
fit the airplane. This process also has been referred to as marry- 
ing the airplane and autopilot, which is probably correct, as any 
incompatability must be worked out properly if the airplane is to 
fly successfully on the autopilot, 

In analyzing the lateral control problem the author has cer- 
tainly simplified the airplane equations of motion in going from 
Equations [1] to [3]. This has been done by neglecting the 
effects of side slip and specifying a co-ordinated turn. Equation 
[36] specifies the co-ordinated turn and gives a definite relation 
between the yaw W and roll ¢g. It should be pointed out that the 
author has the choice of using either the yaw Equation [lc], or 
the roll Equation [1b], which actually is used to define the mo- 
tion. Had the yaw Equation {Ic} been used, then all of the speci- 
fied constants of the simple solution would involve the N; ) coeffi- 
cients instead of the L, ) coefficients. This is mentioned because 
at first glance one wonders what happened to the yawing-moment 
coefficients. The choice of using the roll equation is believed to 
be based upon a physical reason which points out a feature that 
some people do not realize, which is that the aileron control is 
more important in making a heading change than the rudder. 
Here the time required for the autopilot to respond to a heading 
change depends upon how fast the airplane may be rolled into, 
and out of the turn. Neglecting the yawing-moment equation in 
the simple analysis implies that the autopilot must operate the 

"8 Aerodynamicist, Boeing Airplane Company, Seattle, Wash. 

“Dynamic Stability at High Speeds From Unsteady Flow The- 
ory,” by I. C. Statler, Journal of Aeronautical Sciences, vol. 17, 
April, 1950, pp. 232-242 and 255 
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rudder to keep on yawing moments zero, If it is assumed that 
the aileron motion has only a small influence on the airplane yaw, 
then for a co-ordinated turn Equation [1c] indicates that the roll 
circuit of the autopilot must give a displacement and rate cor- 
rection to the rudder specified by 
Ne N 4U, 

In discussing the yaw requirements the author indicates that 
the equation for the single degree of freedom in yaw given by 
Equation [13] is a good approximation to the exact solution, be- 
cause of the agreement shown in Fig. 3 of the paper. This may 
be so, in so far as adjusting the autopilot; however, from the air- 
plane standpoint the resonant peak in Fig. 3(b), determines the 
airplane stability. For example, using the stability coefficients 
of Table 2, fighter A requires 31 sec to damp to one-half ampli- 
tude. This is unsatisfactory for the airplane when the autopilot 
is not used. Equation [13] indicates that fighter A requires only 
10 sec to damp to one-half amplitude, which is certainly a lot 
different. Lf it is desired to represent the airplane yawing motion 
by a second-order equation, it is suggested that the quartic lateral 
stability equation fitst be factored into two quadratic equations 
and modified values of N; and Ng be found and substituted in 
Equation {13}. This method has been used successfully by the 
British.” 

In discussing the requirements for dynamic co-ordination of the 
autopilot, the author suggests that the numerator coefficients of 
Equation [18] be minimized. The method for minimizing these 
coefficients has not been explained sufficiently. The method 
implied, however, may be a cut-and-try problem that must be 
worked out for a particular installation. 

The author points out that the setting for one flight condition 
may not be desirable for another condition. This problem also 
depends upon the type of flight controls used on the airplane. 
Certain modern high-speed airplanes require control-surface 
movements to improve their stability prior to using the auto- 
pilot. An example of this is the electronic yaw damper used in 
the Boeing B-47 airplane. This was developed jointly by Boeing 
and Minneapolis-Honeywell Company and operates only while 
the autopilot is off. Recent studies for another airplane indicate 
that a mechanical-type yaw damper, forming part of the contro! 
system, is possible. This when used with the autopilot is ex- 
pected to irhprove the autopilot operation. 

It is felt that the present paper gives to the aerodynamicist an 
idea of how the servomechanism engineer attempts to fit an auto- 
pilot to the lateral control system of an airplane. 


AuTHor’s CLOSURE 


In reading through the discussions there appears to be a dif- 


“A Simplified Theory of the Lateral Oscillations of an Aircraft 


With Rudder Free, Including the Effect of Friction in the Control 
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ference of opinion es the velétive merits of the so-called 
classical method preferred to some extent by the aeronautical 
engineer, and the use of log-decibel plots and Nyquist diagrams 
preferred by most servomechanism engineers. This author be- 
longs to that group of aeronautical engineers who have been ex- 
posed to the thinking of the servomechanism engineer and his 
log-decibel and Nyquist diagrams. 

The author’s philosophy in the use of the various methods is to 
use that method which is simplest and yet adequate. In the 
case of automatic flight control the simplified methods described 
in the paper appear adequate in selecting a preliminary autopilot 
configuration; the procedure is quite straightforward and can be 
applied by most aeronautical engineers. Extension can be 
made to cases where lagged turn-control signals are used or 
where cross-feeds of various types from the aileron surface de- 
flection to the rudder-control system are used. 

In the autopilot considered in the paper there were approxi- 
mately eight autopilot feedback parameters. To determine these 
parameters by trial-and-error-methods such as may be necessary 
on the analog computer or by use of the frequency response or the 
root-locus methods would be relatively difficult. It is felt that 
the simplified method has merit in that autopilot requirements 
for co-ordination can be determined with relative ease. Of 
course, in order to obtain more accurately the system-response 
characteristics one should reconsider the assumptions made in 
the analysis and apply one or more of the methods suggested by 
the discussers. If the results obtained are at great variance with 
each other it is possible that some error exists in the calculations 
or that the assumptions made are not valid. 

In answer to Mr. White’s comment on achieving co-ordination, 
it has been found desirable to reduce to zero the coefficients in 
the following manner (see Table 4): 

Select F, such that C.3 = 0, 

Having selected F,, and since fip has already been selected on 
the basis of roll-performance requirements, determine fz» such 
that Cig = 0. 

In the case of Cog, fir is normally assumed zero; fer is de- 
termined from yaw damping requirements; f,, has already been 
determined from roll-performance requirements; F, was de- 
terminec above. This leaves fz, for minimizing Cog. 

For minimizing C-1, fey/fiy = Fe. 

It is evident that Cyg = 0. However, in the cases con- 
sidered by the author this has been found to have relatively little 
effect. 

When a first-order control lag is considered (see Table 5) 
it is usually desirable to follow the procedure mentioned above 
and reduce C33’, Cig’, Cog’, and C-,,’ to zero, In this case 
Cys’ and C-,' are not zero, but usually are smal] enough to have 
little over-all effect. 

The author wishes to thank the discussers, Messrs. Bollay, 
Bromberg, Rea, Seacord, and White for their interesting and 
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